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Entre os métodos de codificacdo de video que apresentam os melhores desem-
penhos estdo aqueles que sdo baseados no algoritmo matching pursuits. Nesta Tese €
proposto um método alternativo ao algoritmo matching pursuits, baseado na nogédo de de-
composigdo em planos de bits generalizados. A estrutura da decomposic¢éo em planos de
bits generalizados € tal que a quantizacao esta intrinsecamente embutida no processo de
decomposicao, e ndo existe necessidade de se especificar qualquer parametro de quan-
tizagdo. Além disso, foi apresentado um teorema que estabelece um limitante tedrico
para as caracteristicas taxa-distorcdo de tais decomposi¢cfes generalizadas. A eficiéncia
do método proposto é testada usando como ponto de partida o codificador de video clas-
sico utilizado por Neff e Zakhor. Os resultados obtidos sdo promissores, apresentando,
sem qualquer suposicdo a priori sobre o comportamento taxa-distor¢do dos quadros co-
dificados ou qualquer aumento na complexidade computacional, uma significativa me-
Ihora sobre o codificador de video classico que utiliza o algoritmo matching pursuits.
Foram também investigados diversos dicionarios super-completos, incluindo dicionarios
nao-separaveis, formados por regides de dicionarios separaveis. Confirmando previsdes

tedricas, estes dicionarios proporcionaram melhoras no desempenho dos codificadores.
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Among the best performing video coding methods are those based on the matching
pursuits algorithm. In this Thesis it is proposed a novel method for performing match-
ing pursuits quantization, based on the notion of decomposition in generalized bit-planes.
The structure of such decompositions is such that once the decomposition is carried out,
it is already quantized, and there is no need to set up any quantization parameters. It
does so by generating a decomposition that is readily organized in bit-planes. It provides
an elegant solution to the trade-off between quantization of coefficients and number of
passes in the matching pursuits algorithm. In addition, a theorem is presented, setting
bounds for the R-D performance of such generalized decompositions. The effectiveness
of the proposed method is tested using the framework of Neff and Zakhor’s matching pur-
suits video encoder. The results obtained are promising, presenting, without any ad-hoc
assumptions about the R-D behavior of the coded frames or any increase in computa-
tional complexity, a significant improvement over the classical matching pursuits video
coders. Also, to improve the performance of the proposed video encoder it is investigated
different overcomplete dictionaries, including non-separable ones, formed by rotations
of separable structures. Confirming the theoretical analysis, the use of these dictionaries

lead to improvements in coding performance.
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Capitulo 1

Introducao

Nos ultimos anos a quantidade de informac@es visuais que devem ser processa-
das e armazenadas tem aumentado significativamente. Elas sdo usadas em aplicacOes
que vao desde sensoriamento remoto até o entretenimento, incluindo medicina, imagens
de satélites, visdo de robés e inspec¢do industrial. Videofones e videoconferéncias ja sdo
uma realidade e ja temos hoje acesso a televiséo digital em nossos lares. Sistemas Mul-
timidia, que se ap6iam bastante no uso de imagens digitais, estdo penetrando 0 mercado
consumidor rapidamente.

Neste contexto, as técnicas de compressdo de imagens e video, que visam redu-
zir a quantidade de bits necessaria para a representacdo das informacbes visuais, e ao
mesmo tempo manter uma qualidade aceitavel, sdo essenciais para a exequibilidade de
tais sistemas. Estas técnicas somente sdo viaveis porque as informacdes visuais, repre-
sentadas na forma de imagens digitais, sdo bastante redundantes, e esta redundancia pode
ser explorada para comprimi-las, isto €, reduzir a quantidade de bits necessaria para a sua
representacdo [1].

Dentre as técnicas de compressao de video, aquelas baseadas no Algoritmo Mat-
ching Pursuits proposto por Mallat e Zhang em [2] tem apresentado excelente resulta-
dos [3, 4, 5, 6, 7, 8, 9]. Neste algoritmo, a imagem residual € decomposta em um dici-
onario super-completo, gerando uma seqiéncia de pares 0s quais especificam os atomos
usados e seus coeficientes correspondentