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Esta tese propoe estratégias de monitoragao para o controle por modo deslizante
adaptativoe a busca extremal acionada por eventos.

Os novos controladores por modos deslizantes (SMC) e por vetor unitario (UVC)
utilizam realimentacao de saida para uma classe de sistemas nao-lineares e podem
lidar com incertezas paramétricas e perturbagoes (des)casadas com majorantes de-
sconhecidos. A convergéncia em tempo finito do erro de rastreamento para uma viz-
inhanga predefinida da origem do sistema em malha fechada é provada com garantia
de desempenho transitorio e em regime permanente. A novidade do resultado esté
na combinacao de duas eficientes ferramentas de adaptacao: func¢oes de monitoragao
e de barreira. Resultados de simulagao incluindo a aplicacao em um sistema de fre-
nagem antibloqueio (ABS) e um guindaste ponte rolante ilustram as vantagens das
estratégias adaptativas propostas.

Finalmente, considerando mapas estaticos, esta tese propoe esquemas aciona-
dos por eventos para busca extremal escalar e multivariavel. Enquanto a busca de
extremal permite que a saida de um mapa nao-linear seja mantida dentro de uma
vizinhanga de seu extremo, a estratégia de acionamento por eventos é responsavel
por executar aperiodicamente a lei de controle através de um mecanismo de moni-
toracao. Condigoes para o acionamento estatico e dindmico sao desenvolvidas. Inte-
grando a teoria de estabilidade de Lyapunov com o método da média para sistemas
descontinuos, um procedimento sistematico de projeto e analise de estabilidade é de-
senvolvido. Os beneficios das novas estratégias de controle sao apresentados através
de resultados de simulagao consistentes, que comparam as abordagens de aciona-

mento estatico e dinamico.
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This thesis proposes monitoring strategies for adaptive sliding mode controllers
and event-triggered extremum seeking.

The new adaptive sliding mode and unit vector controllers use output feedback
for a class of nonlinear systems and can deal with parametric uncertainties and
(un)matched disturbances with unknown upper bounds. Finite-time convergence
of the tracking error to a predefined neighborhood of the origin of the closed-loop
system is proved with guaranteed transient and steady-state performance. The
novelty of our result lies on two important adaptation tools: monitoring and barrier
functions. Simulation results including the application to Anti-lock Braking System
and Overhead-crane to illustrate the advantages of the proposed adaptive control
strategies.

Finally, based on static maps, this thesis proposes event-triggered schemes for
both scalar and multivariable extremum seeking. While the extremum seeking allows
the output of a nonlinear map to be held within a vicinity of its extremum, the event-
triggered strategy is responsible to execute the control task aperiodically by using
a monitoring mechanism. Static and dynamic triggering condition are developed.
Integrating Lyapunov and averaging theories for discontinuous systems, a systematic
design procedure and stability analysis are developed. Illustration of the benefits
of the new control method are presented using consistent simulation results, which

compare the static and the dynamic triggering approaches.
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Chapter 1
Introduction

In this thesis, the term “monitoring” means checking “something” to observe how it
develops, so that an “appropriate decision” can be taken. Such informal but direct
definition unifies the different contributions proposed throughout this thesis. In our
context, the aforementioned word “something” should be read as an output signal of
a plant or an error signal. While the term “appropriate decision” can mean the in-
crease, decrease or stagnation of an adaptation gain or the update action of a control
signal. Basically, contributions can be divided into three fields: sliding mode-based
controllers, a binary model reference adaptive control strategy and event-triggered
extremum seeking approaches. In sliding mode-based controllers, the output signals
are monitored to adapt the controller gains for stabilization and tracking scenarios.
In the binary model reference adaptive control, the monitoring process of the error
between the plant and the reference model outputs is used for unknown parameters
estimation. In event-triggered extremum seeking approaches, the execution control
task is orchestrated by a monitoring mechanism that invokes control updates when
the difference between the current state value and the last transmitted state value

satisfy the designed triggered condition.

1.1 Sliding Mode and Unit Vector Controllers

The disturbance rejection task for uncertain systems is a longstanding issue in con-
trol theory. The most common way to solve this problem is using control strategies
based on sliding mode [3H9]. In closed-loop, theoretically, the sliding mode control
strategies are able to provide insensitivity to these disturbances while ensuring the
finite-time convergence of the sliding variable [I0]. In practice, the implementation
of the standard sliding mode controllers are based on overestimated disturbance’s
upper bounds leading to energetic control efforts and revealing the main drawback
of such strategies: the so-called chattering effect, i.e., dangerous high-frequency vi-

brations of the controlled system [II]. On the other hand, this upper bound in



general is non constant and frequently unknown [12].

If the upper bound of the disturbance exists but it is unknown, adaptive slid-
ing mode controllers [I2H15] were proposed. In references [I3] [I4] the control gain
increases until the closed-loop reaches the ideal sliding mode and then the gain is
kept fixed. If the disturbance grows, the loss of the sliding mode occurs but the
gain increases to compensate it again. Since the gain cannot decrease, the control
becomes overestimated when the disturbance decreases. Notice that, the distur-
bance rejection problem with perturbations of unknown upper bounds has not been
restricted to the first-order sliding mode scenario. For instance, reference [16] pro-
poses an adaptive super-twisting sliding mode controller with disturbances bounded
by unknown upper-bounds. In reference [17], the main focus was to mitigate the
super-twisting control effort by using equivalent control. In reference [I§], the con-
stant gains of the classic super-twisting controller are replaced by adaptive gains
also based on equivalent control estimates, to increase or decrease such gains when
necessary.

To avoid the overestimation, consequently, to alleviate the chattering, and to
guarantee prescribed transient and steady-state performance, this thesis proposes
new adaptive sliding mode control strategies based on monitoring [15] and barrier
functions [12].

Originally, the monitoring function was designed for variable-structure model
reference adaptive controllers [19] to deal with plants without the prior knowledge of
the high-frequency gain sign [20], [2I] and [22]. The monitoring function supervises
the tracking error time-response changing the control sign every time they meet.
Then, after a finite number of sign switchings, the true control direction is eventually
found and thereafter the tracking error goes to zero at least exponentially. Several
researches have been conducted in order to extend such results for unit vector control
[22], binary robust adaptive control [23], extremum seeking control via monitoring
function [24], and adaptation of the gains of higher-order sliding mode-based exact
differentiators [25].

In [26], an adaptive first-order sliding mode approach based on monitoring func-
tions is proposed to reject disturbances with unknown bounds. The global tracking
problem is successfully addressed ensuring the convergence of the error signal to a
residual set even considering uncertain plants with non-smooth disturbances. Nev-
ertheless, the residual set could not be rigorously characterized. This issue was
overcome in reference [15], where a new switching scheme was able to guarantee a
prespecified transient time, maximum overshoot, and steady-state error for multi-
variable uncertain plants. Unfortunately, such objectives could be guaranteed using
a discontinuous control signal so that control chattering could not be precluded.

On the other hand, the barrier function has successfully been applied to adaptive



sliding-mode based schemes to achieve the convergence of the output error to a pre-
defined e-vicinity of zero, with a control signal that is not overestimated and without
using any information about the upper bound of the disturbance [12]. For instance,
in [12] 27] such a strategy is applied to a class of first-order sliding mode controllers
(first-order and integral); in [28, 29|, to the case of second-order sliding mode con-
trollers (twisting and variable-gain super twisting) and in [30}, B1], to algorithms for
adaptation of the Levant’s differentiator gains [32]. In all above mentioned papers,
only uncertain single-input/single-output plants were considered without ensuring
the specification of the transient phase (prespecified fixed-time convergence to the
residual set and overshoot constraint).

In order to mitigate the indicated issues, the proposed adaptive schemes in this
thesis are divided in two phases: the reaching and the residual phases. In the
reaching phase, the idea is to design an adaptive modulation function to ensure
the convergence of the system outputs of the multivariable plant to the interior of
an e-vicinity of the origin by applying a monitoring function which also guarantees
a prespecified transient time and a maximum overshoot with a finite number of
switchings. In the residual phase, inside the e-vicinity, the barrier function maintain
the output error within such neighborhood of zero, independently of the unknown
upper bound of the disturbances and without overestimating the control signal.
Since the method combines monitoring with barrier functions, it will be referred as
MBF (controller/method).

The main advantages of the monitoring and barrier functions (MBF) adaptive

controllers are:

e Unlike reference [12], a prespecified transient time and maximum overshoot in

the reaching phase is guaranteed.

e Differently from [15], the barrier function in the proposed approach can be

chosen to avoid chattering during the residual phase.
e The control signal overestimation is ultimately avoided.

e The proposed scheme does not require known bounds for the matched and/or

unmatched disturbances.

On the application side, research on modern vehicle engineering has focused on
the design of energy storage devices in electric and hybrid vehicles [33] 34]. Also,
anti-lock braking system (ABS) can be designed taking advantage of the sensors
embedded in the new cars [35] with robust and adaptive control strategies [36H38].
In this context, our adaptive sliding mode controller scheme seems appropriate to be

applied to an ABS ensuring that the slip coefficient corresponding to the maximum



coefficient of friction between the tire and road is quickly achieved during the braking
process of the car. On the other hand, overhead cranes are widely used to move the
large /heavy objects horizontally for either manufacturing or maintenance practices
in many industrial environments, such as ocean engineering, nuclear industries, and
airports [39]. Indeed, it is not an easy task to control a crane system since naturally
the crane acceleration, required for motion, always induces undesirable load swing.
The acceleration and the deceleration of the overhead crane lead to swings of the
payload; these swings can be dangerous and may cause damage and/or accidents
[40]. The crane control consists of a crane motion and load hoisting control as
well as a payload swing suppression [41]. In the literature, several attempts have
been made to control the load swing [39, 40}, [42H44]. In this context, our adaptive
unit vector controller scheme seems appropriate to be applied to an overhead crane
system ensuring the closed-loop properties of fixed-time convergence and prescribed-

performance via monitoring and barrier functions.

1.2 Event-Triggered Extremum Seeking

The final part of this thesis proposes monitoring mechanisms of execution, i.e, event-
triggered schemes, for both scalar and multivariable extremum seeking.

In spite of the fact that the concept of extremum seeking control (ESC) was
introduced 100 years ago by the French Engineer Maurice Leblanc already in 1922
[45], a rigorous demonstration of stability under feedback control only appeared
about 20 years ago [46]. ESC based on the perturbation method [47] adds a periodic
dither signal of small amplitude to the input of the nonlinear map and estimates its
gradient in real time by using a suitable demodulation process. Extremum Seeking
is a control and optimization strategy that allows the output of a nonlinear map to
be held within a vicinity of its extremum. When the parameters of the nonlinear
map are available, it is possible to obtain exactly the gradient of the nonlinearity
and the control objective can be defined as its stabilization. However, because of
parametric uncertainties, the gradient is not always known and the control task is not
always straightforward. Despite the several ESC strategies found in the literature,
the methods based on perturbations (dither signals) are the oldest and, even remain
nowadays quite popular.

After the consolidation of ESC stability results for static and general nonlinear
dynamic continuous-time systems [46], discrete-time systems [48], stochastic systems
[49, [50], multivariable systems [51], and non-cooperative games [52], the theoretical
advances of ESC overcome the border of finite-dimension systems to arrive in the
world of Partial Differential Equations (PDEs). For such infinite-dimensional sys-

tems, boundary feedback controllers are designed to ensure convergence of the ESC



in the closed-loop form by compensating the input and/or output under propaga-
tion through transport PDEs (delays) [53] 54], diffusion PDEs [55, [56], wave PDEs
[57], Lighthill-Whitham-Richards nonlinear PDEs [58|, parabolic PDEs [59], and
PDE-PDE cascades [57].

In the current technological age of network science, researchers are focusing on
decreasing wiring costs by designing fast and reliable communication schemes where
the plant and controller might not be physically connected, or might even be in
different geographical locations. These networked control systems offer advantages
in the financial cost of installation and maintenance [60]. However, one of their major
disadvantages is the resulting high-traffic congestion, which can lead to transmission
delays and packet dropouts, i.e., data may be lost while in transit through the
network [61]. These issues are highly related to the limited resource or available
communication channels’ bandwidth. To alleviate or mitigate this problem, Event-
Triggered Controllers (ETC) can be used.

ETC executes the control task, non-periodically, in response to a triggering con-
dition designed as a function of the plant’s state [62]. Besides the asymptotic sta-
bility properties [63], this strategy reduces control effort since the control update
and data communication only occur when the error between the current state and
the equilibrium set exceeds a value that might induce instability [64]. Pioneering
works towards the development of resource-aware control design includes the con-
struction of digital computer design [65], the event-based PID design [66] and the
event-based controller for stochastic systems [67]. Works dedicated to the extension
of event-based control for networked control systems with a high level of complex-
ity exist for both linear [68H70] and nonlinear [63] [71], [72] systems. Among others,
results on event-based control deal with the robustness against the effect of possible
perturbations [73, [74] or parametric uncertainties [75]. In [76], ETC is designed to
satisfy a cyclic-small-gain condition such that the stabilization of a class of nonlinear
time-delay systems is guaranteed. As well, the authors in [77] proposed distributed
event-triggered leaderless and leader-follower consensus control laws for general lin-
ear multi-agent networks. An event-triggered output-feedback design 78] has been
employed aiming to stabilize a class of nonlinear systems by combining techniques
from event-triggered and time-triggered control. Recently, substantial works have
been carried out to conceive event-based approaches for infinite dimensional systems
[79-83]. We emphasize that among existing results [84) 85] are focused on infinite-
dimensional observer-based event-triggered control for reaction-diffusion PDEs.

To the best of our knowledge, this thesis is the first contribution on event-
triggered ESC based on perturbation method. For static maps, we consider the
design and analysis of the scalar and multivariable ESC within both static and dy-

namic event-triggered control frameworks. As opposed to hybrid systems design [86],



the stability analysis are carried out using Lyapunov criterion as well as averaging
theory for discontinuous systems to characterize the properties of the closed-loop

systems.

1.3 Organization and Notation

The thesis is organized as follows. Chapters[2] and [3]show the effectiveness of the new
adaptive sliding mode (scalar) and unit vector (multivariable) control approaches,
respectively. Chapter 4] presents the scalar ESC within static event-triggered mech-
anism. The scalar dynamic event-triggered ESC is presented in Chapter [f] The
multivariable ESC generalization within both static and dynamic event-triggered
control frameworks are developed in Chapter [0 The concluding remarks of this
thesis are given in Chapter [7]

Notation: Throughout the manuscript, the 2-norm (Euclidean) of vectors and
induced norm of matrices are denoted by double bars || - | while absolute value
of scalar variables are denoted by single bars | - |. The terms Apin(+) and Apax(+)
denote the minimum and maximum eigenvalues of a matrix, respectively. Consider
£ € [—e0,e0) C R and the mappings d;(¢) and (), where 6; : [—g9,50] — R
and 09 : [—£9,&0] — R. One states that d;(¢) has magnitude order of ds(¢), i.e.,
01(e) = O(05(e)), if there exist positive constants k and ¢ such that [6;(¢)| < k|d2(e)],
for all |e| < c.



Chapter 2

Adaptive Sliding Mode Control with
Guaranteed Performance based on

Monitoring and Barrier Functions

This chapter proposes a new adaptive sliding mode control approach via output feed-
back for a class of nonlinear systems. The sliding-mode based controller can deal
with parametric uncertainties and (un)matched disturbances with unknown upper
bounds. Finite-time convergence of the tracking error of the closed-loop system to
a predefined neighborhood of the origin is proved with guaranteed transient and
steady-state performance. Basically, the novelty of our result lies on combining two
important adaptation tools: monitoring and barrier functions (MBF). The adapta-
tion process is divided into two stages, where an appropriate monitoring function
allows for the specification of performance criteria during the transient phase, while
the barrier function ultimately confines the tracking error within a small residual
set in steady-state. Simulation results including an application to Anti-lock Braking

System illustrate the advantages of the proposed adaptive control strategy.

2.1 Problem Formulation

Consider the uncertain SISO nonlinear plant in regular form

(t) = Aun(t) + Ao (t) + di(n(t) ,o(t) 1), (2.1)
o(t) = Aan(t) + Axno(t) + da(n(t) ,0(t) 1) + Kpu, (2.2)

where the state vector is defined as 27 (t) := [nT(t),o(t)] € R, n(t) € R"! denotes
the unmeasured part, o(t) € R is the output, u € R is the control input, while the
mapping d; : R ! x R x RT — R* ! and dy : R* ! x R x RT — R represent the

unmatched and matched disturbances, respectively.
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Throughout the thesis, the 2-norm (Euclidean) of vectors and induced norm of
a matrices are denoted by double bars || - ||. The stability margin of a real Hurwitz
matrix A is here defined as A\ := min; {—Re();)} where {\;}’s are the eigenvalues

of A. Moreover, the following assumptions are made throughout the thesis:

(A].) Matrices A;; € R(nil)x(nfl), Ay € R(nfl)xl7 Ay € Rlx(n*l), and Agy € Rx!

are all uncertain.

(A2) It is assumed that Ay is Hurwitz, i.e., the plant (2.1)—(2.2)) is minimum phase
from u to . This assumption is extremely important since it allows the design

of a stable upper bound for the absolute value of the unmeasured state variable
n(t).

(A3) The induced norm of the matrix A5 is majorized by a known positive constant

Cno-

(A4) The disturbances di(x(t),t) and dy(z(t) ,t) are Lipschitz in x, piece-wise con-

tinuous in ¢ and uniformly bounded by unknown constants d; and d, i.e.,

l|di(z,t)]] <dy and |do(z,t)| < dy, Vz and Vt>0.

(A5) Without loss of generality, the high-frequency gain is K, := 1.

(A6) Only the output o(t) is available for control design.

The control objective is the ultimate confinement of o(¢) to an e-vicinity of the
origin in the global sense, i.e., for all initial conditions and for all time instant ¢
greater than a finite time ¢, (|o(t)| < €, ¥Vt > t;), by using only output feedback.
To achieve this goal without knowing the upper bounds d; and ds, some adaptation

strategy is necessary.

2.2 Basic Techniques

In this section, basic techniques for the proposed control strategy are introduced.

2.2.1 State-Norm Observer

The first step to start the control design is to obtain an instantaneous norm

bound for the unmeasured state vector. The norm observer, also called first order



approximation filter (FOAF), is an important tool that allows to reach it by using

only output information [87]. From [88, Lemma 2|, the solution of
i(t) = =i (t) + kilo ()| + kadi (2.3)

where 77 € R!, with the scalar 7; > 0 being a lower bound for the stability margin
of Aj; and appropriate positive constants k; and ks, is an upper bound for ||5(t)]|,

modulo some exponentially decaying term, i.e.
(@I < (@] + my(t), Yt =0, (2.4)

where 7,(t) is an exponentially decaying term depending on the initial conditions
n(0) and 77(0), with n(¢) provided in (£2.1)).

Note that, although 7(¢) is an upper bound for the unmeasured state n(t), it
cannot be used yet since, from assumption (A5), d; is unknown. The next section
introduces the monitoring function, an important tool which allows the implemen-
tation of an upper bound for 7(¢) by means of a hybrid state-norm estimation using

switching adaptation.

2.2.2 Monitoring Function - Reaching Phase

The monitoring function is an appropriate switching-based scheme originally
designed to compensate the lack of knowledge about the system such as: the control
direction information [2I], unknown bounds of disturbances [26] or disturbances
with unknown and arbitrary growth rate [25]. Here, a more recent version of [21] is
presented in [I5] whereby the performance specifications of the closed-loop system
can be achieved, according to the following definition.

Definition 1. The stabilization/tracking error o(t) is said to satisfy the reaching

and residual phase specifications, if
o [o(t)] < |o(0)[+ A, Vte [0,T),
o lo(t)| <e, Vt>T,

where A > 0 is the maxzimum allowed overshoot, T > 0 is the maximum transient
time, € € (0,A] is the allowed maximum steady-state error, all of which can be

arbitrarily specified by the user/designer.

The monitoring switching scheme is such that the next switching instant is de-



fined as [15]

o(t)] = 1o(0)] + A (1 - )
lp1 ' =min gt >ty or . k=1,2,...
t="T (1 - A) and  |o(t)] > ¢/R,
(2.5)

where Ry > 1 and Ry > 1 are design constants. If, for some time instant ¢ < T,
the condition |o(t)| = €/Rz is reached, then the Residual Phase (Section is
started.

Moreover, the switching index k, is employed in the design of positive monoton-
ically increasing unbounded sequences dy (k) and dy(k) to counteract the absence of
the constants d; and dy in (A4),

di (k) = e bF (2.6)

A

da (k) = caby (2.7)

where ¢;,co > 0, and by ,by > max{R;, Ry} are arbitrarily constants. Then, a
hybrid state-norm estimation scheme is introduced, based on (2.3)—(2.4)), such that

N(t) = = niAt) + kalo ()] + kada (k) , (2.8)
and
In@®)I < 9] + my(E) . vt =0, (2.9)

The norm observer 7j(t) flows through a continuous state space but also moves
through different discrete switching modes, as defined by [89).

An important property of the switching rule is that, if £ grows and becomes
sufficiently large, then o(t) satisfies its predefined specifications on the reaching
phase through the switching law . In the reaching phase, the switching makes
dy (k) and dy(k) to grow unboundedly as k — co. As a result, during the reaching
phase, the monitoring function forces |o(t)| < €/Ry before the time instant 7" while

ensuring no violation of the overshoot specification.

2.2.3 Barrier Function - Residual Phase
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The Barrier Function, for a given and fixed ¢ > 0, is defined as an even continuous
function pp : x € (—€,€) = pp(x) € [ b, 00 ) strictly increasing on [ 0, € ) such that
limy| e p(X) = +00, pp(x) has a unique minimum at zero and pg(0) = b > 0.

just requires them to be bounded, but there is no need to know what the bounds

In the residual phase, the introduction of a barrier function imposes a hard bound
on the sliding variable by restricting it within a prescribed e-vicinity. The important
features of the controllers based on barrier functions just requires the disturbances
to be bounded, but there is no need to know what the bounds are and the assurance
of avoiding overestimated control gains. Basically, as shown in Figure 2.1], in the
sliding mode control framework, there are two kinds of barrier functions:

e Positive definite Barrier Function (PBF):

F i
e, ppp(0)=F>0. (2.10)
€ —[x]

ppB(X) =

e Positive Semi-definite Barrier Function (PSBF):

X .
ppsa(X) = €|_ \le , de, ppsp(0)=0. (2.11)
For more details, please see [12].
' A

1 | | |

1 1 | |

1 | 1 |

1 | 1 I

1 = [ 1 |

1 F [ 1 |

1 [ 1 I

1 —> 7 1 | ———

—€ 0 € =g 0 &

(a) Positive definite Barrier Function. (b) Positive Semi-definite Barrier Func-

tion.

Figure 2.1: Positive definite and Positive Semi-definite Barrier Functions.

The next section shows how the Barrier Functions can be employed as an adap-

tive strategy avoiding overestimated gains for sliding mode schemes.
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2.3 MBF Adaptive Sliding Mode Control

The Monitoring and Barrier Function (MBF) adaptive sliding mode control law is

given by

u= —p(t)sgn(o(t)), (2.12)

where p(t) is the modulation function such that

oty = P st (213)
pp(t), if t>1

While the closed-loop system is in the reaching phase, it is under the monitoring
function action and, using the hybrid state-norm observer (2.8) and the disturbance
estimate (2.7) with the modulation function designed as

par(t) = colo(t)] + ca, da(k) + cyii(t) + 6, (2.14)

with appropriate positive constants c,, cq,, ¢, and . On the other hand, in the

residual phase, the modulation function is driven by barrier function such that pp(t)

is defined by (2.10)) or (2.11)).

2.3.1 Stability Analysis

Theorem (1| stated below summarizes the main results of the stability properties of
the MBF closed-loop system.

Theorem 1. Consider the plant —, the monitoring scheme with switching
times , switching-based disturbance estimates @ and , hybrid state-norm
observer (@, and the output-feedback sliding mode control law with modula-
tion function (2.13). Assume that (A1)-(A6) hold. Then, all prespecified transient
and steady-state behaviors (mazimum overshoot A, mazimum transient time T and
residual absolute error |o(t)| less than €) are guaranteed. Furthermore, there exists
an unknown upper bound d,.. for the equivalent disturbance in equation and
the practical stabilization/tracking is achieved, with the output error o(t) ultimately

converging to the interior of an e-neighborhood of the origin so that:

e [f the barrier function is the positive definite in , lo(t)] < e such that
lo(t)] < €1 < € where €1 = €(1 — F/dmas) if F < dpae and €, =0 if F > dppge.

e [f the barrier function is the positive semi-definite in s ot)] < e <€
where €3 = €dpaz/(dmaz + 1).

12



Proof. The first step of the proof is to demonstrate that when using the control law
(2.12) with modulation function , the sliding variable reaches the region |o| <
¢/ Ry with the guarantee that the specifications of the settling time and maximum
overshoot are not violated.

Consider the following Lyapunov-like candidate function for ({2.2])

1
V(o) = 502, (2.15)
whose time-derivative satisfies
V =06
=0 [Azﬂl + AQQU + d2 + u]
< o[ [l A2 [l[[nl] + [Aszllo| + |d2|] + o(t)u. (2.16)

By using the control law (2.12)) and taking into account assumption (A4),
V < lo| [l Asllllnll + |Azs|lo| +da — p] - (2.17)

Then, employing the inequality (2.9) and defining the constants ¢, > ||Ax |, ¢, >
|Ago| and ¢4, > max{1, ||A2 ||}, one has

V < ol [eyi + ¢olo| + cq,ds — p]
= \/V [cn'f] + cg\/V—i— ca,dy — p|

where d,(t) := dy + m,(t). Notice that d, can be upper bounded by a constant d,
such that d, > d.
dy and 1(0).

Thus, by using modulation function p(t) = pp(t), as in (2.14)),

> dy + 7, (0). Nevertheless, d, depends on the unavailable information

V< —0VV 4 a, (dy = do) VV
< ca. (JU . d2> VV . (2.18)

First, it is proved by contradiction that, if one starts in the Reaching Phase
(lo| > €), then after at most finite number of switchings, the Residual Phase (|o| < €)
will start. Indeed, suppose that the system never enters in Residual Phase. Then,
from , dy(k) and dy(k) will switch without stopping either due to |o(t)| —
|o(0)] + A or to t — T. Therefore, from the o-equation and taking and

into consideration, it follows that, no matter how large d, is, after at most finite
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switchings, one has

~

dg(]f) > Jg, YVt € [tk ,tk+1) . (219)

Once condition (2.19) is satisfied, the disturbance estimate d» will completely
dominate the right-hand side of inequality (2.18) and guarantees that there exist a
positive integer k> 0, such that, Vk > l;;,

V<0, Vte [tp.tper). (2.20)

The inequality (2.20)) implies that any new switching is only due to ¢t = T'(1 —1/R¥)
because, from (2.5)), |o(t)| = |o(0)] + A(1 — 1/RY) implies that |o| would be in-
creasing, contradicting (2.20). As a result, the time interval between two switchings

tegr —te =T —1/R") —=T(1 —1/R¥") =T (R, — 1)/R". (2.21)

Then, through rigorous analysis, it is proven in |15, Theorem 1|that the second stage
starts and it is characterized in what follows.

Now, the dynamic behavior of f is briefly analyzed under the residual
regime. Since ||di(x,t)|| < d; and |o(t)| < ¢, from the solution the of it is easy
to verify that

Yln(0)|| + kre + kady
Y1 .

(&) < (2.22)

Therefore, using the control law (2.12)) with modulation function p(t) = pp(t), given

by (2.10) or (2.11]), equation (2.2)) can be rewritten as

o(t) = [d(z,t) — pp(a(t))sgn(o(t))] , (2.23)
d(z,t) = Aain(t) + Aso(t) + da(z, 1), (2.24)

such that the disturbance d(t) verifies the following inequality

|d(z, )] < [[An[[[[n(0)[] + [Aszello ()] + |d2(z, )]

(lO)|| + ke + kad, )
24!

= dipax (2.25)

< || Aa]| + | Agsle + dy,

i.e., in the residual phase, the disturbance d(x,t) is bounded by an unknown con-

stant.

14



Now, consider the following Lyapunov-like function

V(o) = 50° + 5 (ps(0) ~ ps(0)’. (2.26)

whose time derivative, along (2.23)) and ([2.25)), is

V =06+ (pp(o) — pp(0))ps
< ~(~d + P3)l0] + (05(0) — p(0)) 5. (227

At this point we have two options:

e Adaptation with Positive definite Barrier Function:

With pp = ppp in (2.10), the inequality (2.27)) is rewritten as

. _ ¢F
V' < —(—dmax + ppB)lo| — (ppp — F') =5 (= dmax + pPB)
(e —ol)
= —Bnlo|l = GBnlprs — FI, (2.28)
where 851 = —dpax + pprB, (1 = ﬁ Then, from [12, Lemma 5|, one can
conclude that ([2.28]) satisfies
V<—BVY2 with = GovV2min{1,¢} (2.29)

that results a finite time convergence of the output variable to the region
lo(t)] < €1 such that |o(t)| < 1 < € where €1 = €(1 — F/dpay) if F < diax
and € = 0 if F > dyox.

e Adaptation with Positive Semi-definite Barrier Function:

With pg = ppsp in (2.11)), the inequality (2.27) is rewritten as

. €
V S _(_dmax + PPSB)|0'| — PPSB <_dmax + pPSB)
(e —[o])?

= _BUQ‘U’ - <2502|0PSB| ) (230>

where 8,0 = —dpax + prss, (o = m Then, from [12, Lemma 6], one can

conclude that (2.30]) satisfies

V< —BVY2 with By =f,vV2min{l, ()}, (2.31)
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that results in a finite time convergence of the output variable to the region
lo(t)| < € such that |o(t)] < €2 < € where €3 = €diax/(dmax + 1).

Thus, the proof is completed. [

It is clear from the proof of the Theorem 1 that, independently of the barrier
strategy (positive definite or semi-definite) used in the residual phase, the proposed
MBF adaptive scheme is simple and advantageous, since the monitoring function
is able to ensure the convergence of the closed-loop system in a fixed time while
the positive semi-definite barrier function allows the elimination of the chattering in
the residual phase. For the positive definite barrier function case, a residual sliding
mode remains in steady state but has the advantage of zeroing the output error if

the persistent disturbance is ultimately small enough.

2.4 Numerical Examples

In this section two simulation results are presented, an academic example and
application to anti-lock braking system, to illustrate the advantages of the MBF
strategy.

2.4.1 Academic Example

In order to validate the MBF' control strategy, this section considers an academic
example of output-feedback stabilization for a nonlinear unstable system ([2.1)—([2.2))

-2 1 0
such that 2" = [, 0], Ay = [ L ol Ap = ® Ay = [1 1}, Agy = 1.75,
K, =1,
in(10¢
(1) = sin{10¢)sgn(mma) [1(t) — 1(t - 25))
arctan(n; + 1z + o) + cos(2t) + exp(—a?/2)

do(a,) = [0.25(1 = exp(—|m)) — exp(—0?/2)| [1(H) = L(t = 25)] .

where 1(-) is the unit step function and the initial conditions are n”(0) = [3, —2]
and o(0) = 1.

In the numerical tests, a maximum overshoot A = 0.5, maximum transient time
T =1 [sec| and maximum residual value € = 0.1 was chosen as performance criteria.
Then, the switching adaptation based on monitoring function follows with

parameters R; = 1.01 and R, = 1.1. Estimates for the disturbances bounds d; and
dy are found according to (2.6) and (2.7), respectively, by setting b; = by = 1.21,
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¢; = 0.05 and ¢ = 0.1. The hybrid state-norm observer ({2.8) parameters are
A1 = —0.8, k; = 1.1 and kg = 1. The constants of the sliding mode controller ([2.12])
are ¢, = 0.003, ¢4o = 0.4, ¢, = 0.5 (see below ) and 0 = 0.0001. The results
obtained for the proposed sliding mode controller combining monitoring and barrier
functions are shown in Figs. 2.2 and

The adaptation based on monitoring function guarantees the convergence of o ()
into the e-neighborhood of the origin in fixed time ¢ = 0.9582 and 34 switchings,
blue see Figures[2.2(b)], [2.2(d) [2.3(b)land [2.3(d)l In addition, the maximum allowed
overshoot specification is satisfied, Figures [2.2(b)| and [2.3(b)l Since in the sliding

mode reaching phase the monitoring functions were configured identically, there is
an identical behavior of the closed loop system during time interval 0 < ¢ < ¢.
During the residual phase, if the barrier function is positive definite, depending
on the value of the constant F, different behaviors can be observed. Note that,
the upper bound dy,.x for the absolute value of the equivalent disturbance d(z,t)
in equation ([2.24)) is an unknown constant. Therefore, if F' is chosen large enough
such that F' > dyaz, the ideal sliding mode occurs with o(t) = 0 V¢ > f and the
control signal switches at infinite frequency with amplitude F' = 2. This situation
is illustrated by the blue curves in Figures [2.2(b)[and [2.2(c)} On the other hand, if
F < |d(x,t)], the control objective is achieved with the practical sliding mode and

continuous control signal until F' > |d(z,t)| where the ideal sliding mode begins,

these situations are illustrated in red and yellow in Figures [2.2(b)| and [2.2(c)| with
F =1and F = 0.5, respectively. While F' < |d(z, )|, the control signals behave as

estimates of the equivalent control. When F' > |d(x,t)|, the control signals switch

in infinite frequency and amplitude F.

If the barrier function is positive semi-definite, it is easy to verify that the control
signal u attempts to cancel the equivalent disturbance d(z,t) in (2.23)), mathemat-
ically, u ~ —d(x,t), see Figure . In other words, the control signal is always
an estimate of the equivalent control. In a nutshell, the practical stabilization (con-
vergence to a predefined neighborhood of the origin) is reached with a continuous
control signal, see Figure [2.3

When comparing the numerical results, it is noted that both approaches are able
to ensure the control objective with guaranteed transient and steady-state perfor-
mance for the output signal, see Figures [2.2(a)], [2.2(b)| and [2.3(a)}, [2.3(b)|

2.4.2 Application Example

In sudden braking processes, the car’s wheel may lock up, leading the driver to
loose the vehicle control. In general, this behavior results in accidents with material

damage and often involves fatal victims. To attenuate those effects, an important
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Figure 2.2: Simulation results - MBF control with positive definite barrier.

electromechanical device was designed, the Anti-lock Braking System (ABS). The
ABS is able to detect the locking up of one or more wheels, and selectively reduce
the braking pressure by means of the torque to be applied. Such procedure ensures
to the driver that, even in a total braking situation, the vehicle will stop safely and
quickly.

In this section, a simplified mathematical model based on INTECO laboratory
anti-lock braking system [I] is developed. Consider the free body diagram in Fig-
ure [2.4] the lower wheel represents the car motion while the upper one represents
the car’s wheel motion and all parameters are given in Table 2.1] The upper wheel
is equipped with the disk brake system connected to the brake lever which during
deceleration is responsible for increasing the intensity of contact between the wheels
generating a large friction force and causing the wheel speed reduction. From Fig-
ure [2.4] it is easy to see that the torque on the upper wheel is given by the friction
torque between the wheels Fyriu(X), by the friction torque in upper bearing My,
and the input braking torque M;. On the other hand, two friction torques appear

on the lower wheel: between the wheels Fyropu(A) and in the lower bearing Mayy.
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Figure 2.3: Simulation results - MBF control with semi-positive definite barrier.
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2

Figure 2.4: Free body diagram of ABS [I].

Besides these, we have two forces acting on the lower wheel: the gravity force of the

upper wheel and the pressing force of the shock absorber. Moreover, the constant
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M, represents the gravitational and shock absorber torques acting on the balance

lever.
Table 2.1: Parameters of INTECO ABS.
‘ Parameter ‘ Description ‘ Unit ‘ Value ‘
1 radius of upper wheel m 0.0990
T9 radius of lower wheel m 0.0995
L balance lever length m 0.370
0 angle between the normal and the line L ° 65.61
J1 moment of inertia of upper wheel kgm? 7.53 x 1073
Ja moment of inertia of lower wheel kgm? | 25.60 x 1073
dy viscous friction coefficient of the upper wheel | kgm?/s | 1.1874 x 1074
dy viscous friction coefficient of the lower wheel | kgm?/s | 2.1468 x 10~%
Mo static friction of the upper wheel Nm 0.0032
Moo static friction of the lower wheel Nm 0.0925
M, gravitational and shock absorber torques Nm 19.62

By defining 7 (t) as the angular velocity of the upper wheel of radius r; and 7y(¢)
as the angular velocity of the lower wheel of radius 7y, the relative difference of the

wheels velocities A(t) is given by

(12m2(t) — rim(t)
rana(t)

At) = rim(t) — rana(t)
1 (t)

1, m(t) <0and ny(t) >0 or () >0 and n(t) <0

o rame(t) > rm(t),  m(t) > 0,m(t) >0

o) > (), m(t) > 0,mt) >0 - (232)

\

Since the friction force is obtained as the product of the normal pressing force Fiy(t)

with the proportionality coefficient

C4)\p(t)

PR VIE) +esA3 () + A2 (t) + cA(t) (2.33)

p(A(t)) =

the Newton’s second law for rotatory motion leads to

) 1 d M 1

n(t) = IFN(t)Tlsﬂ(A)—71771(?5)—817110—7181]\/-’1@)» (2.34)

) 1 d M.

Ma(t) = ——Fy(t)rasp(\) — = ma(t) — s5—, (2.35)
J2 J2 J2

s = sgn(ranz(t) — rim(t)), (2.36)
s1 = sgu(m(t)), (2.37)
So = sgn(na(t)) . (2.38)
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Notice that, from the sum of torques with respect to the point A in Figure 2.4] the

normal force is given by

My + 51 M (t) + 51 Mg + dym(t)

Fn(t) = 2.
VO = 0 (0) — sun0) cos(9)) (2.59)
Therefore, from (2.32)—(2.39)), the dynamics of the slip rate A() is given by
dX(t
PO — font) + o020, (240
satisfying
[fn. )] < f and 0<g<|g(nt)l, (2.41)

where f and g are unknown constants, see Appendix.

In this chapter, the braking torque applied to the upper wheel, M; [Nm)], is
defined as the input signal, the state vector is defined as n(t) = [ (t),n2(t)]" € R?
and A(t) is an output of unitary relative degree. Besides that, r11; represents the
vehicle wheel longitudinal velocity, while ry75 represents the car velocity.

The role of the ABS is to control the wheel slip to maximize the coefficient
of friction between the tire and road for any given road surface while the car is
controllable. In this sense, the control objective is defined as the regulation of
the slip coefficient in A such that p(A) reaches its maximum value @ [90-92].
Figure shows in blue the longitudinal friction p-A curve generated from ([2.33)
with parameters of Table [2.2] and in red color the optimum ABS operation point is
denoted, where Ao = 0.1875 and 77 = p(Aer) = 0.3954.

0.4

0.3

Z 0.2t

0.1

0 0.2 0.4 0.6 0.8 1
A

Figure 2.5: Longitudinal friction pu-A curve.
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Table 2.2: Parameters of the friction coefficient equation ([2.33)).

’ Parameter \ Value ‘
a 0.00025724985785
c1 -0.04240011450454
Co 0.00000000029375
C3 0.03508217905067
C4 0.40662691102315
D 2.09945271667129

The output error is defined as
o(t) := At) = Avet (2.42)
such that, from ([2.32)), its dynamics is governed by

o(t) = f(n,t) +g(n, t)My, (2.43)

where it is assumed the torque M; as an input signal. Of course (2.34)), (2.35)) and
(2.43) differ structurally from (2.1)) and (2.2]), nevertheless, by using the control law

ETD) as

M; = —sp(t)sen(o (b)) (2.44)

where s is given by ([2.36)), the positive constant g satisfies (A.10]), and modulation
function p(t) in (2.13), all properties and results provided from Theorem [l are

ensured to the closed-loop system. In order to illustrate it, consider the following

energy function
V, =-0?, (2.45)

whose time derivative, along with (2.43)) and (2.44)), is

Va =00
= o [f(n,t)+g(n, t)Mi] = og(n,t) [g7 (0, ) f(n,t) + M]
=oslg(n.t)| [slg~ (0, t)|f(n,t) — sp(t)sgn(o)]
= alg(n, t)|[d(n,t) — p(t)sgn(o)] ,  d(n,t) =g~ (n, t)|f(n,t). (2.46)

From (A.9) and (A.10]), it is possible to find an upper bound for equation ([2.46))

such as

Vo < lg(n, Ol ld(n, )] = p()] |o]. (2.47)
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Thus, during the reaching phase, by using p(t) = pa(t) in (2.14) with ¢, = ¢, =0,
ca, = 1, dy(k) = d(k), the inequality (2.47) is rewritten as

Vy < —lg(n.6)|(d(k) = d)|o] = 8lg(n. t)llo]. (2.48)

From Theorem , no matter how large d is, there exist a finite switching number k
such that J(k) > d for all k > k and, therefore, the sliding mode condition,

oo < —dglol, (2.49)

is verified until the residual phase begins, where the barrier function ultimately
confines the output variable into a residual set of O(e). Therefore, the ABS remains
active at its optimal operating point, leading to the quickly reaching of the threshold
velocities i, and 7, .

In the simulation, the initial conditions are 7;(0) = 1,(0) = 180 [rad/s|, the
monitoring function parameters are ¢ = 0.001, Ry = 1.01, Ry, = 2.5, A = 0.001
while T € {0.25,0.50,0.75, 1} and the positive barrier function is F' = 4.5.

Figures 2.6] and [2.7] show the performance of the proposed adaptive sliding mode
controller (2.44]) with monitoring and barrier functions in an ABS for distinct values
of maximum transient time 7. As mentioned earlier, the ABS is turned on only for
a short period of time. Figures[2.6(d)|and [2.7(d)| show that the system is activated
for approximately 1.5 seconds and less than 1.6 seconds is needed to completely
stop the car which had an initial velocity of 64 km/h, see Figures ,
and Figures , with traveled distances given in Figures , and
Figures With a finite number of commutations, the control objective

is reached, see Figures [2.6(a)| [2.6(b)[ and Figures [2.7(a)), [2.7(b)| and the braking

process is carried out with the optimum efficient friction coefficient, Figure [2.6(c)|

2.6(F) and Figure B-7(0) 7T}

Notice that, no matter which barrier function was chosen, positive definite or

positive semi-definite, the proposed strategy based on monitoring function ensures
the design of adaptation gains which can increase in an event-driven fashion during
the reaching phase to respect the maximum allowed transient time 7" and over-
shooting A, see Figures and 2.7 There are differences between the proposed
approaches and they are clear in the residual phase. Of course, from an application
point of view, the chattering phenomenon can cause unacceptable loading and en-
ergy consumption of the actuators and, therefore, it should be avoided. Although
the positive barrier is effective to guarantee the control objectives, the positive semi-
definite one is also efficient since it avoids chattering, as can be seen from Figures
12.6(d)H2.6(f)|and [2.7(d)[H2.7(f)l respectively. In the ABS problem, this residual error

does not have any significant effect.
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In order to establish a comparison with another existing method , consider the

adaptive sliding mode control law [2],

M, = —sK(t) sgu(o(t)), (2.50)
K(t)=K|o(t)|, (2.51)

where the constants are K > 0 and K(0) > 0. In Figure the initial condition is
K(0) = 0 while K € {25,50,75,100}. This approach does not require the knowledge
of an upper bound for the disturbance but can lead to its overestimation leading to
chattering, see Figures[2.8(d)H2.8(f)l Furthermore, this methodology cannot ensures

the transient pre-specification and consequently, the traveled distance may be higher
than achieved with the MBF strategy proposed here, see Figure [2.8(a)H2.8(c)| and
Figure.

The sliding modes control law M; in Figure switches in infinite frequency
and, therefore, its slow rate component, the equivalent control M;%(¢), acts in order
to cancel the disturbance d(n, ¢) in (2.46)). In other words, on the manifold o(t) = 0,
M74(t) is the continuous control effort that yields o(t) =0, i.e., M7 (t) = —d(n, ).
Although M7(t) cannot be obtained physically, a realizable estimate is found by

averaging the discontinuous control with a first-order filter [93]
TMPY(t) = =M (t) + My, M{P(0)=0, (2.52)
satisfying, almost everywhere,

ME(1) ~ M(0)] < O(r), Tm O(r) = 0. (2.53)
In practice, the time constant 0 < 7 << 1 should be small enough as compared to
the slow frequency components and large enough to filter out the high frequency
components [10].

Now, there is one more detail to be explored between the MBF method with
positive definite (MPBF) or semi-definite barrier function (MPSBF). The control
gain generated by the positive semi-definite barrier leads to a slightly inferior per-
turbation compensation. This is not significant since a precise compensation is not
needed. Note that the chattering does not occur at the price of a residual nonzero
error in o(t). On the other hand, in the positive definite barrier case, high frequency
chattering appears (only) when the bias F' in exceeds the disturbance upper
bound d. Then, the equivalent control M;%(t) exactly compensates the perturbation,
see Figure [2.9,
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Chapter 3

Multivariable Unit Vector Control
with Prescribed Performance via

Monitoring and Barrier Functions

This chapter proposes an adaptive unit vector control approach via output feedback
for a class of multivariable nonlinear systems. The sliding-mode based controller can
deal with parametric uncertainties and (un)matched disturbances with unknown up-
per bounds. Fixed-time convergence of the output to a predefined neighborhood of
the origin of the closed-loop system is proved with guaranteed transient perfor-
mance. The novelty of our result lies on combining two important adaptation tools:
monitoring and barrier functions. The adaptation process is divided into two stages,
where an appropriate monitoring function allows for the specification of performance
criteria during the transient phase, while the barrier function ultimately confines the
output within a small residual set in steady-state. Simulation results including an
application to Overhead Crane System illustrate the advantages of the proposed

adaptive control strategy.

3.1 Problem Formulation

Consider the uncertain MIMO nonlinear plant in regular form

N(t) = Aun(t) + Ao (t) +di(n(t) ,o(t) 1), (3.1)
O'(t) = Agln(t) + AzQU(t) + dg(?’](t) ,O'(t) ,t) + Bzu, (32)

where the state is defined as 27 (t) := [pT(t),07(t)] € R", n(t) € R*™™ its unmea-
sured part, o(t) € R™ is the output, u € R™ is the input control vector while the
mapping d; : R"™ x R™ x R — R" ™ and dy : R"™ x R™ x Rt — R™ represent

the disturbances. Moreover, the following assumptions are considered throughout
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the chapter:

(A].) The matrix A;; € R(nim)x(nfm), Ay € R(nfm)xm7 Ay € Rmx(nfm)7 Ay €

R™™ and By € R™*™ are constant and uncertain.

(A2) Itis known that Ay is Hurwitz, i.e., the plant (3.1)—(3.2)) has minimum phase.
This assumption is extremely important since it allows the design of a stable

upper bound for the norm of the unmeasured state variable n(t).
(A3) The norm of matrix A, is majored by a known constant c,,.

(A4) The disturbances d;(x(t),t) and do(z(t),t) are Lipschitz in x, piece wise

continuous in ¢ and uniformly bounded by unknown constants d; and d:

Hdl((II,t)H Sczl and ||d2(l’,t)|| SCZ27 VtZO

(A5) There exists a matrix S, such that the high-frequency gain matrix is defined
by

and — K, is Hurwitz.

(A6) Only the output o(t) is available to the feedback design.

The control objective is the ultimate confinement of o(¢) to an e-vicinity of the
origin in the global sense for all instant ¢ greater than a finite time t; (||o(t)|| <
e, Vt > ts), by using only output feedback. To reach it, with the constraint of

unknowing the upper bounds d; and d,, some adaptation strategy is necessary.

3.2 Basic Techniques

In this section, basic techniques for the proposed control strategy are introduced.

3.2.1 Norm Observer

The first step to start the control design is to overcome the unmeasured state prob-
lem. The norm observer, also called first order approximation filter (FOAF), is an
important tool that allows to reach it by using only output information, for more

details see [87]. Lemma (1| shows how the solution of the dynamics

(t) = —kii(t) + ka([lo(0)]| + ), (3.3)
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is an upper bound for the norm of n(t) in (3.1) where, from (A4), d, is a positive
constant. Furthermore, 7(t) and 7(t) satisfy the inequality

(I < ksln(®)] +m,(t),  vL=>0, (3.4)

with constants ki, k2, ks > 0 while 7,(¢) is a exponentially decreasing term and

depend on the initial conditions 7(0) and 77(0).

Lemma 1. Consider the n-dynamics in and suppose that the assumptions
(A1)-(A3) are satisfied. Then, 7(t) in is a norm observer of n(t) satisfying

.

Proof. Consider the following candidate Lyapunov function
Vo(t) =n®)" P(t), P,= P, >0, (3.5)
P, being the solution of the Lyapunov equation
AP+ P AL =—Q,, @Q,=Q] >0, (3.6)
and the Rayleigh-Ritz inequality,
Amin{ PN < Vi < Anasc{ By} In (1), (3.7)

where Apin{-} and A\ax{-} denote, respectively, the minimum and maximum eigen-

value of a given matrix.

By taking the time derivative of (3.5) with (3.1)) and (3.6]), one arrives at

Vo (t) = 0" () Pyn(t) + n(t)" Py (t)
0" (t)(AL Py + Py An)n(t) + 20" () Al Pyn(t) + 2d{ (z,t) A, Py(t)

= =" (O)Qun(t) + 207 (t) AT, Pyn(t) + 2] (w, t) AL Pyn(t) . (3.8)

Then, equation (3.8]) is upper bounded by

V() < =Auin{Qu} @)1 + 21 vl By | (o @)1 + lldi(a, ) lIn ()]

= A QIO + 2l P} o] + e OO, (39
by using the inequality and (A4),
V(o) < gty o Sl B 1o )+ s ) VT
< —qui@uy, APl (o +d)yT. B0
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Vi

2:/Vy

Now, defining 7 := 4/V,, whose time derivative is N = is possible to upper

bound it as
K3 )\min{Qn} ~ HAlZH)‘maX{Pﬁ} 7
nt) < ————=n(t) + o(t)|| +di). 3.11
(1) < —gemt () + 1 S ()] + ) (3.11)
Now, it is defined the constants 0 < k; < % and ko > %, and upper
bound for (3.11)) is given by
() < —kij(t) + ka([lo(t)]] + du) - (3.12)

Then, invoking the Comparison Lemma [94] p. 102], the solution 7(t) of (3.3)) is an
upper bound for 7(t) such that

7(t) < (t) + exp(=kit)(77(0) — 7(0)), (3.13)
consequently,
i(t) < |n(t)] + exp(—kit)(|7(0)[ + [7(0)]) , (3.14)

and, by using the Rayleigh-Ritz inequality (3.39)),

1 _ ([7(0)] + [7(0)[)
|| € ————17(t)| + exp(—kit : 3.15
therefore the inequality is satisfied for any
b (. py LT+ [7(0)])
ks > NERRTe and m,(t) > exp(—kit) NP (3.16)
O

Note that although 7(¢) is a upper bound for the unmeasured part of the state
n(t), it cannot be implemented since, by assumption (A5), d; is unknown. The next
section introduces the monitoring function, an important tool that finally allows
the implementation of an upper bound for n(¢) by means of a hybrid state-norm

estimation [25].

3.2.2 Monitoring Function - Reaching Phase

The monitoring function is an appropriate switching scheme designed to compensate
the absence of information such as unknown control direction [2I], unknown bounds

of disturbances [26] or disturbances with unknown and arbitrary growth rate [95].
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Here a more recent version [15] is presented in which performance specifications of

the closed-loop system could be achieved.

Definition 2. The stabilization of o(t) is said to satisfy the reaching and residual

phase specifications, if
o [lo@)] < [le(0)|+ A, Ve [0,T),
o o) <e, V=T,

where A > 0 is the allowed maximum overshoot, T > 0 is the mazimum transient

time, € > 0 1s the allowed maximum steady-state error, which can be freely specified.

In the reaching phase the monitoring function should force ||o(t)|| < /Ry be-
fore a fixed time T ensuring non-infringement of the overshoot specification. The
monitoring switching scheme is such that for every k for which ||o(¢)|| > €/Ra, the

next switching instant is defined as

lo@l = llo () + A (1= )
th1 = MmN Q¢ > ¢ or , k=1,2,...
t=T (1 . Al,) and  ||o(t)]| > ¢/Rs
(3.17)

where R; > 1 and R, > 1 are design constants. If, for some time interval ¢ < T,
the condition ||o(t)|| = £/Rz is reached, then the Residual Phase (Section is
started.

Moreover, the switching index k is employed in the design of positive monotoni-
cally increasing unbounded sequences cil(k) and czg(k) to counteract the absence of

constants d; and ds, respectively, i.e.,

di (k) = e1bF (3.18)

~

do(k) = cobh (3.19)

where ¢;,c3 > 0, and by, by > max{R;, Ry} are arbitrarily chosen constants. Then,
it is introduced a hybrid state-norm estimation scheme, based on (3.3))—(3.4)),

N(t) = —kii(t) + ko (|lo ()] + di (k) (3.20)
such that

(I < Esli(8)] +my(t), Ve =>0. (3.21)
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The norm observer 7(¢) flows through a continuous state space but also moves
through different discrete switching modes, as defined by [89).

An important property of the switching rule is that, if k& grows and becomes
sufficiently large, then o(t) satisfies its predefined specifications on the reaching
phase through the switching law . In the reaching phase, the switching makes
dy (k) and dy(k) to grow unboundedly as k — co. As a result, during the reaching
phase, the monitoring function forces ||o(t)|| < ¢/ Ry before the fixed time instant 7T

while ensuring no violation of the overshoot specification.

3.2.3 Barrier Function - Residual Phase

The Barrier Function, for a given and fixed € > 0, is defined as an even continuous
function pg : x € (—e,¢) = pp(x) € [ b, 00 ) strictly increasing on [ 0, ¢ ) such that
limye p(X) = +00, pp(x) has a unique minimum at zero and pp(0) = b > 0.

In the residual phase, the introduction of a barrier function imposes a hard bound
on the sliding variable by trapping it within a prescribed e-vicinity. The important
features of the controllers based on barrier functions just requires the disturbances
to be bounded, but there is no need to know what the bounds are and the assurance
of avoiding overestimated control gains. Basically as shown in Figure 2.1] in sliding

mode control framework, there are two kinds of barrier functions:

e Positive definite Barrier Function (PBF)

eF _
= . €. 0)=F>0. 3.22
5_|X| i.e., pPB( ) ( )

Pb(X) :

e Positive Semi-definite Barrier Function (PSBF)

_ M
e — x|

Ppsb(X) : i.e. ppsp(0)=0. (3.23)

For more details, please see [12].
The next section shows how the Barrier Functions can be employed as an adap-

tive strategy for not overestimated Unit Vector Control schemes.

3.2.4 Adaptive Unit Vector Control

The Monitoring and Barrier Function (MBF) adaptive unit vector control law is

given by

(3.24)

kS
Q
—~
<+
~—
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where the matrix S, is chosen to verify assumption (A2) and p(t) is the modulation

function such that

gl = POt (3.25)
pp(t), if t>t

While the closed-loop system is in the reaching phase, it is under monitoring function
action and, using the hybrid norm observer (3.20)) and disturbance estimate (i3.19)

with the modulation function designed as
pu(t) = collo () + ca,da(k) + eyi(t) + 6, (3.26)

with appropriate positive constants c,, c4,, ¢;, and 6. On the other hand, when in
the residual phase, the modulation function is driven by barrier function such that
pp(t) is or (B3.23).

Notice, the switching law given by means that k increases aggressively
if the output o(t) tends to its prespecified transient 7' and steady-state values A.
This behavior makes the sequences di (k) and dy(k) in (3.20) and (3.21)) to behave
as exponentially increasing functions, V¢ < ¢, so that the modulation function p(¢)
in is increased to force the convergence of o(t) to a residual set of order O(e).
When the condition ||o(t)|| < €/Rs is reached, the residual phase is stared and the

increment of the sequence k ceases forever such that the adaptive scheme is driven

by the barrier functions (3.22)) or (3.23)).

3.3 Stability Analysis

Theorem [2| summarizes the main results of the closed-loop system stability. Notice,
inspired by [96], in our MIMO control strategy, the only required a priori information
about the matrix By of the plant is the knowledge of a matrix S, such that K, =
B,S, and — K, is a Hurwitz matrix. This relaxes the positive definiteness property

and allows the application of our unit vector control.

Theorem 2. Consider the multivariable system —, the monitoring scheme
with switching times (3.17), switching-based disturbance estimates (3.18) and (3.19),
hybrid norm observer , barrier function or , and the output-
feedback unit vector control law with modulation function . Assume that
(A1)-(A6) hold. Then, all prespecified transient and steady-state behaviors (max-

imum overshoot A, maximum transient time T and residual absolute error ||o(t)||

less than €) are guaranteed. Furthermore, there exists an unknown upper bound

Amaz for the equivalent disturbance in equation and the practical stabilization
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is achieved, with the output error o(t) ultimately converging to the interior of an

e-neighborhood of the origin so that:

e If the barrier function is the positive definite in (3.29), ||o(t)|| < & such that
lo(t)]| < e < e where 61 = €(1 — F/dpaz) if F < dpaw and €1 = 0 if F > dypge.

e If the barrier function is the positive semi-definite in (3.25), ||o(t)|| < e < €
where €3 = €dpaz/(dmaz + 1).

Then, practical stabilization is achieved, with the output signal converging ulti-
mately close to an e-neighborhood of the origin. Moreover, all the closed-loop signals
are uniformly bounded and all prespecified reaching and residual phase behavior are

gquaranteed as well.

Proof. Consider the following Lyapunov candidate
V(o) =o' Po, (3.27)

where P = PT is the solution of the Lyapunov Equation PK, + Kg P = 1. Then,

its time derivative satisfies

V =0"Ps + ¢ Po
= 0" (PAy + ALP) o+ 2n" A}, Po + 2d} Po + 0" PByu+u' By Po.  (3.28)

By using the control law (3.24) and (A4),

V =07 (PAg + ALP) o + 20" A} Po + 2d} Po — ﬁJT(PKp + K P)o
g
=07 (PAx + AL P) o +2n" A}, Po +2d} Po — pljo||
< [Amax (PAs2 + A P) ||o]] + 2Amax (P) | Aaa[[19]] + 2Amax (P) [[da]] = p] [l ]l -

Then, employing the inequality 1) and defining ¢, > Apax (PAQQ + AgzP),
Cd, > Max(2Amax (P) || A21] ; 2Amax (P)), and ¢, > 2 pax (P) || A21]|, one has

V <leollol| + ey + ca,do — pl [|o]]
— |:CU\/V—|— cyf) + cq,do — p} \/V,

where d,(t) := ||da2(t)|| + m,(t). Thus, by using modulation function p(t) = pa(t),

as in (3:29),

V< —0VV +aa, (do — o) VV
< ¢4, <d0 — 622) \/V,
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Now, defining V := v/V = ||o|| whose time derivative is V= %V and upper
bounded by

V< % (dg - dg> . (3.29)
Notice that d, can be upper bounded by a constant d,,
dy < d,, (3.30)

such that d, > dy + 7,(0). Nevertheless, by assumption d, depends on the unavail-
able information dy and 7(0).

First, it is proved by contradiction that, if one starts in the Reaching Phase
(lle]] > €), then after at most finite number of switchings, the Residual Phase
(lle]] < €) will start. Indeed, suppose that the system never enters in Residual
Phase. Then, from , dy (k) and dy(k) will switch without stopping either due
to ||o(t )H — Ha( )|| + A or to t — T. Therefore, from the o-equation and taking
- and (3.30)) into consideration, it follows that, no matter how large d,

is, after at most finite sw1tch1ngs, one has

~

do(k) > d,, Yt€ [ty tps1) - (3.31)

Once condition (3.31)) is satisfied, the disturbance estimate dy will completely
dominate the right-hand side of inequality (3.29) and guarantees that there exist a
positive integer k> 0, such that, Vk > ]~€,

V<0, Vt€ [tp ti). (3.32)

The inequality 2)) implies that any new switching is only due to t = T'(1—1/R})
because, from ), lo@)|| = ||| + A(1 — R}) implies that ||o|| is increasing. As

a result, the time 1nterval between two switchings is
tear —te =T(1 —1/R¥) —T(1 —1/REY =T (R, — 1)/RY. (3.33)

Then, through rigorous analysis, it is proven in [I5, Theorem 1] that the second
stage starts and it is characterized in what follows.

Now, the dynamic behavior of f is briefly analyzed under the residual
regime. Since ||dy(z,t)|| < d; and |o(t)] < ¢, from (3.3) and (3.4), it is easy to verify
that

)] < 222+ d1) + D). (3.34)
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Therefore, by using control law (3.24])) with modulation function based on barrier
(3.26)), the equation (3.2)) can be rewritten as

5(0) = K |ate.0) - pulo(0) 7 | (3.35)
d(ZE, t) = Kp_lAglﬁ(t) + KP_IAQQO'(t) + Kp_ldg(x, t) s (336)

with equivalent disturbance d(x,t) satisfying

ld(z, )]l < 1K, N Az lllIn() [ + 15, A2z o (1 + 15, [l de(z, )

kok - _
< 151wl | 252 @)+ ) + Al + 2}

= Ao » (3.37)

in other words, in residual phase, the disturbance d(z,t) is upper bounded by un-
known constant d.x.

Now, consider the following candidate Lyapunov function

1 1
V= §UTP0 + 5(pB —pp(0))?, P=P'>0, (3.38)

and the Rayleigh-Ritz inequality,
Amin(P)||0]|? € 07 Po < Apax(P)]|0|)* . (3.39)
The time derivative V', along (3.37)) and (3.35)), satisfies

. 1 1
V = §JTPd + 5(7130 + (pe — pB(0))pB

1 .
= dTKpTPJ — éﬁaT(PKp + KPTP)U + (ps — pB(0))pB

1 .
=d"K, Po — gpelloll+ (o5 = p5(0))p5
(=2[| 5K | Amax (P)[|d]| + p5)

<_ ; lo|l + (pB — pB(0))pB
. (—2||Kp||AmaX§P)dmax + pB) ol + (p5 — p(0))ps - (3.40)
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At this point we have two options:

e Adaptation with Positive definite Barrier Function

With pg = ppp in (3.22), the inequality (3.40)) is rewritten as

(_ZHKPH)‘maX(P)dmaX + pPB)

V< 5 ol + (pps — F)pps
o _(_QHKPH/\IHBLX( )||dmax+pPB)H ||+
N 2
_ el 1 o' K,o
+ (ppp — F) (UTKd—PPB—p)
(e = llal)? o]l g o]l
(—2[| Kp | Amax (P)[|dmax + pPB)
< — =2l o+
- 6F)‘min([(> HKPH
4 (pps — F) 2 s — 95 ) o]
i (e—llolh)?* \ Amin(£5p)
(_dmax + pPB) EF)\mln
< — HO’H - (pPB F max + PPB
5 o (- )
<_Jmax + PPB) 6Fv\mln ( dmax + pPB)
< - loll = (pps — F)
2 o e 2
o]l lpp — I
- _ﬁo'l_ - 1/80'1 ) (341)
V2 V2
where (3,1 = M , G = %, and by using (3.37)), the unknown
constant
Amax = 2Amax (P), ———— ¢ ||, || diax - 3.42
o { 2P 55 | 1 3.42)

Then, from |12, Lemma 5], one can conclude that (3.41)) satisfies

A S w/i”“” lops — F|
VS \/m mln{P Clﬁa’l \/§

\/— HUH + \/—|pPB - F’)

with 61 = ﬁalﬂmin {\/ﬁ, Cl} y (343)

that results a finite time convergence of the output variable to the region
lo(t)] < e such that |o(t)] < ¢ < € where ) = €(1 — F/dpay) if F < dmax
and €, = 0 if F > dpax.

A
|
o
<
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e Adaptation with Positive Semi-definite Barrier Function

With pp = ppsp in (3.23), the inequality (3.40) is rewritten as

<_2HKPH)‘maX<P)dmax + pPSB)
2
(_QHK ||>‘maX(P)dma:0 + ppsB)
== g o+
€ 1 TK o
+ ppsi ( TK,d — ppsp——2— )
(e = llal)? (o]l

ol
(_2||K H)\maX<P)dmax +pPSB)
< - Sl e o+

NinlBy) (N
PSP )2 (mm< w0y 1l ”)

. (_2”KPH)\max( )dmax+pPSB)

V< —

lloll + ppsBPrss

< : o+
Amin(K5) (K H
oS ol (G iytrrsn)
< - (_dmaX;LpPSB)H |- /)PSB( mmH( ||)>2 (—dmax + pPss)
< (—dmax;- prss) loll = ppss (Ej\imH( ”)) (— dmax2+ prss)
- A 2221, (3.49)
where [,0 = _JL\/EPPSB, (o = %, and by using (3.37]), the unknown

constant d,,q, given by (3.42).
Then, from [12, Lemma 6], one can conclude that (3.44) satisfies

o
/—mm{P ol —@6(,2'[)1353'

VS_\/ mm{P} \/_

\V min{P}
< b <T||UH+\/—|/)PSB|>

< =BV, with f = Br2V2 min{ C2} ; (3.45)

1
\V4 )\min{P} ’

that results in a finite time convergence of the output variable to the region
lo(t)|| < € such that ||o(t)]| < €2 < € where €3 = €dpax/(dmax + 1).

Thus, the proof is completed. n

In this chapter, we consider a perturbed and uncertain system with state sep-

arated by their internal and external dynamics whose solutions are 7(t) and o(t),
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respectively. Two strategies are employed. In both cases, the monitoring function,
without any knowledge of the disturbances’ upper bounds, is able to drive the slid-
ing variable o(t) to inside of a prespecified e-neighborhood of the origin ensuring
that there are no violation of the desired overshoot and settling time. It is worth
to mention that the residual width € in and is an arbitrary parameter
completely chosen by the designer, i.e., different from [I8] where an estimate of the
equivalent control based on filtering is employed, our strategy does not depend on
any upper bounds of the disturbance or its derivative, see inequality (21) of [18].

Initially, the monitoring function adapts the gain of the unit vector controller
by using a monotonically increasing sequence k, given by , able to increase
without bound until the controller’s gain achieves its appropriated value to
lead o (t) to the residual phase. In the first scenario, the adaptive scheme is given by
a combination of the positive definite barrier and the monitoring functions,
and . In this case, already inside of the residual set e, if the bias F' is sufficient
larger than the norm of the equivalent disturbance, the control signal is discontinuous
and the positive barrier is able to guarantee ideal sliding mode (o0 = 0) and, if F is
insufficient to overcome the norm of the equivalent disturbance, the control signal
is smooth and the practical sliding mode (||o|| < €) is achieved. In the second
case, by using the semi-positive definite barrier function , the control signal is
continuous and only the practical sliding mode can be indeed reached.

On the other hand, the unmeasured part of the state, the variable n(t), will
converge to a domain around the origin dependent on the unknown but bounded

the amplitude of the perturbation.

3.4 Numerical Examples

In this section two simulation results are presented, an academic example and ap-
plication to an overhead crane system, to illustrate the advantages of the MBF

strategy.

3.4.1 Academic Example

In order to validate the proposed control strategy, this section considers an aca-

demic example of output-feedback stabilization for a MIMO nonlinear unstable

-2 1 0 1 1 1
system ([3.1)—(3.2) such that A;; = , A = L Ay = ’
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1 1 10
Agy = By = ,
2 104 (15] 2 [o 1]

_ sin(10t)sgn(mmn2) ae
di{e,t) = Larctan(n + 12 + 01 + 02) + cos(2t) + exp(—a§/2)] () =1t = 25)
0.25(1 — exp(—|n)) — exp(—03/2)

dy(z,t) = exp(—02/2) + cos(t)

[1(t) — 1(t — 25)]

where 1(¢) is the step function and initial conditions n*(0) = [3,—2] and ¢7(0) =
[2,—1].

It was chosen as performance criteria a maximum overshoot A = 0.5, maximum
transient time 7" = 5 [sec|] and maximum residual € = 0.01. Then, the switching law
based on monitoring function follows with parameters R; = 2 and Ry = 1.2.
Estimates for disturbances bounds d; and dy are found from and ,
respectively, setting by = 1.5, by = 1.2, ¢; = 0.05 and ¢ = 0.1. The hybrid norm
observer parameters are \; = —0.8 and ¢,, = 1.1. The positive barrier
has parameter F' = 20 and the unit vector controller parameters are ¢, = 3,
10
0 1|
The results obtained for the proposed unit vector controller combining monitor-

Cic =4, ¢; =5, and S, =

ing, positive and semi-positive barrier functions are shown, respctively, in Figs.
and [3.2] From the control objective point of view, both approaches are able to en-
sure the practical stabilization (convergence to a predefined neighbor of the origin)
with guaranteed transient and steady-state behavior, compares Figures and
3.1(b)| with Figures [3.2(a)| and [3.2(b)l For both strategies, there is an equivalent

behavior of the closed loop system in the reach phase since the monitoring functions

were configured identically. The monitoring function is allows the specification of

the transition instant to the barrier function avoiding an abrupt discontinuity in the

control, see Figures[3.1(c)|and [3.2(c). Moreover, the control effort required by using

the semi-positive barrier is considerably reduced. On the other hand, the residue

when using the positive barrier is lower, Figures 3.1(d)[ and [3.2(d)l Notice that for

t > 25 there is no perturbations therefore the semi-definite barrier goes to zero.

3.4.2 Application Example

Overhead cranes are well known machines used to dislocate heavy, large or even
hazardous materials from an origin to a target localization. This procedure is held
by lifting and lowering a given payload to avoid obstacles in the path. Cranes can
be easily found in harbors, nuclear industries, building sites, factories and airports
39, 40, 42-44].
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mance criteria.

Figure 3.1: Simulation results - unit vector control with monitoring and positive
barrier.

A overhead crane is composed by the hoisting and support mechanisms, respec-
tively, hoisting line and a trolley-girder. Unfortunately, the hoisting and trolley-
girder accelerations always induce undesirable load swing. This unavoidable load
swing frequently causes efficiency drop, load damages, and even accidents [32]. More-
over, most crane systems are handled by humans which demands a long training to
avoid accidents and to increase the work efficiency.

In this section, to develop a safety and efficient autonomous crane system, the
MBF Adaptive UVC is applied to the INTECO overhead crane system [97]. Consider
the free body diagram in Figure ze(t), ye(t) and z.(t) are the coordinates of
the payload, x,,(t) denotes the distance of the rail with the cart from the center of
the construction of the crane, y,(t) denotes the distance of the cart from the center
of the rail, R(t) denotes the length of the lift-line, a(t) denotes the angle between
the Y axis and the lift-line, () denotes the angle between the negative direction

on the Z axis and the projection of the lift-line onto the X' Z plane, m. is the mass
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Figure 3.2: Simulation results - unit vector control with monitoring and positive

barrier.

of the payload, m,, is the mass of the cart and my is the mass of the moving rail.

The spherical system has been adopted such that the coordinates of the moving

rail (body of mass m;) are

of the cart (body of mass m,,) are

(3.46)
(3.47)
(3.48)

(3.49)
(3.50)
(3.51)
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(a) View of INTECO 3D crane. Figure adapted  (b) Free body diagram of INTECO overhead
from [98]. crane [97].

Figure 3.3: INTECO overhead crane - view and free body diagram.

and, of the payload (body of mass m,) are

z.(t) = X(t) + R(t)sen(a(t))sen(B(t)), (3.52)
ye(t) =Y (t) + R(t)cos(a(t)) , (3.53)
z.(t) = H — R(t)sen(«(t))cos(B(t)) . (3.54)

The equations of motion are provided from Lagrange’s equation by considering
the payload as a point mass and neglecting the mass and stiffness of the rope. The

kinetic energy is

K= 73 (a2 +ys+z)+7(x + 92 4 22 )+%(a’:§+y’f+z’f) (3.55)

= 73X2 + TWL”(X2 +Y?) + 70 (X2 +Y? + 25in(B) cos(a) RaX

— cos* (@) R*B? + cos(a)RY + R%a* + R?(? — sin(a) RaY
+2cos(B) sin(a) RAX + R? + 2sin(a) sin(ﬁ)RX) , (3.56)

and the potential energy is given by

U= (ms+my)gH +m.g(H — cos(f) sin(a)R) . (3.57)
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Therefore, the Lagrangian is

kU (3.58)
= X TR 4 (X247 4 25in(5) cos(o) Ra X

— cos?(a)R*3? + cos(a)RY + R%*q* + R?(? — sin(a) RaY
+2cos(B) sin() RBX + R? + 2sin(a) sin(ﬂ)RX)
— (mgs +my)gH — m.g(H — cos() sin(a)R) . (3.59)

The equations of motion are obtained by calculating

0 (0L oL )
a(aq) _8_(]':qu‘_qu'%’ (360)

for each generalized coordinate ¢; such that ¢ = [X (¢),Y (t), R(t), a(t), B(t)]", lead-

ing us to

(M + My + me) X 4 mesin(a) sin(8) R + m. cos(a) sin(B) Ré + m, cos(B) sin(a) R
= m, sin(a) sin(B) Ra? + mesin(a) sin(8) RB? — 2m, cos(a) sin( )R+

— 2m, cos() sin(a) SR — 2m, cos(a) cos(B)Raf + Fy — kx X , (3.61)
(me +my)Y + megcos(a)R — m,sin(a)Ré = m. cos(a) Ra* + 2m, sin(a) R+

+ Fy — kyY, (3.62)
m, sin(a) sin(3) X + me cos(a)Y + m.R = m.R&? + m RB* — m. cos?*(a) RG>+

+ meg cos(B) sin(a) + Fr — kgR | (3.63)
me cos(a) sin(B)RX — mesin(a)RY + mR*q = —2m.aRR+

+ meg cos(a) cos(B) R + m, cos(a) sin(a) R23? (3.64)
me cos(fB) sin(a) RX + m,sin?(a)R2f = —2m 8RR — m.gsin(a) sin(3) R+

+ 2m, cos* () BRR — 2m, cos(a) sin(a) R%Gf3 . (3.65)

By the assumption of small swing angles and small accelerations as presented in [32],
one has: |X|,|Y],|R| < g, |R| < |R|, leading to |Ré|,|RS| < g, and|d]|,|8| < 1.
Therefore, for the overhead crane, sin(a) & 1, cos(a) = 0, sin(8) ~ 3, cos(f) ~ 1
and neglecting higher-order terms, the nonlinear system (3.61)—(3.65)) is simplified
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to

(mgs + My, + mc)X +meBR+m.RB = Fx — kx X, (3.66)
(me +my)Y —meRé = Fy — kyY, (3.67)
meBX +meR =meg + Fr — kR, (3.68)
~Y +Ra=0, (3.69)
X+ R3=—gp. (3.70)
Consequently,
. kx . 1 1
X =- X Fx+—0F 3.71
Mg + My +m5+mw X+m5+mwﬁ B> ( )
. kv 1
V=-=2XYv+—F, (3.72)
My My
.. kp - k . 1 1 1
R=-"R+—2 pX———BFx+ (— - —52> Fr+g,
mC mS + mw mS + mw mC mS + m’ll)
(3.73)
. ky 1. ky 1
S S VAT Sy . 3.74
@ My R + me R (3:74)
) 1 kx 1. 1 1 11
=—g—= _— X ———Fy — —————f(FpR. 3.75
b gRB+mS+me Mg + My R X ms—l—meﬂR ( )

By design, the control signal are uxy = Fx, uy = Fy and ug = Fr + m.g. Then,

the nonlinear system (3.75)—(3.75|) is rewritten as

.. kx . meg 1 1
X=— —F-X— _ 3.76
My + My m8+mwﬁ+m5+mwuX+ms+mwﬁuR’ (3.76)
. v . 1
V=22V 4 —uy, (3.77)
My My
kg - kx : meg o 1 1 1 9
—_R X _ S
h mcR+ms+mwﬁ +m5—|—mwﬂ ms + mwBuX+ me ms+mwﬁ U
(3.78)
. ky 1. ky 1
W oy o :
= TV (3.79)
) m. 1 kx 1. 11 me 1
S TR L L. S G N L S
B ( ms—l—mw)‘qRﬁ—i_ms—l—me ms—l—meuX ms—l—meﬁuR
(3.80)

Finally, neglecting quadratic and weakly interacting terms, one arrives to the
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nonlinear system

kx . meg 1

X=— X — 3.81
Mg + My ms+mw5+ms+mwux’ (3.81)

. kv . 1

V=— 22V + —uy, (3.82)
My My

. ke - 1

R=—"ER+ —up, (3.83)
M, M

. ky 1 ky 1

. m, 1 ky 1. 1 1

(1 Vi X Sy 2 S, 3.85
B ( m3+mw>gR5+ms+me ms"_meUX ( )

In our application example, for the sake of simplicity, the state is available for
feedback and there is no displacement in Y axis such that Y = Y(0) and Y =Y = 0,
then uy = 0 and, consequently, @« = a(0) = 7/2 and & = & = 0, for all t > 0.
Inspired by [99], the sliding vector o to efficient payload transportation and the

swing suppression is designed as

o1 =X — Xg+a(X - Xg) — 288, (3.86)
0y = R— Ry+ c3(R— Ry), (3.87)

where the constants cq, o, c3 > 0 and the variables X,; and R, are the desired cart

position and the desired length of the lift-line, respectively. The time derivative of

(3.86) and (3.87]) are given by
d’l :X—Xd—FCl(X—Xd)—CQB

2 ) . ) 1 . .
- (cl——X)X—%ﬁ—cgm—ux—(XﬁcﬁXd),

Mg + My, Mg + My, Mg + My
(3.88)
Gy = R— Ry + c3(R — Ry)
k : 1 . .
= (03 — —R) R+ —UR — (Rd + Cng) . (389)
Now, inspired by [100], we introduce the feedback law
ux = (ms +my) |— c—k—X X—l—&ﬁ—l—cﬁ'—l—(] (3.90)
X — s w 1 My + Moy My + My 2 1> .
k .
UR = M, [— (63 — ER) R+ U2:| : (3.91)

where U; and U, represent the discontinuous control law, and define the exogenous
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disturbances

d1 = —(Xd + Cle) > (392)
dg = —(Rd + Cng) . (393)

By plugging (3.90)—(3.93)) in (3.88) and (3.89)), the sliding variable dynamics can be

rewritten in a compact form as

o(t) = d(t) + U, (3.94)

with state o(t) = [01(t),02(¢)]", Lipschitz disturbance d(t) = [d;(t),ds(t)]T and
discontinuous control vector U = [Uy, Uy)T.

In the simulation results, the payload must be lifted and lowered while the crane
is in motion and the swing of the payload should be kept as small as possible. The

desired trajectory is given by a parabolic shape such as

t— Xy, 0<t<2Xy
Xa(t) = . Xu >0, (3.95)
0, t>2Xy
(Xar + Xq(t)(Xar — Xa(2))
X2, '

Ry(t) = Ry + Ry Rm, Ry > 0. (3.96)
The crane parameters are: m. = lkg, m, = 0.6kg, m, = lkg, kxy = 4.1kg/s,
ky = 3.1kg/s and kr = 4.1kg/s. The minimum lift length is R,, = 0.1m, the
lift length must vary of Rj; = 0.6m, while the cart travel from —X,; to X, with
X,, = 30m. It was chosen as the performance criteria a maximum overshoot of
A = 0.4, maximum transient time 7" = 1 [sec| and maximum residual e = 0.2.
Then, the switching law based on monitoring function follows (3.17]) with parameters
Ry = 2 and Ry = 10. Moreover, during the residual phase, the disturbance d(t) in
(13.94) is estimated by the monitoring function such that the modulation pj; in (3.25))

is simply
py =d=cb", (3.97)

where ¢ = 0.2 and b = 1.01. The positive barrier function (3.22)) has the parameter

_ 10
F =5 and the unit vector controller (3.24) employs S5, = 0 1l As presented in

[100], an initial payload swing is considered with initial conditions X (0) = —29m,
Y (0) = 0m, R(0) = 0.1m, X(0) = Y(0) = R = Om/s, a(0) = 90°, 3(0) = 6° and
&(0) = 0°/s and B(0) = 11.4°/s.

First, the performance of the Adaptive UVC is evaluated with monitoring and
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positive barrier functions (Figures . In closed-loop, while the reference is
given by a parabolic trajectory, the control law is able to successfully ensure the
tracking on the actuated state variables X (¢), X (t), Y (t), Y(t), R(t) and R(t), see
Figures |3.4}{3.6 as well as the antiswing and antiskew behavior on the underactu-
ated state variables a(t), &(t), A(t) and f5(t), see Figures and . It takes less
than 10 seconds to suppress the payload oscillations, see Figure . From the
point of view of the prescribed tracking performance, during the reaching phase, the
monitoring function is able to guarantee an exponential increase of the modulation
function such that the sliding condition is verified in the fixed-time T'=1 (see Fig-
ure , where the dashed lines represent the frontiers of allowable excursion of the
sliding vector. Indeed, beyond the fixed-time convergence, the monitoring function
ensures that there is no overshoot violation, as specified in Definition 1. In the

residual phase, with the positive barrier function, the adaptive UVC is discontinu-

ous (Figures|3.10(a){ and [3.10(b))), and leads to an exact sliding motion, i.e., 0 =0
for all t > T', see Figures [3.9(e)[ and [3.9(f)|

40 T T - 1.5
: 3
= S
. < 05
g
g ge
: 2
= = ° —x0|
~ > — -X4(t)
-40 ‘ ‘ -0.5 : ‘
0 20 40 60 0 20 40 60
Time [sec] Time [sec]
(a) State variable X (t). (b) State variable X (t).

Figure 3.4: 3D Crane - MBF UVC with positive barrier, X (t) and X ().

Now, the performance of the Adaptive UVC is evaluated with monitoring and
semi-positive barrier functions (Figures . In closed-loop, as in the case the
adaptive strategy with positive barrier function, while the reference is given by a
parabolic trajectory, the control law is able to successfully ensure the tracking on the
actuated state variables X (t), X (t), Y (t), Y (t), R(t) and R(t), see Figures M,
as well as the antiswing and antiskew behavior on the underactuated state variables
a(t), a(t), B(t) and S(t), see Figures and . It takes less than 10 seconds
to suppress the payload oscillations, see Figure . From the point of view
of the prescribed tracking performance, during the reaching phase, the monitoring
function is able to guarantee an exponential increase of the modulation function
such that the sliding condition is verified in the fixed-time 7' = 1 (Figure ,
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Figure 3.5: 3D Crane - MBF UVC with positive barrier, Y (¢) and Y (t).
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Figure 3.6: 3D Crane - MBF UVC with positive barrier, R(t) and R(t).
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Figure 3.7: 3D Crane - MBF UVC with positive barrier, «(t) and &(t).

where the dashed lines represent the frontiers of allowable excursion of the sliding

vector. Indeed, beyond the fixed-time convergence, the monitoring function ensures
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Figure 3.8: 3D Crane - MBF UVC with positive barrier, 5(t) and 3(t).

that there is no overshoot violation, as specified in Definition 1. In the residual
phase, with the semi-positive barrier function, different from the adaptive strategy
with positive barrier function, the adaptive UVC is continuous (Figures[3.17(a)[and
, and leads to a pratical sliding motion, i.e., ||o|| < € for all ¢ > T, see
Figures|3.16(e)| and [3.16(f)}
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Figure 3.10: 3D Crane - MBF UVC with positive barrier, U and d(t).
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Figure 3.11: 3D Crane - MBF UVC with semi-positive barrier, X (t) and X (t).
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Figure 3.12: 3D Crane - MBF UVC with semi-positive barrier, Y (t) and Y(t).
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Figure 3.13: 3D Crane - MBF UVC with semi-positive barrier, R(t) and R(t).
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Figure 3.14: 3D Crane - MBF UVC with semi-positive barrier, a(t) and &(t).
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Figure 3.15: 3D Crane - MBF UVC with semi-positive barrier, 5(t) and 3(t).
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Chapter 4

Static Event-Triggered Extremum

Seeking Control

Considering static maps, this chapter proposes a static event-triggered [63] scheme
for scalar extremum seeking control. While the extremum seeking allows the output
of a nonlinear map to be held within a vicinity of its extremum, the event-triggered
strategy is responsible to execute the control task aperiodically by using a monitor-
ing mechanism. The event-triggered strategy ensures asymptotic stability properties
to the closed-loop system and reduces control effort since the control update and
data communication only occur when a designed triggered-condition is satisfied.
Integrating Lyapunov stability theory and averaging method generalized for discon-
tinuous systems, a systematic design procedure and stability analysis is developed.
Ultimately, the resulting closed-loop dynamics exhibits the advantages of integrat-
ing both approaches, event-triggered and extremum seeking. The Zeno behavior is
precluded and the local exponential stability of the closed-loop system is guaran-
teed. An illustration of the benefits of the new control method is presented using

consistent simulation results.

4.1 Problem Formulation

We consider the following nonlinear static map

H*
2

Q) = Q"+ —(0(t) — "), (4.1)

where H* € R — {0} is the Hessian, 6* € R is the unknown optimizer, and the input
of the map 0(t) € R is designed as the real-time estimate 6(¢) € R of §* additively
perturbed by the sinusoid asin(wt), i.e.,

0(t) = 0(t) + asin(wt) . (4.2)
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Figure shows the structure of the event-triggered-based extremum seeking

control system to be designed.

asin(wt) asin(wt)
u(t o(t l o(t t l
Ut oy Pechmeon J° Gt
N Ml
IO

Figure 4.1: Event-triggered based on extremum seeking scheme.

From Figure , the output of the nonlinear map (4.1)) can be written as

*

y(t) = Q) = @ + L (o(r) — 0. (4.3)

2

4.1.1 Continuous-Time Extremum Seeking

Let us define the estimation error

(t) = 0(t) — 0", (4.4)

and the Gradient estimate

A

G(t) = asin(wt) y(t), (4.5)

by the demodulation signal, a sin(wt), which has nonzero amplitudes a and frequency
w |51l [101].
From (4.2)) and (4.4)), we can write

0(t) = 0(t) + asin(wt) + 6", (4.6)

and, therefore, by plugging (4.6)) into (4.3)), y(¢) can also be written as

H* 2 H*~ ~ H* 2
C LT () + asin(wh)HO() — 2

y(t) = Q"+ — 5

cos(2wt) . (4.7)
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Thus, from (4.5) and (4.7)), the gradient estimate [55], is given by

é@y:“f*u—aﬁem»mw+aH¥m@@§wm-
+—(aQ*4-3“3H*):ﬂn(ww-— i (But) | (4.8)

Notice the term quadratic in é(t) in (4.8) may be neglected in a local analysis [102].

Thus, hereafter the gradient estimate is given by

B a’H* 3a3H* SH*

G(t) = 5 (1 — cos (2wt)) O(t) + (aQ* +

sin (3wt) .

)ammy-
(4.9)

On the other hand, from the time-derivative of (4.4) and the ESC scheme of
Figure , the dynamics that governs é(t), as well as 0(t), is given by

a(t) = () = u(t), (4.10)
where u is the ESC law to be designed as
u(t) = KG(t), Vt>0. (4.11)

By taking the time-derivative of (4.9)) and the equation (4.10]), one gets

X a’ H* 9 ) ~
G(t) = 5 (1 — cos (2wt)) u(t) + a*wH" sin (2wt) 6(t)
+ (aw@* + 3GQWH*) cos (wt)— Saw i cos (3wt) . (4.12)

4.1.2 Event-Triggered Control Emulation of the Extremum
Seeking Design

Let t; denote the unbounded monotonically increasing sequence of time instants,

1.e.,
=tg<ti <...<tp <..., keN, limt =0, (4.13)
k—o0

with the aperiodic sampling intervals 7, = t;1 — tx > 0.

We consider continuous measurement of the system output while actuating the
system using an event-based approach. The actuator transforms the discrete-time
control input U(t;) to a continuous control input u(t) as in sampled data systems

with zero-order hold. By assuming that there is no delay in the Sensor-to-Controller
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and Controller-to-Actuator branches, one has
w(t)=U,=Ul(tg), t€ [tp,trs1), keN. (4.14)
Thus, define the control input for all ¢ € [ty ,tx11), k € N,
= KG(t), (4.15)
and we introduce the error vector
e(t) = G(ty) — G(t), Vte [ty tiy), keN. (4.16)

Therefore, by using the event-triggered control law (4.15]), adding and subtracting
the term M% (1 — cos (2wt)) G(t) into 1} and adding and subtracting the term
KG(t) into (4.10)), one arrives at the Input-to-State Stable (ISS) representation of
the dynamics of G(t) and 6 with respect to the error vector e(t) in equation (4.16)):

2K 2[ K 3a2wH"
¢ . ¢ — (1= cos (2ut)) e(t) - el

~ 3a’wH*
+ a*wH* sin (2wt) O(t) + (an + 2

G(t)= (1 — cos (2wt)) C(t) + cos (3wt)

) cos (wt) , (4.17)
0(t)=KG(t:) + KG(t)-KG(t)=KG(t)+ [G 0-G)]

‘H*K ~ 3 3H*K
=4 5 (1 — cos (2wt)) 0(t) + Ke(t) + (aQ K+ ) sin (wt) +
SH*K
S sin (3wt) . (4.18)

In a conventional sampled-data implementation, the transmission times are dis-
tributed equidistantly in time, meaning that ¢y, = tx + h, for all £ , and some
interval h > 0. In event-triggered control, however, these transmission are orches-
trated by a monitoring mechanism that invokes transmissions when the difference
between the current value of the output and its previously transmitted value be-

comes too large in an appropriate sense [69].

4.1.3 Static Event-Triggering Condition

In Definition 3| our triggering strategy is presented.

Definition 3 (Static-Triggering Condition). Consider the nonlinear mapping = :
R x R+~ R given by

2(Gye) = oG2(t) + G(t)e(t) (4.19)
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and K be the control gain in . The event-triggered controller with triggering

condition consists of two components:

1. A set of increasing time sequence I = {to,t;,ta,...} with ty = 0 generated

under the following rules:

o If {t eRT:t>t, A Z(G,e)<0= @}, then the set of the times of the
events is I = {to,t1,...,tx}.

o If {t eRT:t>t, A Z(G,e) <0+ @}, the next event time is given by

tesr = min {t ERT:t>1, A E(Ge) < 0} , (4.20)

which 1s the event-trigger mechanism.

2. A feedback control action updated at the generated triggering instants given by

U = Ké(tk) , YVt € [tk , tk+1) , ke N. (421)

4.1.4 Time-scaling System
By using the transformation ¢t = wt where

_27T

- (4.22)

w

it is possible to rewrite the dynamics (4.17)—(4.18]) in a different time-scale such that

w1 (t,é,é, g) , (4.23)
0 _ 1o (t, é.d, 5) , (4.24)
with
a?H*K

2 IT*
G (t,é,é, é):a H K (1— cos (2wt)) G(t)+

5 (1—cos (2wt)) e(t)+

_SatwH cos (3wt) +a’wH* sin (2wt) O(t)+

+ (an*+3asz*) cos (wt) , (4.25)
) (t, G, 0, é) :a2]-;*K (1—cos (2wt)) O(t)+Ke(t)+ (aQ*K—l—M) sin (wt) +

- aghé*K sin (3wt) . (4.26)
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4.1.5 Averaging System

Now, by defining the augmented state

XT(f) = [6(0).00) - (4.27)

one arrives at the dynamics

dXt) _ 1z (t, X, 1) , Fl= [G,é} : (4.28)

Due to the discontinuous nature of the proposed control strategy, throughout
the article the averaging theory for discontinuous systems is used as presented by
[103, Theorems 1 and 2].

The augmented system has a small parameter 1/w as well as a T-periodic

_ 1 _
function F ( t, X, — | in t, hence it admits the averaging method for stability analysis
w

_ 1 1
by averaging F (t,X, —) at lim — = 0, as shown in [103], i.e.,
w

w—0o0 W

AXo(@) 1
df - ;fav (Xav> ) (429>
1 T
Fue(Xu) = 7 / F (6, Xuv, 0) d5. (4.30)
0

Basically, the problem in the averaging method is to determine in what sense the
behavior of the autonomous system approximates the behavior of the nonau-
tonomous system such that can be represented as a perturbation of
system (|4.29)).

Therefore, treating the states G(%), e(f) and 6(f) as constants in , and by

using the averaging values, one gets

dGuw(t)  ?H*K . a*H*K
df - 20 Gav(ﬂ + eav(f) ) (431)
Cav(t) = Gav(tr) — Gan (D) . (4.32)

Hence, from (4.31) it is easy to verify the ISS relations of Gy (f) with respect to the

averaged measurement error e,y (?).
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Moreover, from (4.9)),

R ZH* _
Clas(£) = 5 —0un (D). (4.33)
and, consequently,
fue(D) =~ Giae(D) (4:34)
av - CLQH* av bl *
with time-derivative
d0 (1)  a*H*K - 1
~ = —K . 4.
i % eaV(E)‘F o eaV(D ( 35)

Therefore, the following average event-triggered detection laws can be introduced

for the average system.

Definition 4 (Average Static-Triggering Condition). Consider the nonlinear map-

ping = : R x R — R given by
E(éaV7 Cay) = Uéiv(f) + éaV(ﬂeaV(ﬂ ’ (4.36)

and K be the control gain in . The event-triggered controller with triggering

condition consists of two components:

1. A set of increasing sequence of time I = {tg,t1,ta,...} with ty = 0 generated
under the following rules:

A

o If {fe Rt :t >t AN Z(Gays€ay) <0 = @}, then the set of the times of
the events is I = {tg,t1,...,tx}.

A

o If {Ee Rt :t >t N E(Gay,ay) <0 # @}, next event time is given by

foy1 = min {E ERY :T> T A E(Gar, €ar) < o} , (4.37)
that 1s the average event-trigger mechanism.

2. A feedback control action updated at the the generated triggering instants given

as

U = Ké(fk) , Vt € [fk , Ek+1> , keN. (438)

4.1.6 Assumptions

The following assumptions are considered throughout the thesis:
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(A1) The unique optimizer value * € R and the scalar Q* are unknown parameters
of the nonlinear map (4.1)).

(A2) The Hessian H* has known sign, but it is unknown in norm.

(A3) The control gain K satisfies

sign(K) = —sign(H"). (4.39)

(A4) There is no delays due processing of sensor and actuator as well as transmis-

sion in the sensor-to-controller and controller-to-actuator branches.

(A5) Only G(t) is available for the event-triggered design.

4.2 Stability Analysis

This section assumes a partial knowledge of the nonlinear map such that the
Hessian sign is a known parameter. Although this hypothesis appears to simplify
the problem, the designer should know if he/she is dealing with an seeking strategy
to reach a maximum or minimum extremum. On the other hand, the optimizer

value 0* and parameter Q* are completely unknown.

Theorem 3. Consider the closed-loop average dynamics of the gradient estimate
/.31]) and the average event-triggered mechanism given by . Suppose that As-

sumptions (A1)-(A5) are hold. If 2(Gay, e ) is given by and w in is a
constant sufficiently large compared to the parameters of , the average gradient
estimate G’av(t) system is locally exponentially stable and, consequently, 0q,(t)
converges exponentially to zero. Therefore, there exist constants m, Mg, M, > 0
such that

10(t) — 0% < Mgexp(—mt) + O (a + é) ) (4.40)
ly(t)—Q*| < M, exp(—mt) + O <a2 + %) : (4.41)

where a > 0, and the constants My and M, depend on the initial condition 6(0).
Moreover, there exists a lower bound T* for the inter-execution interval t, 1 —t;. for

all k € N precluding the Zeno behavior.

Proof. Now, consider the following Lyapunov function candidate

V;w({) = Giv(f) ) (442)
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with time-derivative

AV (t 2\ H*||K| -
VZ\%() __a 27| |G§V(E>

w

2 *
- wa}v(aem@ . (4.43)

From (4.43)), if there is no measurement error e(t), i.e., e(t) = 0 V¢t > 0, therefore
the classic extremum seeking implementation, according to equation (4.43]) becomes

dg% = —@wa(f) On the other hand, the proposed event-triggered approach,

with update law 1' and E(Gav,eav) given by | , ensures in closed-loop an
exponential decay of V,, () given by a pre-specified fraction of the ideal decay rate

such that

1 _ 2 H* K R
dvzl;(f) o 0)6;| 1Ko @) (4.44)

Now, plugging equation (4.43)) in the left-hand side of inequality (4.44]), one gets

2\ H*||K]| - 2\ H*||K]| - 1 —o)a®|H*||K| -
_ AW gz gy - LUK ety < - SR 62 ) (445
w W W
Then,
Uéiv(f) + éaV(E)eaV<£> >0, (4.46)
or, equivalently,
Z(Gay, av) > 0. (4.47)

The event-triggered mechanism supervises the time derivative of the Lyapunov func-
tion given by and its pre-specified upper bound in to set the instant
on which these signals meet. This time-instant is the same to send data over the
network and update the actuator, where the condition E(Gav, €ay) < 0 is verified as
in (4.37). This process can takes place for an indefinite number of times, in other
words, whenever necessary, and guarantees the exponential stability of Gav(f) in
closed-loop.
By using (4.42)) and (4.44)), for t € (tx,,tx+1), an upper bound for (4.43)) is

dVa(t) _ (1= o)a?|H*||K] ViulD) (4.48)

dt — w

Then, invoking the Comparison Lemma [94] an upper bound V,, (%) for V,,(f) is

V;w(a S ‘Zw(t_) ’ VE S [Eka t_k—‘rl) : (449>
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given by the solution of the following dynamics

dVa(t) _ (1= 0)a®|H*|| K] -

T ‘7av t), ‘Za‘v tk) = ‘/;.V k), 4.50
- - 0. Vi) =Vul®). (450
In other words, Vi € [tx, tri1),
_ 1-— 2\ HH|K| - - _
Vo (T) = exp <_< ">‘L| L. tk)) Vo (B) | (4.51)

and the inequality (4.49)) is rewritten as

(1 - o)a?| H*|| K|
w

V() < oo - (1= 0)) Vil (4.52)
By defining, ¢ and t; as the right and left limits of ¢ = {;, respectively, it easy
to verify that Vi, (f,;) < exp (—%(t’;ﬂ — gz)) Vo (65). Since Vo, (1) is
continuous, Vi (ti, 1) = Vav(te1) and Voo (£)) = Viy(2y), and therefore,

(1 —o)a’| H*|| K|
w

Vav(£k+1) S exp (— (I?k+1 — tk)> Vav<£k) . (453)

Hence, for any ¢ > 0 in ¢ € [tg, tx11), k € N, one has

(1 - o)a?| H*|| K|

Va(®) < oxp (— (i m) VaulB)

o (IR ) (0= g

< e (_ (1—a)ai|H*||K| (t_tk)) :ljexp (_ (1- a)ci|H*||K| (i, - t“)) Vav(tiz1)

— exp (_(1 - ")CZW*”K'E) Vi (0). (4.54)
Now, one obtains

Gl < exp (L= 6 o (4.5

_ {eXp (_(1 - 0)62Lz}|H*||K|£) |@av(0)|]2 _ (4.56)

Hence,

|Gy (0)]. (4.57)

(1= o) || |
2w

G (B)] < exp (—
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Since is T-periodic in ¢, 1 /w is a positive small parameter, and from inequality
the origin G = 0 is at least an exponentially stable equilibrium point of the
closed-loop event-triggered system. Then, by invoking [103, Theorem 2|, there exists
an upper bound for (4.9) such that

Gl <lGuivl+o ()
< exp (—(1 - ">“2’H*”K‘f> |G (0)| + O (é) (4.58)

2w

Although the analysis has been focused on the convergence of Gav(f) and, conse-
quently é(t), the obtained results through 1) can be easily extended to the

variable 0, (f) and 6(t). Notice that, by using (4.33) and the equation (4.42)), one

has

2% _ 2 dprs2 _
Vo= (5 0a0) = R0, (459)

Then, plugging (4.59)) into (4.52)), we get

- ““2’H*”K't) G (0) (4:60)

|9~aV(ﬂ‘2 < exp (_

W

Therefore, following the same development carried out between equations (4.56)) to

(4.57)), one arrives at

it < exp (=2 0, (461

and

01 < 1001+ 0 ()

< exp (_ (1= U)ng*||K|t> 60 (0)] + O (%) (4.62)

Now, from (4.6)), we have
0(t) — 6" = 0(t) + asin(wt) (4.63)
whose norm satisfies

0(t) — 67| = 16(t) + S(t)] < 18(t)] + |asin(wt)]

< exp (—(1 - U)“2|H*||K|E) 10(0) — 67| + O <a + i) . (4.64)

2w
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Defining the error variable g(t) as
y(t) = y(t) —Q", (4.65)
and using as well as the Cauchy-Schwarz Inequality, its absolute value satisfies
[9(1)] = ly(t) — Q| = [H"||o(t) — 0", (4.66)

and its upper bounded with (4.64)is given by

w0~ <esp (LD 1 jo0)-071 20 (w2 | o001

+0 (a2 + %) . (4.67)

Therefore, by defining the positive constants

(1 —o)a’|H*|| K|

m = 5 ) (4.68)
My = [6(0) — 07, (4.69)
10(0) — 07| + 20 (a + é)] 10(0) — 071, (4.70)

the inequalities (4.64)) and (4.67) satisfy (4.40) and ( -, respectively.

By invoking [63, Corollary IV.l], the inter-execution instants are lower bounded

by interval 7* spent by the solution of

a6(0) _ a?lHIK]
dt 2w

(1+6(5)*, ¢(0)=0, (4.71)

to reach ¢(7*) = 0. Then, solving the initial value problem (4.71)) by using the
method of separation of variables[104] and reminding that ¢ = wt implies in 7% = wr*
that

/;: | e = T [T .
o) 2
{_1 +1¢®L(O) |H HK! i (4.73)
2 e
1+1¢(0) - 1+q15(f*) - |I§J|K|f*’ -
110 _ aQIJZLIIKIf*' (4.75)
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Then,

1 2 o
- - 4.76
T R @ <1+a) ’ (4.76)

and the Zeno behavior is avoided which completes the proof. O

4.3 Simulation results

To highlight the main ideas of the proposed Event-triggered Extremum Seeking
strategy the nonlinear map has input 0(t) € R, output y(¢) € R, and unknown
parameters H = —1, Q* = 7 and 6* = 5. The dither signals have parameters
a = 0.1, w = 3 |rad/sec|, and we selected the event-triggered parameters o = 0.1.
The control gain matrix K = 30 and the initial condition is 6(0) = 0.4.

In Figures 4.2(a)| and 4.2(b)the Gradient estimate in and the error e(t) in

(4.16) are presented. In both cases, the event-triggered mechanism ensures their

convergence to neighborhood of zero. The Gradient stabilization implies reaching
the optimizer 6%, see Figures|4.2(e) and [4.2(f), Figure[4.2(d)[shows the aperiodic be-
havior of how often the control signal U(t) is updated, see also Figure4.2(c)| During

300 seconds of simulation, there were 29 updates of the control signal, consequently,

the average inter-execution interval is equal to 10.7143 seconds. Comparing the
proposed strategy with the classic sample-hold implementation, assuming the same
initial condition and a constant sampling period of h = 0.01 seconds, we would have
30,000 updates of the control signal in 300 seconds of simulation. That is, a number

more than 1,000 times higher than the strategy proposed in this chapter.
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Figure 4.2: Event-triggered Extremum Seeking Control System.
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Chapter 5

Dynamic Event-Triggered Extremum
Seeking Feedback

This chapter proposes a dynamic event-triggered scheme for scalar extremum seek-
ing control. While the extremum seeking allows the output of a nonlinear map to
be held within a vicinity of its extremum, the event-triggered strategy is responsible
to execute the control task aperiodically by using a monitoring mechanism. The
event-triggered strategy ensures asymptotic stability properties to the closed-loop
system and reduces control effort since the control update and data communication
only occur when a designed triggered-condition is satisfied. Integrating Lyapunov
and averaging theories for discontinuous systems, a systematic design procedure
and stability analysis are developed. Ultimately, the resulting closed-loop dynam-
ics proves the advantages of integrating both approaches, dynamic event-triggered
and extremum seeking. The Zeno behavior is precluded and the local exponential
stability of the closed-loop system are guaranteed. An illustration of the benefits of

the new control method is presented using consistent simulation results.

5.1 Problem Formulation for Event-Triggered Ex-
tremum Seeking

We define the following nonlinear static map

H*
2

Q) = Q"+ —(0(t) — 07)*, (5.1)

where H* € R — {0} is the Hessian, 8* € R is the unknown optimizer, and the input
of the map 6(t) € R is designed as the real-time estimate 6(t) € R of §* additively
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perturbed by the sinusoid asin(wt), i.e.,
0(t) = 0(t) 4 asin(wt) . (5.2)

Figure [5.1| shows the structure of the event-triggered-based extremum seeking

control system to be designed.

asin(wt) asin(wt)
— 4 o(t) l 0(t) —=— vy
s — Pt Tiggered ot
X Kl
Ul(t) N

Figure 5.1: Event-triggered based on extremum seeking scheme.

From Figure , the output of the nonlinear map ({5.1)) can be written as

(0(t) — 6%). (5.3)

5.1.1 Assumptions

The following assumptions are considered throughout the thesis:

(A1) The unique optimizer value 8* € R and the scalar Q* are unknown parameters
of the nonlinear map (j5.1)).

(A2) The Hessian H* is a known parameter.

(A3) The control gain K satisfies

sign(K) = —sign(H™) . (5.4)

(A4) There is no delays due processing of sensor and actuator as well as transmis-

sion in the sensor-to-controller and controller-to-actuator branches.

(A5) Only G(t) is available for the event-triggered design.
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5.1.2 Continuous-time Extremum Seeking

Let us define the estimation error

0(t) = 0(t) — 0", (5.5)

and the Gradient estimate

~

G(t) = asin(wt) y(t), (5.6)

by the demodulation signal, a sin(wt), which has nonzero amplitudes a and frequency
w [511, 101].
From (5.2) and (j5.5)), we can write

0(t) = 0(t) + asin(wt) + 6", (5.7)

and, therefore, by plugging (5.7) into (5.3]), y(¢) can also be written as

H* 2 H*~ _ H* 2
4a + 8 + asin(wt) HO() - ¢

y(t) = Q" + cos(2wt) . (5.8)

Thus, from (5.6) and (5.8]), the gradient estimate [55], is given by

Gty = ° f " (1 = cos (201)) (1) + - gin (wt) 2(1)
+ (aQ* + 3a3H*> sin (wt) — N sin (3wt) . (5.9)

Notice the term quadratic in 6(¢) in (5.9) may be neglected in a local analysis [102].

Thus, hereafter the gradient estimate is given by

B a’H* - 3a3H* SH*

G(t) = 2 (1 —cos (2wt)) 6(t) + (aQ* +

sin (3wt) .

) sin (wt) — -
(5.10)

On the other hand, from the time-derivative of (5.5) and the ESC scheme of
Figure , the dynamics that governs 0(t), as well as 0(t), is given by

A1) = 0(t) = u(t) (5.11)
u(t) = KG(t), V>0, (5.12)
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By taking the time-derivative of ([5.10) and the equation (5.11]), one gets

2 I7%* _
Gty = f (1= cos (2uwt)) ult) + a®wH" sin (2wt) (1)
2 * 2 *
+ (an*+3a ;JH )cos (wt)—3a id cos (3wt) . (5.13)

5.1.3 Event-Triggered Control Emulation of the Extremum
Seeking Design

Let t; denote the unbounded monotonically increasing sequence of time, i.e.,
O=to<ti <...<tp<..., keZ*,inmtk:oo, (5.14)
—00

with the aperiodic sampling intervals 7, = £, 1 — ti > 0.

We consider continuous measurement of the system output while actuating the
system using an event-based approach. The actuator transforms the discrete-time
control input U(t) to a continuous control input u(t) as in sampled data systems
with zero-order hold. By assuming that there is no delay in the Sensor-to-Controller

and Controller-to-Actuator branches, one has
uwlt) =U,=U(ty), t€ [tr,tepa|, kEZT. (5.15)
Thus, define the control input for all ¢ € [t ,tx1[, K € N,
u, = KG(ty) (5.16)
and we introduce the error vector
e(t) = G(ty) — G(t), Vte [ty tes], keN. (5.17)

Therefore, by using the event-triggered control law (5.16]), adding and subtracting
the term m% (1 — cos (2wt)) G(t) into 1} and adding and subtracting the term
KG(t) into (5.11)), one arrives at the Input-to-State Stable (ISS) representation of
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the dynamics of G(t) and 6 with respect to the error vector e(t) in equation (5.17):

é(t):“zhz’ K1 cos (208)) G0 + I (1 cos (2u)) et)+
- 3a2:H* cos (3wt) + a’wH* sin (2wt) (t) + (an* + 3GQWH*> cos (wt) ,
(5.18)
é(t)= — “2};’ B0~ cos (201)) G(t) — “2}; B0~ cos (2w)) e(t)+
Ot (But) — aPwH" sin (2uwt) () — (an* | Selwh ) cos (wt) |

(5.19)
0(H)=KC(t)+ KGO)-KG()=KG(t)+ K |G(t) ~G(1)|

QH*K 5 3H*
_— 5 (1 —cos (2wt)) O(t) + Ke(t (aQ K+ sa > sin (wt) +
SH*K
— g sin (3wt) . (5.20)

In a conventional sampled-data implementation, the transmission times are dis-
tributed equidistantly in time, meaning that ¢, = t; +h, for all k£ , and some inter-
val h > 0. In event-triggered control, however, these transmission are orchestrated
by a monitoring mechanism that invokes transmissions when the difference between
the current value of the output and its previously transmitted value becomes too
large in an appropriate sense [69]. In the subsequent sections, the execution mech-

anism is analyzed.

5.1.4 Dynamic Event Triggering Condition

In Definition [5| our dynamic-triggering strategy is presented.

Definition 5 (Dynamic Triggering Condition). Consider the quadratic mapping
2(Gre) = @ H'||K] |0 G2(1) + G(e(t)| (5.21)

where o € (0,1), H* is the Hessian, K be control gain in and v(t) as the

solution of the dynamics
0(t) = —po(t) + 2(G,e) , 1> 0,0(0) > 0. (5.22)

The event-triggered controller with dynamic-triggering condition consists of two com-

ponents:

1. A set of increasing sequence of time I = {ty,t1,ts,...} with to =0 generated
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under the following rule:

o If {teR*:t>tk Av(t)+72(G,e) <0 = @}, then the set of the times of
the events is I = {to,t1,...,tx}.
o If {teR*:t>tk Av(t)+7E(G, e) <0 # (Z)}, next event time is given by

tk+1:inf{teR+:t>tk Av(t)+7E(G, ) <o}, (5.23)

which 1s the dynamic event-trigger mechanism.

2. A feedback control action updated at the generated triggering instants given by

u, = KG(ty) | (5.24)

for allt € [ty ,tgy1), k € N.

5.2 Closed-Loop System

5.2.1 Time-scaling System

By using the transformation ¢ = wt where

wi= — (5.25)

it is possible to rewrite the dynamics (5.18)—(5.20) in a different time-scale such that

>

dGO) 1 4(- = 1
N\ - 2
7 wg (t,G,@,U,w) , (5 6)

o) _ le (E, G.0,v, 1) , (5.27)
dt w w

wit) _ 1y (t‘, G.i.u. 1) , (5.28)
dt w w
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s - A = 1 ‘H*K R
g(t,a,e,v,—>:“ — (1= cos (2u)) G(1)
w
‘H*K 3a’wH*
4+ 2 T (1= cos (2ut)) e(t) - T cos (3wt)
3a’wH*

+ a®wH* sin (2wt) B(t) + (an* +

) cos (wt) , (5.29)

0 (f, 70,0, l) :a2h;*K (1—cos (2wt)) O(t) + Ke(t)

3a3H*K SH*K
+ (aQ*K + &T) sin (wt) — ¢ 3 sin (3wt) ,  (5.30)

N 1 N
T (t, G,0,v, ;) = —pv(t) + =Z(G,e). (5.31)

An appropriate average system in the time-scale ¢ can be derived in the next

Section.

5.2.2 Average System

Now, by defining the augmented state

XT(0) = |G (). 0(0) , v(d)] - (5.32)
one arrives at the dynamics
aX®) _ 1, (t, X, l) , (5.33)
dt w w
Fr=[¢.6.1]. (5.34)

Due to the discontinuous nature of the proposed control strategy, throughout
the article the averaging theory for discontinuous systems is used, as presented by
[103].

The augmented system has a small parameter 1/w as well as a T-periodic

_ 1 _
function F | t, X, — | in £, hence it admits the averaging method for stability analysis
w
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_ 1 1
by averaging F (t,X, —) at lim — = 0, as shown in [103], i.e.,
w

w—00 W

dX, () 1
e = R (Xa) (5.35)
1 T
Fav (Xar) = = / F (8, X, 0) dd . (5.36)
0

Basically, the problem in the averaging method is to determine in what sense the

behavior of the autonomous system ([5.35) approximates the behavior of the nonau-

tonomous system ([5.33) such that (5.33]) can be represented as a perturbation of

system ([5.35)).
Therefore, treating the states G(£), e(f) and 6(f) as constants in (5.18)), and using

the averaging values, one gets

dGo(t)  *H'K . 2H*K
i 2w Gl e, (5:37)
Cay(£) = Gay(tx) — Gav(1) - (5.38)

Hence, from ([5.37)) it is easy to verify the ISS relations of @av(f) with respect to the

averaged measurement error e, (t).

Moreover, from ([5.10]), one has

. 2H*
Cla(F) = 2 (). (5.39)
and, consequently,
buel) = o Cins () (5.40)
av - G,QH* av I .

with time-derivative

0., ()  a*H'K
dt 2w

O (B) + éKeav(f). (5.41)

Therefore, the following average event-triggered detection laws can be introduced

for the average system.

Definition 6 (Average Dynamic Triggering Condition). Consider the quadratic ma-
triz , where o € (0,1), and K be the control gain in (5.16), v > 0 a positive

constant and v(t) the solution of the dynamics

dvay (1) H 1_ A
- = - — —= avy Lav )y y Vav Z ) 42
= wvav(f)—l—w (Gav, €ay) > 110, 0,,(0)>0 (5.42)
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where Z(Gay, €ay) = @*|H||K| |0G2, (1) + Gay(Deay(f)| . The event-triggered con-

troller with dynamic-triggering condition consists of two components:

1. A set of increasing sequence of time I = {tg,t1,ta,...} with to = 0 generated
under the following rule:

° [f{fe Rt > tp Avgy (T) +75(@av, Cav) <O:(Z)}, then the set of the times of
the events is I = {tg,t1,...,tx}.

° If{t_e R8> € Avay (2) +75(éav, Cav) <075(Z)}, next event time is given as

Fri= inf{fe RY > B AVay () F7E( G €ar) < o}, (5.43)

that is the average dynamic event-trigger mechanism.

2. A feedback control action updated at the the generated triggering instants given

as
U = Ké(l?k) 5 (544)

for allt € [ty ,tps1), k € N.

5.3 Stability Analysis

Theorem 4. Consider the closed-loop average dynamics of the gradient estimate
and the average event-triggered mechanism given by Definition @ Suppose
that Assumptions (A1)-(A5) hold. If the quadratic mapping Z(Gay, eay) is given by
and w in s a constant sufficiently large, the average gradient estimate
system with state G o(t) is locally exponentially stable. Consequently, 0q,(t)
converges exponentially to zero. Therefore, there exist constants m, My, M, > 0

such that
1
10(t) — 0| < Myexp(—mt) + O (a + ;) ; (5.45)
1
9(H)—Q" < My exp(—mt) + O ( " w—) | (5.46)

where a > 0, and the constants My and M, depend on the initial condition 6(0).
Moreover, there exists a lower bound T* for the inter-execution interval t; 1 —t; for

all k € N precluding the Zeno behavior.

Proof. First, notice that the dynamic execution mechanism in ([5.23|) ensures, for all

80



t € [tr,tesl,
Vay () + VE(CA;&V, av) >0, (5.47)

therefore,

~

Z(Clar, ar) > —%Uav(f). (5.48)

Now, by using the inequality ([5.48]), the equation (5.42)) can be lower bounded with

dvw(t) _ 1 1_
df w (a ;—‘( avaeav)
> D) = () =~ (2 ) vmel® (5.49)
- w av w”)/ av - w ,LL "}/ av . .

Invoking [94, Comparison Lemma, pp. 102, the solution 0., (¢) of the following

first-order dynamics

dﬁav(a o 1 1 ~ ~ —
a7 = —; (/JJ + §) Uav<t_> , ’Uav(O) = UaV(O) > 0, (550)
precisely,
1 1 _
Oav () = exp (—— </L + 7) ) Ua(0) >0, VE>0, (5.51)
is a lower bound for v, (t). To verify this fact, notice that, from (5.49)) and (5.50)),
(Uavg) UaV(B) 1 1 .
> —— — — . .2
pr =7 H+ ~ (Vav (£) — Dav (1)) (5.52)
Thus,
N 1 LY - .
Vay () — Vay (t) > exp (—; (u + —) t) (Vay (0) — 0ay (0)) (5.53)
! >
and

Ve (1) > Do (D) > 0, WE>0. (5.54)

Now, since va () > 0, for all v,,(f) # 0, consider the following candidate to

average Lyapunov function

VieD) = G2 (D) + vas (D). (5.55)
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with time-derivative

dVa () _ _a2|H*||K|G2 (7)

a|H*||K]| - " 1,
_—Gavt avt__avt _EGava av) -
G Dea(®) = Lll) + —2(Ga ear)
(5.56)

dt w

5.00(), it is pos-

Now, adding and subtracting the term a@éfw@ in equation

sible to rewrite it as

~

dVau(t) (1 —0)a®|H*[|K]| » 1_ 1z 1_
dt_ - w Gav(ﬂ - w—*(Gava eav) - anv(ﬂ + w—‘(Gava eav)
1 —0)a?|H*|| K| -
= 0= R e ) - L), (5.57)

w

By using ((5.55]), an upper bound for ([5.57)) is

WolD) < L sin {1 o2 1K) 1} Vi) (5.58)
Then, invoking the Comparison Lemma [94] an upper bound V,, (%) for V,,(f) is
Vi) < Vo (D), VE € [ty Trar) - (5.59)
given by the solution of the following dynamics
Nell) Lo {(1 = ) [H K i} VD), Vi) = Vi) (5.60)
In other words, Vit € [tx, tri1),
Vay () = exp <—£ min { (1 — o)’ H*|| K|, u} (t — t_k)) Vv (T1) (5.61)
and the inequality is rewritten as
(5.62)

Vi (F) < exp (—émin (1 - 0)a?|H*|| K], 1} (F m) Vio(iy) -

By defining, ¢ and f, as the right and left limits of ¢ = {, respectively, it easy

to verify that Viv(fiyy) < exp (=Fmin{(1 = o) [ H|| K1, p} (s = B) Vi (5.
= Vi (t1), and therefore,

Since Vi (%) is continuous, Vi (t, 1) = Vav(trs1) and Var (8)

Vi (trs1) < exp (—é min { (1 — o)a®|H*|| K|, 1} (trs1 — Ek)) Vaste) . (5.63)
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Hence, for any ¢ > 0 in ¢ € [tg, tx11), k € N, one has
1 . o _
Viu () < exp (—; min { (1 — o)a®|H*|| K|, u} (£ — tk)> Vv (tr)
1 _
< exp (——min {(1—0)d®|H*||K|,pn} (t — tk)> X
w

X exp (—i min {(1 - 0)a? | H*|| K|, i} (5 — tH)) Vil 1)

. <
i=k

XHexp (——mln{ 1 —o0)d®|H*||K|, u}) av(tic1)

=1

| /\

min { (1 — o)a®|H*|| K|, u} (£ tk)

EI'—

1 _
= exp (—— min {(1 — o)a®|H*|| K|, 1} t) Vav(0) . (5.64)
w
Now, one obtains

C2,(D) < VD) = (D) + v (D (5.65)
Vi (D) = exp (—mi“{(l - “)QZ'H*”K"“}E) (62,0) +vu®) . (5.66)

IA

w

Since there exists a positive scalar x such that
va(0) < KGZ,(0), (5.67)

it is possible to write

080 (A1 )

w

)(14—%) G2.(0). (5.68)

Hence,

\éav(mgexp( min {(1-0)a"| 1| K, n} ; )\/ (15 7) |G (0)] (5.69)

2w

Since ([5.18)) is T-periodic in ¢, 1/w is a small positive parameter, and, from inequality
1) the origin G = 0 is at least an exponentially stable equilibrium point of the
closed-loop event-triggered system, then, by invoking [103, Theorem 2|, there exists
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an upper bound for (5.10) such that

G0l <lGuin)+0 ()
SeXp(_min{(l—a);ﬂH*Hm,M}t) VARG (0)] + O (é) (5.70)

Although the analysis has been focused on the convergence of Gav(ﬂ and, conse-
quently é(t), the obtained results through 1) can be easily extended to the

variable 0, (%) and 6(t). Notice that, by using (5.39) and the inequality (5.69), one
has

|éav<f>|Sexp(—mm{“‘U>a 'H*”m’“}t‘) JIE0O),  (6.71)

2w

and by invoking [103, Theorem 2|, one has

’9~<t)‘§exp(_mln{<1—0');2‘H*||M7:U’}t) /(1+/€)\éav(0)|+(9 (5) (572)

Now, from (j5.7)), we have
0(t) — 6" = 0(t) + asin(wt) (5.73)
whose its norm satisfies

6(t) — 6| = 16(t) + S(t)]
0(t)| + |asin(wt))|

< exp(_min{(l—a);2|H*||K|aM}t) \/mw«)) . ‘9*| +0 ((l + é) ‘
(5.74)

Defining the error variable g(t) as

y(t) == y(t) —Q", (5.75)

and using (5.3) as well as the Cauchy-Schwarz Inequality [105], its absolute value

satisfies

G()] = ly(t) — Q"| = [H"[|0(t) — 0", (5.76)
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and its upper bounded with (5.74))is given by

|y(t) _Q*| < exp(_min{(l_a)a2|H*||Iq’M}t) |H*|X

2
X {(1+m)|9(0)—9*| +2<a+£)] 160(0) — 6" + O (a2 + %) . (5.TT)

Therefore, by defining the positive constants

min {(1 — o)a?|H*|| K], p}

m = > , (5.78)
M, = 16(0) — 67|, (5.79)
M, = {w( ) — 07| +2 <a—|— )} 10(0) — 67|, (5.80)

the inequalities ((5.74) and ([5.77) satisfy ([5.45)) and ( -, respectively.

Notice that, from 5.43 and by using the Peter-Paul inequality [106], we can
write cd < g—i + %, for all ¢,d, e > 0, with ¢ = |ea(f)], d = |Gay ()| and € = o, for
all t € [ty ,tgs1], the following lower bound is verified

Varll) + 70? | H'| | K| [0G2,0) + ealD)Gas ()]

> vy (D) + 702 H| | K] |0 G2, () = leas (D)]| G D]
> Uulf) + 7a® | H'| | Ko G2, (1) +

Y\H*||K A 1
- 2P (e + 20

2 o

= v @) +7 (allGar DI = pllea (D) . (5.:81)
where
2| H*||K 2 H*||K
_ e ||| Ko el K] (5.82)
2 20

In [107], it is shown that a lower bound for the inter-execution interval is given by

the time duration it takes for the function

(b({) _ \/%‘eav(f)‘ :
Vvae(B) + 14| G (D

(5.83)
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to go from 0 to 1. The derivative of ¢(t) in (5.83) is given by

deav (E)

de(t) _ VP (1)
W ew Dy vm () +vquav@|2
VAPlea (D) (dvm@ 1aCuld dG;Z@) (s

+

2(Vay (F) + 7q|Gay (D)[2)3/2 \  dt

and satisfies the inequality

(f) 2IH"IIK|\[ 2IH*IIKI 2IH*IIKI\[z
(1) + 5—0"(?) ¢~ (t)+

vquav(f)P <_ —‘HWW@' (5.85)

M
* 2w¢@ * 2w (Vg (1) + ”YQ‘éav(f)P)

Hence, if a*| H*|| K| < p, one has

dgzﬁ(f) 2|H*||K| (\[+2¢f>+\[¢ g)) (5.86)

By using the transformation ¢ = 5, inequality {} and invoking the Comparison

Lemma [94], a lower bound for the inter-execution time is found as

1
1
* = d 5.87
! /obo+blf+b252+b3§3 $ (5.87)

a?|H*|| K| a?|H"|| Ko

with by = by = @ H||K], by = and by — 0.
o
If a®|H*||K| > p and v < 1/(a®|H*|| K| — p), inequality (5.85]) is upper bounded
by

RPN S LA PO
N 2|H2*|IK|\/;¢2(5)+(%_%> 67, (5.88)

o’ H*[| K|
20 ’

and the lower bound 7* satisfies equation ((5.87) with constants by =
u+a2|H*IIK| _ a®|HY||K]o a’| H*||K| -

, by = and bs = .
2 2
Finally, 1f a2|H*HK\ >pand v > 1/(a 2|H*HK| 1), we obtain

400 K] 5 (. UKL [T L
i o (i = 5 ) oty + L, Lo + 5o
(5.89)

by =
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a’|H*|| K|

and the lower bound 7* satisfies the equation ([5.87)) with constants by = 5
o
1 2\ H*||K 1
by = | He||K| — by = IR g = L
2y 2y

Therefore, the Zeno behavior [107] is avoided which completes the proof. ]

5.4 Simulation results

In order to highlight the main ideas of the proposed event-triggered extremum seek-
ing strategy the nonlinear map has input 0(t) € R, output y(¢) € R, Hessian
H = —1 and unknown parameters Q* = 7 and 6* = 5. The dither signals have
parameters a = 0.1, w = 3 [rad/sec|, and we have selected the event-triggered pa-

rameter 0 = 0.1. The control gain matrix is X = 30 and the initial condition is
0(0) = 10.
In Figures |5.2(a)l [5.2(b)| and [5.2(c), the Gradient estimate, its sample and hold

version and the error e(t) are presented, respectively. The dynamic event-triggered

mechanism ensures their convergence to zero. The Gradient stabilization implies

reaching the optimizer 6*, see Figures [5.2(g)| and [5.2(h)l Figures |5.2(e)| and |5.2(f)}

show the aperiodic behavior of how often the control signal U(¢) is updated, see also
Figure [5.2(d)| for the control signal. During 300 seconds of simulation, there were

98 updates of the control signal, consequently, the average inter-execution interval

was equal to 3.0612 seconds. Comparing the proposed strategy with the classic
sample-hold implementation, assuming the same initial condition and a constant
sampling period of h = 0.01 seconds, we would have 30,000 updates of the control
signal during the simulation time. That is, a number more than 300 times higher

than the strategy proposed in this chapter.
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Figure 5.2: Event-triggered Extremum Seeking Control System.
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Chapter 6

Multivariable Event-Triggered

Extremum Seeking

Based on static maps, this chapter proposes an event-triggered scheme for multi-
variable extremum seeking control. Both static and dynamic triggering condition
are developed. While the extremum seeking allows the output of a nonlinear map to
be held within a vicinity of its extremum, the event-triggered strategy is responsible
to execute the control task aperiodically by using a monitoring mechanism. The
event-triggered strategy ensures asymptotic stability properties to the closed-loop
system and reduces control effort since the control update and data communication
only occur when a designed triggered-condition is satisfied. Integrating Lyapunov
and averaging theories for discontinuous systems, a systematic design procedure and
stability analysis are developed. Both event-based methods enable one to achieve an
asymptotic stability result. Ultimately, the resulting closed-loop dynamics demon-
strate the advantages of combining both approaches, namely, event-triggered and
extremum seeking control. An illustration of the benefits of the new control method
is presented using consistent simulation results, which compare the static and the

dynamic triggering approaches.

6.1 Problem formulation

We define the following nonlinear static map

QU() = Q° + (6(1) — ) H* (8(1) — ). (6.1

where H* = H*T € R™*" is the Hessian matrix, 8* € R" is the unknown optimizer,

0(t) € R™ is the input map, designed as the real-time estimate é(t) € R™ of #*
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additively perturbed by the vector S(t) of sinusoids, i.e.,
0(t) = 0(t) + S(t) . (6.2)

The output of the nonlinear map (6.1)) can be written as y(t) = Q(6(t)). Fig.
shows the closed-loop structure of the event-triggered-based extremum seeking con-

trol system to be designed.

S(t) M(t)

=IZO_HI u(t) :E e(t) :m e(t)

[ZOH] U g -
_______________________ Event-Triggered | _
U(ty) : Mechanism |~
A [Tl
K|
U( t) | 2

Figure 6.1: Event-triggered based on extremum seeking scheme.

The following assumptions are considered throughout the thesis.

Assumption 1. The unique optimizer vector 0* € R"™, the Hessian matriz H* and
the scalar Q* € R are unknown parameters of the nonlinear map . Moreover,

H* is symmetric and has known definite sign, thus, being full rank.

Assumption 2. The matriz product H*K s Hurwitz such that for any given QQ =
QT > 0 there exists a P = PT > 0 that satisfies the Lyapunov equation

K'HTP+ PH'K = —Q. (6.3)

Furthermore, the sum of the induced norms of the matrices KT H*T P and PH*K s

upper bounded by a known positive constant f3,
IKTHP|| + [|PH K| < 8, (6.4)

and the least eigenvalue of the matriz Q) is lower bounded by a known positive con-

stant a,

(67 S )\min(Q) . (65)
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6.1.1 Continuous-time Extremum Seeking

Let us define the estimation error

0(t) = 0(t) — 0", (6.6)
and the Gradient estimate by the demodulation
G(t) = M(t)y(t), (6.7)

with dither vectors (see [511 [10T])

S(t) = [aysin (wit) , ..., ap sin (wat)]" (6.8)
M) = a%sin (@), ... ,%sin wt)| (6.9)

of nonzero amplitudes a;. Moreover, the probing frequencies w;’s can be selected as
w; =wiw, ie€{l,...,n}, (6.10)

where w is a positive constant and w; is a rational number.

Assumption 3. The probing frequencies satisfy
w; ¢ {w}, %(w}jtw,;), wj + 2wy, wé:l:wl’} : (6.11)
forallz, 5, k and [.
From and , one has
o(t) = 0(t) + S(t) + 0%, (6.12)
and, therefore, by plugging into , y(t) can be written as
y(t) = Q" + %(5(0 +S(8)TH(0(1) + S(t))
—Q %éT(t)H*é(t) + ST H () + %ST(t)H*S(t) L (6.13)

Thus, from (6.7)), (6.13) and following [55], the gradient estimate in the average

sense, is given by

G(t) = MB)Q" + ~M@)FT(#)H6(t) + ME)ST () H0() + ~ME)ST () H* S(#)

2 2
(6.14)
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Now, defining

H (t) := M(t)ST(t)H*
= H* + A(t)H*, (6.15)

where the elements of the A(t) € R™*™ are given by

Ayi(t)= — cos(2w;t) , (6.16)
Aij(t):2a—j sin(w;t) sin(w,t)
:Z—Z cos((w; — w;)t) —Z—Z cos((w; + w;)t), (6.17)

for all i j, and using (6.15]), one can rewrite (6.14) as follows

~

mwzﬂuW@+wamy+%H@5@+0@, (6.18)

ﬁuyZ%MawWwH@uy (6.19)

The term 9(t) given above is quadratic in 6(t) and, therefore, may be neglected in

a local analysis [102]. Thus, hereafter the gradient estimate is given by

QﬂzH@ﬂﬂ+M@@#§H@ﬂﬂ. (6.20)

On the other hand, from the time-derivative of and the ESC scheme de-
picted in Fig. 6.1} the dynamics that governs 0(t), as well as 6(t), is given by

A(t) = () = u(t), (6.21)

where u is an ESC law to be designed.

By taking the time-derivative of ((6.20]), with the help of (6.15)) and (6.21)), one

gets the following differential equation

G(t) = f(£,6(t), u(t)

= H(t)u(t) + w(t, 6(t)), (6.22)

where

w(t,0(t)) = A@YHO(t) + M(t)Q* + %A(t)H*S(t) + %H*S(t) + %A(t)H*S(t) :
(6.23)

92



For all t > 0, the proposed continuous-time controller
u(t) = KG(t), Vt>0 (6.24)

where the controller gain K is such that H*K is Hurwitz.

Our goal is to design a stabilizing controller for the closed-loop system and
in a sampled and hold fashion by emulating the continuous-time control law
. In the emulation approach the feedback control law is first synthesized
to stabilize the plant in the absence of network. Afterwards, the effect of network
is considered and the sampling rule is constructed [T08].

The control law is only updated for a given sequence of time instants (tx)gen
defined by an event-generator that is constructed later on. More precisely, the
execution of the control task is orchestrated by a monitoring mechanism that invokes
control updates when the difference between the current value of the output and its
previously computed value at time ¢ becomes too large with respect to a constructed
triggering condition that needs to be satisfied [69]. Note that in a conventional
sampled-data implementation, the execution times are distributed equidistantly in
time, meaning that t,,; = t; + h, where h > 0 is a known constant, for all £ € N,

while in event-triggered scheme aperiodic sampling may occur.

6.1.2 Emulation of the Continuous-Time Extremum Seeking

Design

Defining the control input for all ¢ € [ty, tx11),k € N as
u, = KG(ty) (6.25)
we introduce the error vector, that is to say the deviation of the output signal as
e(t) == G(ty) —G(t), Vte[tp trs), keN. (6.26)

Now, using the event-triggered control law (6.25)), adding and subtracting the

term H(t)KG(t) and KG(t) to (6.22) and (6.21)), respectively, one arrives at the
Input-to-State Stable (ISS) representation of (6.21)) and (6.22)) with respect to the

error vector (6.26) and the time-varying disturbance w(t,6(t)). The resulting dy-

namics are given below:

GO =HOKGE) + H)Ke(t) + w(t, 0(2) (6.27)
B(H)=K H()0(t) + Ke(t) + KM(t)Q*Jr%KH(t)S(t) | (6.28)
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In the subsequent developments, the static and dynamic triggering mechanisms,

presented in Definitions [7] and [§] respectively.

6.1.3 Event-Triggered Control Mechanism

Definitions [7] and [§] show how the nonlinear mapping = : R” x R" — R | given by

[1]

(G e) = oallG@)|* = Blle® NGO, (6.29)

where, o € (0, 1) is a given parameter, can be employed in the design of the static and
dynamic execution mechanisms. The mapping E(G, e) is designed to appropriately
re-compute the control law (6.25)) and update the ZOH actuator depicted in Fig.|6.1
such that the asymptotic stability of the closed-loop system is achieved [69].

Definition 7 (Multivariable Static Triggering Condition). Let Z(G,e) in
be the nonlinear mapping and K the control gain in . The event-triggered

controller with static-triggering condition consists of two components:

1. A set of increasing sequence of time I = {ty,t1,ta,...} with tg =0 generated

under the following rules:

[1]

o If {t eRT:t>t, A Z(G,e)<0= (/)}, then the set of the times of the
events is I = {to,t1,... tx}.

o If {t eRT:t>1t, A E(G,e) <0+ (7)}, next event time is given by

tesy = inf {t ERY >t A E(Ge) < o} , (6.30)

consisting of the static event-trigger mechanism.

2. A feedback control action updated at the triggering instants .

Although the aperiodicity of the control update is guaranteed by the static event
generation mechanism ((6.30)), it is often convenient to use its filtered version to
increase the inter-execution times. In this case, inspired by [107], we also construct

a dynamic event-triggering mechanism described in the following definition.

Definition 8 (Multivariable Dynamic Triggering Condition). Let (G, e) in
be the nonlinear mapping and K the control gain in , v > 0 a positive constant

and v(t) the solution of the dynamics

~

O(t) = —pv(t) + 2(G,e), >0, v(0)>0. (6.31)

The event-triggered controller with dynamic triggering condition consists of two com-

ponents:
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1. A set of increasing sequence of time I = {ty,t1,ta,...} with tg =0 generated

under the following rules:

. ]f{t ERT:t >t A v(t)+~E(G,e) <0 = (Z)}, then the set of the times
of the events is I = {tg,t1,...,tx}.

. If{t eRY:t>t, A v(t)+1E(Ge) <0 # @}, next event time is given
by

tesr = inf {t ERT :t >t A v(t) +72(Ge) < o}, (6.32)

which s the dynamic event-trigger mechanism.
2. A feedback control action updated at the triggering instants .

forallt € (t,tj41), v(to) = v(0) > 0 and v(t}) = v(t;) = v(t]).

6.2 Closed-loop system

6.2.1 Time-scaling System

Now, we introduce a suitable time scale to carry out the stability analysis of the
closed-loop system. From ([6.10]), one can notice that the dither frequencies and
(6.9). as well as their combinations (6.16]) and (6.17), are both rational. Furthermore,

there exists a time period T such that

T_27r><LCM{i}, Vi{l,2,...,n}, (6.33)

1

where LCM denotes the least common multiple such that it is possible to define the
time-scale for the dynamics (6.27)(6.28)) with the transformation ¢ = wt, where

2
= 6.34
W= (6:34)

Hence, the system (6.27)), (6.28)) and (6.31)) can be rewritten as

( é) | (6.35)
( ) , (6.36)

(6.37)

Q@
S+
o
Y
<

\.H- |

QD
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5
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G (E, G, 0, v, é) = HHKG() + HE)Ke(l) + w(t, 0(1)) (6.38)
) (‘, G, 0, v, é) = KH(D0(t) + Ke(t) + KM(H)Q* + %KH(%)S(E) . (6.39)
and as

— A = 1 N
T (t, G,0,v, ;) = —pv(t) + Z(G,e). (6.40)

From the above dynamics, an appropriate averaging system in the new time-scale

t can be introduced.

6.2.2 Average System

Defining the augmented state as follows

XT(0) = |GT(B),07 (), ()] (6.41)
the system ((6.35)—(6.40|) reduces to
axe _ 1z (t, X, 1) , (6.42)
dt w w

where FT' = [QT ,er, T]. Note that (6.42) is characterized by a small parameter

_ 1 _
1/w as well as a T-periodic function F <t,X , —) in t and, thereby, the averaging
w

_ 1
method can be performed on F (¢, X,— | at lim — = 0, as shown in references
w w—00 (W

[94, [103]. The averaging method allows for determining in what sense the behavior
of a constructed average autonomous system approximates the behavior of the non-
autonomous system ([6.42)). By employing the averaging technique to (6.42)), we

derive the following average system

dXa(t) 1
T - ;Fav (Xav) ) (643)
1 T
Fov (Xav) = f/ F (0, Xay,0) dS (6.44)
0
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where the averaging terms are given below

Sulf)=r; / " S(s)a5 =0, Suelf) =1y / S5 =0, (6.45)
Mav@z% M) =0, Mav(ﬂz% M) =0, (6.46)
Aav(f):% /0 ' A(d)dézo,AaV(E):% /0 CAG)5 =0, (6.47)

and, consequently,

Hav(i):% /OTH((S)d(S — H* ,Hav(ﬂ:% /OT H(6)ds =0. (6.48)

Therefore, treating the states G(#), (f) and 0(f) as constants in and -,
and by using the averaging values (6.45)—(6.48), one gets for all € [tk, tri1)

Coll) LG+ L1 e, (6.49)
) = Conl) = G (6.50)

since the average value of w(t,0(t)) in (6.23) is

wav(t

o) = A (D GuD) + VD@ + 5 A DH" S (D)
4 SH (D) + 3B DH S0

=0. (6.51)

Hence, from (6.49) it is easy to verify the ISS relationship of Gy () with respect to
the averaged measurement error e, (t) in (6.50)).
Moreover, from ([6.20)), one has

Gay (D) = H* 0. (1) (6.52)
and, consequently,
Bunll) = H G (7). (6.53)
Taking the time-derivative of , we get

deav (E)

1 ~ 1
—- = _—_KH* —K . .54
di o aaV(ﬂ + o eaV(ﬂ (6.54)

Therefore, the following average event-triggered detection laws can be introduced
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for the average system.

Defining the average version of Z(G,e), i.e. as

E(éaw Cav) = UO‘HGaV<E>H2 - m’eaV(ﬂ”HéaV(ﬂH ) (6.55)

we construct the average event-triggered mechanisms.

A

Definition 9 (Multivariable Average Static Triggering Condition). Let Z(Gay, €ay)

mn be the nonlinear mapping and K the control gain in . The event-
triggered controller with average static-triggering condition in the new time-scale

consists of two components:

1. A set of increasing sequence of time I = {tg,t1,ta,...} with to = 0 generated

under the following rule:

N

o If {fe RT 1t >t A E(Gay,€ay) <0= (Z)}, then the set of the times of
the events is I = {tg,t1,...,tx}.

o If {EE RT:t>t A E(G’av,eav) <0# @}, next event time is given by
frir = inf {Ee RY T T A Z(Cay, ear) < o} , (6.56)

which 1s the average static event-trigger mechanism.

2. A feedback control action updated at the triggering instants:

up, = KGoo(ty,) (6.57)
for allt € [ty ,trs1), k € N,

Definition 10 (Multivariable Average Dynamic Triggering Condition). Let
E(éav,eav) m be the nonlinear mapping and K the control gain in ,

>0 be a positive constant and v, be the solution of the dynamics

doa(t)  p 1_ -
— = —— — = > . .
= wvav(ﬂ + 5 (Gay,€ay), ©>0, v(0)>0 (6.58)

Consequently, the event-triggered controller with dynamic-triggering condition con-

sists of two components:

1. A set of increasing sequence of time I = {to,t1,ta,...} with to = 0 generated

under the following rule:

o If {Ze RY &>t A va(t) + ’yE(éaw Cay) < 0= (Z)}, then the set of the
times of the events is I = {to,t1,...,tx}.
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A

o If {fe RY 1>t A Uay(t) + YE(Gay, €av) < 0 # @}, next event time 1s
given by

A {f ER: T > T A Vay (D) F1E(Cay,s ) < o}, (6.59)

which is the average dynamic event-trigger mechanism.
2. A feedback control action updated at the triggering instants given by .

For allt € (tj,tj11), Vay(to) = Vay(0) and vav(fj_) = Uay(t;) = Uav(f;r).

We claim that the two event-triggering mechanisms discussed above guarantee
the asymptotic stabilization of Gy (f) and, consequently, that of 6., (). Since H* is
invertible, both C’a\,(ﬂ and éav(f) converge to the origin according to the averaging
theory [94].

Remark 1. From the time-scaling relation t = wt, where w is a constant, the static
and dynamic triggering mechanisms of the averaging and the original system are

equivalent and only differ in the average sense.

Next, the stability analysis will be carried out considering the static and dynamic
event-triggering mechanisms. Note that, in both strategies it is considered the total
lack of knowledge of the nonlinear map (6.1)), i.e., the Hessian H*, the optimizer 6*

and the extremum Q* are unknown parameters.

6.3 Static Event-Triggering in Extremum Seeking

6.3.1 Stability Analysis

Theorem 5| states the local asymptotic stability of the extremum seeking based on

dynamic event-triggered execution mechanism shown in Fig. [6.2)is ensured.

Theorem 5. Consider the closed-loop average dynamics of the gradient estimate
0.49) and as well as the average static event-triggered mechanism given by
Definition @ Under Assumptions @ and with the quadratic mapping Z(zay) given
by and w > 0 defined in 1s a sufficiently large, the average gradient
estimate system and with state @av(t) is locally exponentially stable.

Consequently, the dynamics of éav(t) converges exponentially to zero. Therefore,
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Figure 6.2: Event-triggered based on extremum seeking scheme.

there ewist constants m , Mg, M, > 0 such that
1
O(t) —0"|| < Mgexp(—mt) + O (a+— |, 6.60
w
1
ly(t)—Q*| < M, exp(—mt) + O <a2 + E) ; (6.61)

where a = /> a2, with a; defined in and the constants My, and M, de-
pending on the initial condition 0(0). Moreover, there exists a lower bound T* for

the inter-execution interval ty 1 — ty for all k € N precluding the Zeno behavior.

Proof. Now, consider the following candidate Lyapunov function for the average

system ((6.49)
Ve () = GL () PGy (1), P = PT > 0, (6.62)
with time-derivative
dVay (1) 1

~ ~ 1 ~
= ZGT(F O+ —el OKTHT PG, (t
dt wGav(yQGaV(y + weav(_> Gav(‘)

1 -
- ;GZV(E)PH*K%(E) : (6.63)

whose upper bound satisfies

d‘/av(1?><_>\min(Q)
dt  — w

2||PH*K||
||€av
w

G DI+ O G (DI (6.64)
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Using Assumptions [2] and [3] we arrive at

AVay (1)
dt

oA s, 0 A
< = 2IGa DI + Zllea @I Gar D] (6.65)

In the proposed event-triggered mechanism, the update law is (6.56) and

~

Z(Gay, €ay) is given by (6.55). The signal uay(t) is held constant between two con-

~

secutive events, i.e., while =(Gly, €ay)> 0, one has

=) = 00 G (DI = Bllewm @[ D]
— B @ (%uéav@u - ||eav<f>||> > 0. (6.66)

Therefore, considering the event-triggered approach, the average measurement error

eav(t) is upper bounded by
oo, -
lea @l < Z1Gar (B (6.67)

Now, plugging (6.67) into (6.65)),

dV;Vi(f) < ol
a  —

o) .
HTENGI (6.65)
w
By using the Rayleigh-Ritz Inequality [94],
Amin (P)[[Gax(D* < Vie(#) < Amax(P) | G (D) (6.69)

and the following upper bound for (|6.68)

Tl o D eop< - ve. 6

Then, invoking the Comparison Lemma [94] an upper bound V,,(#) for V,, (%) is
Vv (1) < Vau(t), VEE [tg, trsr) - (6.71)

given by the solution of the following dynamics

dVa(t) __a(l—0) o 7 -

S = Ve (D), Ve (t) = V() | 6.72
di W)\max(P) (_>7 ( k) ( k) ( )
In other words, Vt € [tg, tri1),
_ B a(l—0) _ _ _
Vav(i) = eXp ( W)\max(P) (t tk)) Vav(tk‘) ) (673)
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and the inequality (6.71]) is rewritten as

all—0) - _

V(D) < exp (—m@ - m) V(). (6.74)

By defining, ¢} and ¢, as the right and left limits of ¢ = ;, respectively, it easy to
verify that Vo, (t, ;) < exp < #j}a)(tkﬂ ZZ)) Vay (). Since Vo (%) is continu-

ous, Vay(tri1) = Vav(teg1) and Viu () = Viy(fk), and therefore,

a(l —o)

m(fkﬂ - t_k)> Vaw (tk) - (6.75)

%V(t_k-‘rl) S exp (_

Hence, for any ¢ > 0 in ¢ € [tg, tr11), k € N, one has

Vol < exp (—M@— m) V()

WAmax (P)
<o (2205 ) exp (2O~ o)) Vil
<...<
< exp <—%:(?)(f—fk)> ﬁexp (—%:(;))(ﬂ — fz-_l)) Vv (ti21)
— oxp (—%t) Vi (0). (6.76)

Now, lower bounding the left-hand side and upper bounding the right hand size
of (6.76)) with the corresponding sides of , one gets

Amln(P)HGaV({)” _exp( WAmax(P)t Amax (P )HGaV( ) (6.77)
Then,
2 l—o0) Amax( )
2 o 2
G < oxp (- 2= t) 16 )]
1 - U max P
a [exp ( 2w}‘max mln P ” ] ’ <678)
and
A )\max P
< . .
G0 < exp (5ot |/ 32 16w 0) (6.79

Although the analysis has been focused on the convergence of G’av(t_) and, conse-
quently, of G (t), the obtained results through 1) can be easily extended to the
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variables f,, () and 6(t). Using relation (6.52) and (6.64)) are rewritten as

Vi (8) = 07 (D H* T PH*0,,(1) , (6.80)
dVay (1) a(l — o)
d'E S _W)\max(P) Vav(ﬂ : (681>

From Assumption [I] the quadratic matrix H* has linearly independent rows and
columns. Furthermore, from Assumption [2] P is a symmetric and positive definite
matrix. Thus, there exists a matrix R with independent columns such that P = RTR
and, consequently, P = H*T PH* is a symmetric and positive definite matrix [109,

Section 6.5] leading to
Viy= 0% (1) POy (1) (6.82)
satisfying the Rayleigh-Ritz inequality

Ain(P)|0ay (D1* < Vay < Ammax (P[0 (D)1 (6.83)

Then, by using (6.76]), (6.82)) and (6.83)), one has

P\ 11 A 1- )\min I -
D (P D] < exp (-2 Q) s PO, 08
and
N )\maxP
ool <0 (20 =) [E=aol. 6s)

Since (6.36) has discontinuous right-hand side and the mapping O(Z, 6(%), e(t))

in D is T-periodic in t. From |D éav(f) is asymptotically stable, by invoking
[103, Theorem 2|, such that

71 1
10(t) — Oav ()] < O (—) . (6.86)
By using the Triangle inequality [T110], one has
7] 5 1
6@ < [10a (D] + O { =

<ow (—ge— ) ol + 0 (2). s
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Furthermore,

I60) - Gl <0 (1) (6.53)

and by using again the Triangle inequaliy [110], such that

IG@)] < [1Cu®] +0 (l)

< exp (-éﬁa—igt) ir:((lf)) |G (0)] + O (é) (6.89)

Now, from (|6.12]), we can write
0(t) — 0" = 6(t) + S(t), (6.90)
whose norm satisfies

l6(t) — 6" = 16(t) + S )]
< 161+ 1S @)l

< exp (—;A(i_(;)) t) Amﬁ“‘w)) 16(0) — 6] + O <a + é)  (6.91)

Defining the error variable g(t) as

y(t) = y(t) — Q" (6.92)

using the fact that y(t) = Q(6(t)) where Q(6(t)) is defined in (6.1)) and the Cauchy-
Schwarz inequality [105], we get

9] = ly(t) — Q"
= |(6(t) — 07) =" (6(t) — 0]
< [H|llloe) — 07|, (6.93)
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and substituting (6.91)) in (6.93)), the following holds:

2

301 [exp Coeme) =0 -+ 0 (a+ 2)

= 1| [exp (20D 2By g0 (as )

)‘max(P) /\min(P)
+2exp <_§A(i_<;)) t) iz((i)) 16(0) — 6|0 (a + é) (6.94)

Since exp <—§$—:&,))t> < exp (—%t) and, according to [94], Definition 10.1],
2

|H*|O (a + £)2 is of order of magnitude O (a + L)%, (6.93) is upper bounded by

00~ @ < exp (50T ) 7] 5

x [Ama"(P)He(O) ) 2y 2D (a+l)] x

)\min(P> >\min<P) w
* 2 a 1
— 2—+— | . 6.95
x [|6(0) 9H+O(a + w+w2> (6.95)

Finally, once a,w > 0, by using the Young inequality [04], ¢ < % + -1, and

00 - @ < exp (5 T ) 1) 5

Amas(P) . Amas (P) 1
8 [Amin(p> ||0(0) Y “ - ’ )\min<P) © (a - ;)] -

x [0(0) — 6*|| + O (a2 - %) : (6.96)

since O (2a* +2/w) = 20 (a* + 1/w?) has an order of magnitude of O (a* + 1/w?)
[94, Definition 10.1].

Therefore, by defining the positive constants

a(l—-o)
T (P (6.97)
[ Anax(P) )
"=\ An(P) 170 1 (6.98)
M, = ||H*||§j::<(§)) 16(0) — 6712 + 21| ° ijl((f.f)) 16(0) — 610 (a+ i) ,
(6.99)
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inequalities ((6.91)) and - 6.96|) satisfy (6.60)) and (6.61]), respectively. Since the average
closed-loop system consists of -, with the event—trlggered mechanism ,

6.56]), and a control signal’s update law (6.67)) satisfying ||e.. (¢)|| > %H@a\,(f)ﬂ, we
conclude that dV,,(t)/dt < 0 from (6.65) and for all ¢ € [ty ,tr+1[. Thus, one can
state that

oa||Ga (D> = Bllea || Gar ()] >0, (6.100)

and using the Peter-Paul inequality [106], cd < ;—i + % for all ¢,d,e > 0, with
¢ = |lea D], d = ||Gar(?)] and € = %', the inequality (6.100) is lower bounded by

0l|Gas (DI = Blew DIl Gar ()] =
GO = 5 ( F5IC DI + 5w D)

= Q||Gav(f)||2 —P||€av(f)||2> (6.101)

where

oa 52

¢= and p= (6.102)

20a

In [I07], it is shown that a lower bound for the inter-execution interval is given by

the time duration it takes for the function

e (@ -
#l) = vranM| (6:105)

to go from 0 to 1. The time-derivative of (6.103)) is

de E) e deav(y . GT déa\i(i) ( Heav(E)H )2
\[Ileav OIGa @] WO Oy |G (D)

(6.104)

Now, plugging equations (6.49) and (/6.50]) into ( , one arrives to

dcb f) —_— e
\/7Heav t—>|H|Ga"<E>H { aV<_> av(a av(ﬂ av(t_>+

[ O K G @) + O K o](%?%%) (6.105)
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Then, the following estimate holds:

dcbi) |H K| e e
\[Heav D|l|Gar (D] {” av (D17 + || €av () ||| Gay (B) |

R ENGIAY
Gav Gav Cav G (DIl
+[1Gu @I + 1w @] <f>||}<,\aav<t‘>||>

L o plesOL O 6.106)
HGav t_)H G (D)2
Hence, using (6.103), inequality (6.106|) is rewritten as

WA < iK1 [ i Koo + 11K LoD, (6.107)

From the time-scaling t = f_, inequality ({6.106)) and invoking the Comparison Lemma

[94], a lower bound for the inter-execution time is found as

1
1
= de | 6.108
/0 bo + 01§ + b2€? : ( )
H*K H*K
with by M by = 2|H*K|| and by = w. Therefore, the Zeno
ao
behavior is avoided. O

Corollary 1. (Static Event-Tiggered Extremum Seeking with known Hessian): Con-
sider the partial knowledge of the nonlinear map such that the Hessian matrix
H* is a known parameter. Although this hypothesis appears to simplify the problem,
one should note that the extremum seeking strateqy is still justified once the opti-

mizer vector 0* and parameter Q* are unknown. Then, E(@,e) defined in 18
equivalent to

2(G,e) = oGT(1)QG(t) — 2GT (t)PH* Ke(t)

resulting in the static event-triggered mechanism
tein :inf{teR+:t>tk A E(Ge) <0} ,

which ensures the local asymptotic stability of the closed-loop system from Theorem |5
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6.4 Dynamic Event-Triggering in Extremum Seeking

6.4.1 Stability Analysis

Theorem [6] demonstrates how local asymptotic stability of the extremum seeking

based on a dynamic event-triggered mechanism shown in Figure [6.3]is ensured.

e Plant S(
e Extremum Seeking
e Event-Triggered

_,B 0(t) :é o) o0 y(t) :é

1) M(t)

_| Enable :() —
0 @ — ) | — = T A
<: u(t) L @ » G(t)

E iJ:—mH—E(G” e) |« <(_k)

U(tk)

Figure 6.3: Block diagram of the extremum seeking based on dynamic event-
triggered mechanism.

Theorem 6. Consider the closed-loop average dynamics of the gradient estimate
6.49) and as well as the average dynamic event-triggered mechanism given
by Definition . Under Assumptions H with the quadratic mapping E(G’av, Cay)

given by and a sufficiently large w > 0 defined in , the average gradient
estimate system and with state @av(t) 18 locally exponentially stable.
Consequently, the dynamics of éav(t) converges exponentially to zero. Therefore,
there ewist constants m , Mg, M, > 0 such that

6(t) — 07| < Mgexp(—mt)+ O (a + é) , (6.109)

ly(t)—Q*| < M, exp(—mt) + O (a2 + %) , (6.110)

where a = />, a7, with a; defined in and the constants My and M, depend-
ing on the initial condition 6(0). Moreover, there ezists a lower bound T* for the

inter-execution interval tgiq — ty for all k € N precluding the Zeno behavior.

Proof. First, notice that the dynamic triggering mechanism ([6.32)) ensures, for all
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t € [te, thr]s

~

Vav (1) + Y2(Glay, €av) > 0, (6.111)
and,

~

Z(Clar, ar) > —%Uav(f). (6.112)

Now, with the help of (6.112]), the following estimate of (6.58)) holds

dva(t)  p L -
dt_ = _;/U&VOD + ;u(Gavy eav)
> P = L@ = -2 (p+ 1) o) (6.113)
- w av w’_}/ av - w /J/ f)/ av M .

Invoking [94, Comparison Lemma, pp. 102], the solution 04, (f) of the following

first-order dynamics

don () 1 1\ . )
A — - = 114
] (a) L ORI RN U N Y}
precisely,
) 1 1 2 . )
Oav () = exp (—; </L + ;) t) Uay(0) >0, VE>0, (6.115)

is a lower bound for v, (f). To verify this fact, notice that, from (6.113]) and (6.114]),

At 2 (D) @ 0@ 110)
Thus,
) = i) 2 exp (=2 (42 ) ) (0 (0) ~ 00(0) (6.117)
and _
Vae(B) > Oue(£) >0, VE>O. (6.118)

Now, since v,y () > 0, for all v,,(t) # 0, consider the following Lyapunov candi-

date for the average system:

Vir (1) = G () PGon (8) + van (), PT =P >0 (6.119)
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The Rayleigh-Ritz inequality writes:
Amin(P) |Gy (B)]* < GF () PGy (£) < Amax(P) |G (D)1 (6.120)
The time-derivative of (6.119)) is given by

dVi(t)  dGT (%)

A A déaV(a dvay (2)
A L PG (1) + GL (1) P—2 A 6.121
= o PGu(t) + G ()P— =+ — =, (6.121)
which, by using equations (6.49)) and (6.58)), can be rewritten as
AV (t 1 - A 1 .
Well) _ Lt (1QGun(B) + L, (KT HT PG (D) +
dt w w
1. 1 .
+ =G (OPH Kep () — Lo () + —Z(Gvs ) (6.122)
w w w
Under Assumption [2] the following inequality is derived
Dol < @I+ Den@Gul + L2Cen).  (6123)
dt_ — w av w av av w‘—' avy ~av )/ - .
Plugging (6.55)) into (6.123]), one has
Wald _ (=)o . 0 4
o G DI? = Evn () . 6.124
o)« L6 @) — Lo (6.124)

Now, using (6.120) and (6.119)), inequality (6.124]) can be upper bounded as follows

Waull) e ULNO R TNG (6.125)
<L in {Sn_—&f;u} (G (1) PGy ()40 () (6.126)
< —émin{%,u} Vi (D). (6.127)

Then, invoking the Comparison Lemma [94] an upper bound V,,(#) for V,,(f) is
V() < Vi (B),  VEE [y tryr) - (6.128)

given by the solution of the following dynamics

Wol) _ Lo, {&1—_@@ M} VoD, Valle) = Vall).  (6.129)
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In other words, Vt € [tg, tx+1),

— 1 . 1—o0)a o _
Vav(t) = exp (—; min {ﬁm} (t— tk)) Vav(tk) (6.130)
and the inequality (6.128)) is rewritten as
V() < e Lnind =22 Ve 2 v (6.131)
xp | —— —_— — . .
av = p w )\maX(P) s b k av\lk

By defining, ¢, and ¢, as the rlght and left limits of ¢ = ¢}, respectively, it easy to
verify that Vav(tkﬂ) < exp ( = min { /\(ila&);) : ,u} (ter1 — t;)) Vay (). Since Vi (2)
is continuous, Vi (t,,,) = Vav(tkﬂ) and Vo, () = Viy(fx), and therefore,

1

Va(fionn) < cxp (—— min {
w

(1—-0)a

(D)’ M} (th1 — t_k)) Vav(tk) - (6.132)

Hence, for any ¢ > 0 in ¢ € [tg, tr11), k € N, one has

(1-0)a

V) < oxp (- Zmin { ST b 0 ) Vi)
< exp <_£ min {% u} (F— m) %
X exp <—£ min {wa M} (tx — fk_1)) Vv (tr-1)

Ao (P)
< exp (—é min {% M} (t—tk)) %
. ﬁexp (—émm {%u} (i; - tu)) Viulir)

1 1-— _
= exp (—; min{%,u} t) Vv (0) . (6.133)
From (/6.119)), it follows

CT (D) PG (B) < V(). (6.134)
Consequently, combining (6.133)) and (6.134)), one gets

GL (D) PGay(f) < exp (—5 min { 1=o)a }t) Var (£ = 0),

A (P)
= exp (—é min { g\lm;?]l? : ,u} t) (GZV(O)Péav(O) + Uav(0)> :
(6.135)
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Since there exists a positive scalar x such that
Vay (0) < KGE (0) PGy (0), (6.136)

it is possible to write

GL(1) PGy (f) < exp (—i min {%,u} t) (1+ &) GL (0)PG.(0), (6.137)

Therefore, from ((6.120f), one gets

(1—0)x

Ao (P)

i (PG (D] S (2 min be) (14 ) s PG O

(6.138)

Then,

G < oxp (~ 2 min { LT ko) EED 2By o2

- [ (- { =} ) S o]

(6.139)

2

equivalently,

2

(NG lexp (—%mm {%u} t) \/ s Kleir}f;‘ = Héav<o>u] <0.

(6.140)

Hence,

[Gae (D + exp (—%mm {—“ —o)a u} t) \/ 7 ||éav<o>||]

. I . [(1I-0) _ (1+ K) Amax(P) , A
x [naav@u ~exp (- gomin{ ST ) \/ s |rGav<o>n] <0

(6.141)

and

|G (B)]] < exp (—imin {Mu} t‘) \/(1 1) A P)y o)1 (6.142)

2w )\max(P) )\mm(P>

Although the analysis has been focused on the convergence of Gav(t_) and, conse-
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quently, G(t), the obtained results through can be easily extended to the
variables 0,,(f) and 6(t). From Assumption , the quadratic matrix H* has linearly
independent rows and columns. Furthermore, from Assumption [2 P is a symmet-
ric and positive definite matrix. Thus, there exist a matrix R with independent
columns such that P = RTR and, consequently, P = H*T PH* is a symmetric and
positive definite matrix [I09, Section 6.5]. Thus, by using (6.52), the quadratic term

GL (D) PGy (1) in (6.119) is written as

GL (O PGay(t) = (H*Ouy (£))" P(H0u (1))

= 0L (D H* T PH"0,,(1)
= 03, (D POu(F) (6.143)
with the Rayleigh-Ritz inequality
Amin(P) [0y (D> < 05, (1) Py (8) < Amax(P) |0 (D)1 - (6.144)

Therefore, inequality (6.137)) can be rewritten as

0L, (1) POy (f) < exp (—é min {%,u} t) (1+ k)0, (0) POy (0) . (6.145)

Now, by considering inequalities (6.145)) and (6.144]), and following the steps
between (6.137)) and ((6.142)), one obtains

0 < exp (— 5 min { L7} 7) \/ et yo e O CEED

Since the differential equation (6.36) has discontinuous right hand size,
O(t,0(t), e(t)) in (6.39) is T-periodic in ¢ and satisfy the Lipschitz condition. From
(6.146)), by invoking [103, Theorem 2|, the 5av(f) is asymptotically stable. That is

~ ~ 1
I - duto <0 ) (6.147)
Using the triangle inequality [I10], one has

i) < 1oto) +0 (£)

<o (- S ) 2 et 0 (2),
(6.148)
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Furthermore,

1G(#) - GulB)]| < O (é) , (6.149)

and again using the triangle inequality [I10], one obtains

IGOI < G (B)] +© (1)

w

(6.150)

Now, from (6.12]), we have
0(t) — 0" =6(t) + S(t), (6.151)
whose norm satisfies

o) — 6% = 16(t) + S )]
< 161 + 1Sl

<o (o min { S =700 \/ e e LURTA

+0 <a + é) . (6.152)

Defining the error variable

y(t) = y(t) =@, yt) =Q0()), (6.153)

and using Cauchy-Schwartz inequality [105], we get

G0 = ly(t) — Q| = 1(0(t) — 6")" H*(0(t) — 07))|
< = llot) — o711%, (6.154)
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and with the help of (6.152)

- 1 (1-0)a
) <||H* ——
01 < 1] fexp (= 2 in { =209

) (1+K)A
1 . ((1-0) (1 + &) Amax(P) .
+ 2exp (—% mln{ o (P) ,p} \/ o 10(0) — 67| x

1 1\?
xOla+—)+0|a+ —
w w

Since exp (—mm{/\(m Z If } ><exp< mln{(l_a()lf),p} %) and from [94, Defini-
l

tion 10.1], |H*||O (a + is of order O (a + )2. Hence, (6.154]) leads to

()~ @1 < e (g min {22 ) e [LEE2eEy) — s

+2\/( +AIZ:(?;<P) <a 1)] 16(0) — 6*|| + O (a2+2%+£) .

(6.156)

=B o0) - 012

(6.155)

Knowing that a ,w > 0 and using Young’s inequality ¢ < % + 2w2, one gets

()~ @' < e (g min {22 ) e [LE2eB) — grs

LD (o)

since O (2a* + 2/w) = 20 (a® + 1/w?) is of order O (a* + 1/w?) [94] Definition 10.1].

Now, defining the positive constants:

10(0) — 6*|| + O (a2 - é) (6.157)

m = %min {%,u} , (6.158)
o (1+ ’f))‘maX(p) *
My —\/ (D) 0O =1 (6.159)
My = | 2 B g ) e
+2||H*||\/ (L+ ) Amax(P) (a—f—é) 16(0) — 67, (6.160)

inequalities (6.152)) and (6.157)) satisfy (6.109) and (6.110]), respectively.
Notice that, from (6.55) and (6.59)), and using the Peter-Paul inequality [106],

we can write cd < g—i + %, for all ¢,d,e > 0, with ¢ = |leas(®)|, d = [|Gay (D],
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€= % and t € [ty ,tx.1). The following holds

V(D47 [0 Gy (B) 2= Bllew )| G D] =
0147 [0l @=5 (GG D+ L len D)
= va(®) + 7 (4lGan DI = Plew @) (6.161)

where

o 52

1= and p= (6.162)

200

The minimum dwell-time of the event-triggered framework is given by the time it

takes for the function

QS(ﬂ _ \/%Heav(f?u , (6163)
V(D) + 14l Gu (B

to go from 0 to 1. The derivative of ¢(t) in (6.163) is given by

do () ﬁ%@%

— == _l’_

M ew DI v @ +19ll G D12

\/%H Cav (a H dUaV (E) AT déav (E)
Q(Uav(f)+VQ\!Gav(ﬂy|2)3/2( s +7anv®T>. (6.164)

Now, from (6.31)), (6.49), (6.50) and (6.161)), one arrives at

deay(t) déaV(a
A v 6.165
dt dt ( )
dG (D) || 1 5 1
— < —||H*K||||Gay (¢ —||H*K||||ea (B)]] , 6.166
Ol < Ly k@l + L1 K en @l (6.266)
Aoy (t) 0 q .,/ 5 D >
~ 2> = = - = 1
da - anV(ﬂ + wHGaV(ﬂ” wHeaV(aH (6.167)

and from ((6.164]) the following inequality holds

dcflgf)_IIH*Kll\[ IIH*KII 80 + 5 1DJFIIH* ||\/7¢2{>+ (0 +

WIIGaV(f)UQ
2w (Vay (1) + 74l Gav (D))

1 *
(—u -2y KH) o). (6.168)
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Hence, if ||H*K|| < p1/2, one has
do(t 5 p ] : q
WA < k) 2 2 Koo + KL L0, 0aoo)
By using the transformation ¢ = 5, inequality (6.169) and invoking the Comparison

Lemma [94], a lower bound of the inter-execution time is found as

1
. 1
T /0 bo + 1€ + 022 + baE?

ool H*K||

de (6.170)

H*K
with bQ:M, b1:2||H*K||, b2: and b3:O
[ofe?

If |H*K|| > p/2 and v < 1/(2|H*K || — p), from ([6.168) we get

O <yt B (S w) sk [Lo@ (1 K1-5) 00

(6.171)
H*K
and the minimum dwell-time 7* satisfies (6.170) with by = M, by = g +
o
oo||H*K
VK, by = ZAHEN by — k) — g
Finally, if ||H*K]|| > /2 and v > 1/(2||H*K|| — i), we obtain
dg(t) p 1 q 1 g
——= < ||H*K||, /= 2|H*K|| — — t H'K||,/=¢"(t) + —¢°(t
G < sl B (21K - ) 00+ 1K) 20 + D),
(6.172)
H*K
and the lower bound 7* satisfies equation (6.170) with constants by = M,
o

1 H*K
bl _ 2”H*K” _ o 62 _ O'OKHB ||
Y

avoided [107]. O

1
and by = 2—.Therefore, Zeno behavior is
2

Corollary 2. (Dynamic Event-Tiggered Extremum Seeking with known Hessian):
Consider the partial knowledge of the nonlinear map such that the Hessian
matrix H* is a known parameter. Although this hypothesis appears to simplify the
problem, one should note that the extremum seeking strateqy is still justified once

the optimizer vector 0% and parameter Q* are unknown. Then, E(é, e) defined in

18 equivalent to

~ ~

2(G,e) = oGT(1)QG(t) — 2GT (t) PH* Ke(t)
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and the dynamic event-triggered mechanism
trit :inf{t ERT:t>tp A U(t)+75(@,e) < O} ,

where
ot) = —po(t) + 2(G,e),

ensures the local asymptotically stability of the closed-loop from Theorem G,

6.5 Simulation results

We consider the multivariable nonlinear map (6.1) with an input 6(t) € R? an

output y(¢) € R, and unknown parameters

100 30
H= >0, (6.173)
30 20

T
Q* = 100 and 6* = [2 4} . The dither vectors and have parameters
a; = ag = 0.1, w; = 0.7 [rad/sec|, and wy = 0.5 [rad/sec|, as in [51], and we select the
event-triggered parameters o = 0.5, « = 1, § = 3.1521, u = 0.4320 and v = 0.0542.

—6
The control gain matrix is K = 1072 0 and initial condition is v(0) = 0.

In Fig.[6.5] both strategies are simulated, static and dynamic event-triggered ap-

. T
proaches with initial condition 6(0) = [2.5, 6] . Fig.|6.4(a) and Fig. |6.4(b)| shows
the convergence to zero of both the sampled—and—hold version of the gradient esti-

mate when the control signals are given by Fig. |6 and Fig. |6 | respectively.
Of course, the gradient stabilization implies reachlng the optimizer 9*, as illustrated

in Fig. [6 and Fig. [6 | consequently, the variable y(t) reaches its extremum
value as shown in Fig. 6 and Fig. |6.5(d)}

Hereafter, we have considered several simulations by using the set of initial condi-
. T
tions 6(0) = [2 —2cos (&%), 4 — 2sin (i )} for i =1,...,100. Fig.|6.8 shows

100°
the time-evolution of the proposed dynamic event-triggered extremum seeking ap-

proaches. For all initial conditions, the input signal in Fig. |6 and Fig. [6.7(b)]
ensures convergence of the gradient estimate as well as the measurement error as
presented in Fig. |6.7(c)l-Fig. [6.8(d)} Thus, 6,(t) and 65(¢) tend asymptotically to 07
and 65, respectively, consequently, y(t) to Q* (see Fig. Fig.[6.8(e)|and Fig.[6.8(f)]

Finally, Table summarizes the statistical data obtained for a set of 5400

simulations of 300 seconds. For any value o, it is possible to verify that the interval

between executions as well as the dispersion measures (mean deviation, variance

and standard deviation) are greater when the dynamic strategy is employed. For
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Figure 6.4: Static and Dynamic Event-triggered Extremum Seeking Systems.

instance, on average, with ¢ = 0.001, the static strategy performs 1021 updates
while the dynamic one needs 755 updates. When, o = 0.9, the static case requires 46
updates versus 15 for the dynamic case. Although the control objective is achieved
with both strategies, it is worth noting that the dynamic strategy achieves the
extremum employing less control effort and requiring a small number of control
updates when compared with the static approach (see Table .
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Table 6.1: Statistics of the inter-execution intervals, ¢ty — tg.

Mean Mean Deviation Variance Standard Deviation

o Static | Dynamic | Static | Dynamic | Static | Dynamic | Static | Dynamic

0.001 | 0.2939 | 0.3974 0.5088 0.7330 13.9295 | 22.3420 | 3.7322 4.7268
0.002 | 0.3099 | 0.4381 0.5337 0.8048 14.3554 | 23.8753 | 3.7888 4.8862
0.003 | 0.3301 | 0.7370 0.5670 1.3255 15.5122 | 39.9080 | 3.9386 6.3173
0.004 | 0.3496 | 0.7096 0.5983 1.2811 16.2814 | 38.8355 | 4.0350 6.2318
0.005 | 0.3818 | 0.8633 0.6512 1.5367 17.6344 | 48.3978 | 4.1993 6.9569
0.006 | 0.4150 | 0.8587 0.7029 1.5310 18.5522 | 48.7397 | 4.3072 6.9814
0.007 | 0.4365 | 1.0187 0.7369 1.7873 19.3296 | 56.6231 | 4.3965 7.5248
0.008 | 0.4260 | 0.7903 0.7179 1.4177 18.8293 | 43.4613 | 4.3393 6.5925
0.009 | 0.4284 | 0.8496 0.7209 1.5189 19.0454 | 48.5479 | 4.3641 6.9676
0.010 | 0.4686 | 0.9245 0.7843 1.6425 20.8145 | 53.0984 | 4.5623 7.2869
0.020 | 0.6191 | 1.3454 1.0229 2.3079 28.7969 | 73.6432 | 5.3663 8.5816
0.030 | 0.7958 | 1.4215 1.2801 2.4192 37.2480 | 78.3938 | 6.1031 8.8540
0.040 | 0.8192 | 1.5215 1.3319 2.5772 40.4228 | 85.4836 | 6.3579 9.2457
0.050 | 0.9848 | 1.9907 1.5642 3.2645 48.6906 | 109.4917 | 6.9779 10.4638
0.060 | 1.1553 | 2.4570 1.8035 3.9291 55.7665 | 133.7192 | 7.4677 | 11.5637
0.070 | 1.2836 | 2.3071 1.9779 3.7365 65.7437 | 127.1205 | 8.1082 11.2748
0.080 | 1.1995 | 2.8969 1.8986 4.5692 61.9130 | 160.1954 | 7.8685 12.6568
0.090 | 1.4664 | 2.9279 2.2550 4.5974 74.3021 | 163.4882 | 8.6199 12.7862
0.100 | 1.2588 | 2.5863 1.9952 4.1467 64.1229 | 147.5280 | 8.0077 | 12.1461
0.200 | 1.9571 | 5.1650 3.1000 7.7201 | 102.7835 | 286.3306 | 10.1382 | 16.9213
0.300 | 2.0788 | 7.0843 3.3859 | 10.2374 | 113.2025 | 391.6320 | 10.6397 | 19.7897
0.400 | 3.4475 | 9.3378 5.3195 | 12.8145 | 180.9892 | 479.3062 | 13.4532 | 21.8931
0.500 | 3.9839 | 10.5757 | 6.1247 | 14.4068 | 218.1339 | 566.1838 | 14.7694 | 23.7946
0.600 | 3.4004 | 12.8756 | 5.5095 | 16.9665 | 191.6231 | 608.7021 | 13.8428 | 24.6719
0.700 | 5.0007 | 14.7065 | 7.6219 | 18.9248 | 259.6896 | 677.2911 | 16.1149 | 26.0248
0.800 | 5.6172 | 16.5772 | 8.4851 | 21.8088 | 297.7478 | 807.1438 | 17.2554 | 28.4103
0.900 | 6.6610 | 20.2129 | 10.1423 | 25.3364 | 445.3767 | 876.5687 | 21.1039 | 29.6069
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Figure 6.5: Static and Dynamic Event-triggered Extremum Seeking Systems.
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Figure 6.6: Output of the nonlinear map, y(t).
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Figure 6.7: Dynamic Event-triggered Extremum Seeking Feedback System.
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Chapter 7

Conclusion, Publication List and
Future Works

7.1 Conclusion

New output-feedback adaptive sliding mode (scalar) and unit vector (multivariable)
controllers were proposed, respectively, in Chapters 2] and [3], for plants under para-
metric uncertainties and (un)matched disturbances with unknown upper bounds.
By combining monitoring and barrier functions, the MBF controllers were shown
to exhibit the advantages of each of the individual adaptive approaches. Namely, it
allows a specified transient behavior to be achieved and ultimate finite-time conver-
gence to a desired arbitrarily small invariant residual set of the tracking error, whilst
avoiding overestimation of the control signal. In addition, the monitoring function
can be adjusted in order to preclude abrupt control changes in the transition from
monitoring to the barrier function. Nevertheless, the case in which the unmodeled
dynamics is present [I11] is left as an interesting future work. The theoretical results
are illustrated by means of numerical simulations for an academic example as well
as for an anti-lock braking system application.

In Chapters we proposed the static and dynamic for both scalar and multi-
variable event-triggered extremum seeking. The contribution of treating the specific
hybrid learning dynamics [86] constituted by the sample-and-hold system is clear.
The approach provides explicit functional forms for the exponential convergence
characterizing the stability properties of the closed-loop system. The approach will
be extended to PDE systems following [55, 56| and |84, [85].

125



7.2 Publication List

In this section, it is shown the publications of the results obtained through this

doctoral thesis.
Articles in Scientific Journals

1. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.; DIAGNE, M..
Multivariable Event-Triggered Extremum Seeking. IEEE Transactions on
Automatic Control. (UNDER REVIEW)

2. RODRIGUES, V. H. P.; FANTINATTI, M.; HSU, L.; OLIVEIRA,
T. R.. Population Control of Giardia lamblia. IEEE/CAA Journal of
Automatica Sinica (UNDER REVIEW)

3. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.; FRIDMAN, L.
M.. Adaptive Sliding Mode Control with Guaranteed Performance based
on Monitoring and Barrier Functions. International Journal of Adaptive
Control and Signal Processing, v. 36, p. 1252-1271, 2022. https://doi.
org/10.1002/acs.3278

Book Chapter Published

1. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.; FRIDMAN,
L. M.. Unit Vector Control with Prescribed Performance via Monitor-
ing and Barrier Functions, In: Studies in Systems, Decision and Con-
trol, Sliding-Mode Control and Variable-Structure Systems, Tiago Roux

Oliveira, Leonid Fridman and Liu Hsu (editors), Springer Nature. (AC-
CEPTED)

Complete works published in proceedings of conferences

1. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.. Binary Model
Reference Adaptive Control under Disturbances. In: 16th International
Workshop on Variable Structure Systems and Sliding Mode Control (VSS
2022), 2022, Rio de Janeiro. (UNDER REVIEW)

2. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.; DIAGNE, M..
Dynamic Event-Triggered Extremum Seeking Feedback. In: 61st IEEE
Conference on Decision and Control (CDC 2022), 2022, Cancin. (UN-
DER REVIEW)

3. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.; ANJOS, P. V.
M.. Busca Extremal baseada em FEventos com Acionamento Dindmico. In:
24th Congresso Brasileiro de Automatica (CBA 2022), 2022, Fortaleza.
(UNDER REVIEW)
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https://doi.org/10.1002/acs.3278
https://doi.org/10.1002/acs.3278

4. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.; DIAGNE, M..
FEvent-Triggered Extremum Seeking Control. In: 14th IFAC International
Workshop on Adaptive and Learning Control Systems (ALCOS 2022),
2022, Casablanca. (ACCEPTED)

5. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.. Global Syn-
chronization and Secure Communication via Cascade Norm Observers
and Equivalent Control. In: 6th IFAC Conference on Analysis and
Control of Chaotic Systems (CHAOS’2021), 2021, Catania. https:
//doi.org/10.1016/j.ifacol.2021.11.026

6. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.; FRIDMAN,
L. M.. Busca Extremal baseada em Eventos. In: Anais do 152 Simpo-
sio Brasileiro de Automagao Inteligente (SBAI’2021), 2021, Rio Grande.
http://dx.doi.org/10.20906/sbai2021/216633

7. RODRIGUES, V. H. P.; HSU, L.; OLIVEIRA, T. R.; FRIDMAN,
L. M.. Controle Vetorial Unitdrio Adaptativo via Fungoes de Barreira
e Monitoragao. In: Congresso Brasileiro de Automaética 2020. http:
//dx.doi.org/10.48011/asba.v2i1.1124

8. RODRIGUES, V. H. P.; FANTINATTI, M.; HSU, L.; OLIVEIRA,
T. R.. Controle Populacional de Giardia lamblia. In: Anais do 14°
Simposio Brasileiro de Automacao Inteligente, 2019. http://dx.doi.
org/10.17648/sbai-2019-111578

7.3 Future Works

The techniques developed in this thesis allow progress in the following research field:

1. Adaptive SMC with Monitoring and Barrier Functions

e Generalization to Twisting SMC (SISO and MIMO);
e Generalization to Super-Twisting Algorithm (STA) (SISO and MIMO);

o Generalization to High-Order Sliding Mode (HOSM) Differentiator (SISO
and MIMO);
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2. B-MRAC with disturbance

e Generalization to relative degree greater than the unity;

3. Event-Triggered Extremum Seeking

e To develop co-design strategies (static and dynamic). In the co-design
strategy the control law and the event-triggered mechanism are designed
simultaneously, possibly leading to better performance and larger inter-

event times [112];
e To consider the data-packet dropout [61];

e To consider delays [60].
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Appendix A

Anti-Lock Braking System Model

The dynamics of the slip rate A\(¢) is given by (2.40|) where

f(n,t){;in’g’ T (A1)
7, 3 §= -
B 10 o, 1(X)
£ ?72!{ (M, Mo) 7 {J 7 A)} (sin(0) — p(\) cos(8)) "
Mmoo+ —f‘f}
N COR S IR\ e VR A O
L [Jl T1J2(1 )\} (sin(0) — p(N) cos(6)) (J1 Jg)(l A
(A.2)
) = L 1l  mg %Y
fo.1) !m\{ <M9+M”’L[nJﬁJ1“ ”} (Sin(0) T p(\) cos(8) "
[ s pN) A di)
L |:7”1J2 + Jl (1 )\):| (sm(Q)—i—u(A) COS(Q)) + (JQ Jl) <1 )\>’
(A.3)

PN S O U N N A ey AR
70 = 1 e~ T e 20 e eye ) = Tl
(A5)
N Y R TN B I AT p(A) _ W)
0= a0 YT [ )] o)~
(A.6)

In order to analyze the sign of g(n,t), Figure shows the curves of g (\) and
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gx (\) for the possible values of variable A\. Note that g (A\) > 0 and gy (\) > 0
for all 0 < A(t) < 1 regardless the sign of s. However, from (A.4)-(A.6)), it can be
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100 |
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Figure A.1: Curves of gf (\) and g, (), for 0 < A < 1 where min{g,"(\)} ~ 109.8
and min{g, (A\)} ~ 3.9, using the values of Tables [2.1| and .

observed that the sign of g(n,t) only depends on the sign of s such that g(n,t) > 0
if s =1 and g(n,t) < 0if s = —1. Moreover, since the sign of gy (\) > 0 and
gy (A) >0 for all A € [0,1], g(n,t) switches discontinuously without zero-crossing.

Although equation seems to be simple, its use implies a severe restriction
of the model. Note that for sufficiently low speeds, a mathematical indeterminacy
may occur when calculating the slip coefficient. In practice, this problem is overcome
by specifying lower speed limits r17 ) and T2, below which the ABS controller is
deactivated.

Initially, since the vehicle is braking without skidding, |7, (¢)| < |71(0)], |n2(¢)] <
I72(0)], s1 = so = 1 and 0 < A(t) < 1. Then, by defining 7 = max {u(A)}, from
D)9,

1 1 [ r? r I My 11 My
+ D] < — M M I N _2
/7 1)) < In,| {( gt 10)L [rng J2:| (sin(6) — mcos(6)) * Ja * roJ1 "
dl 71 ’f'% ﬁ dl d2
* L [Jl * r1Ja | (sin(@) — 7z cos(0)) * Ji i Jo
_ 1 1 7”2 T1 ﬁ M10 7’2M20
)] < — < (M, + M)~ | —=2 + —
[f(n, )] < |ﬂ1| {( gt 1O)L [7’1 2 - Jl] sin(0) " Ji " 12 i
di[r2 mn] n dy 4
+ L |:’I“1J2 + J1:| Sln(e) * JQ * 1
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Hence, one has

eSS (A.9)
lg(n, )] = g (A.10)
where f and g are constants described by
Femax{F "7} (A11)
g min{g, ()} A2)

max {[71(0)], |72(0)}

Moreover, if the vehicle is skidding, from , A =1 and A = 0, therefore, it is
not reasonable to talk about of ¢g(n,t) as well as f(n,t).

In other words, during the time interval while the ABS is turned on, f(n,t) is
upper bounded by the unknown constant f whilst |g(n,t)| is lower bounded by the

constant g.
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Appendix B

Averaging Theory for Discontinuous

Systems

From [103], let us consider the differential inclusion

Z—f €eX(t,x), x(0)=uxg, (B.1)

where x is an n-dimensional vector, ¢ is time, ¢ is a small parameter, and X (¢, x) is
a multivalued function that is T-periodic in ¢t and puts in correspondence with with
cach point (¢,z) of a certain domain of the (n 4 1)-dimensional space a compact set
X (t,z) of the n-dimensional space.

Let us put in correspondence with the inlusion (B.1]) the average inclusion

d

L k@, q0=mn, (B2
where

X({-“):%/O X(r,&)dr . (B.3)

Theorem 7. Let a multivalued mapping X(t,x) be defined in the domain
Q{t >0,z € D CR"} and let in this domain the set X (t,z) be a nonempty com-
pactum for all admissible values of the arguments and the mapping X (t,x) be con-
tinuous and uniformly bounded and satisfy the Lipschitz condition with respect to
x with a constant A, i.e., X(t,x) C Sy(0), §(X(¢,2") — X(t,2")) < A||z' — 2",
where 0(P, Q) is the Hausdorff distance between the sets P and @, i.e., 6(P,Q) =
min{d|P C S4(Q),Q C Sa(P)}, Sa(N) being the d-neighborhood of a set N in the
space R™; the mapping X (t,z) be T-periodic in t; for all zo € D' C D the solu-
tions of inclusion lie in the domain D together with a certain p-neighborhood.
Them for each L > 0 there exist €°(L) > 0 and ¢(L) > 0 such that for e €]0,&°] and
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t €0, Le™Y:

1. for each solution x(t) of the inclusion there exists a solution &(t) of the
inclusion such that

() = E@) < ce = O(e); (B-4)

2. for each solution &(t) of the inclusion there ezists a solution z(t) of the
inclusion such that the inequality holds.

Thus the following estimate is valid:
S(R(t), R (t)) < ce = O(e), (B.5)

where R(t) is a section of the family of solutions of the inclusion and R'(t) is
the closure of the section R(t) of the family of solutions of the inclusion .

Theorem 8. Let all the conditions of Theorem[7 and also the following condition be
fulfilled: the R-solution R(t) of inclusion 18 uniformly asymptotically stable.
Then there exist €% > 0 and ¢ > 0 such that for 0 < e < &°

S(R(t), R(t)) < c= = O(e), (B.6)

for allt > 0.
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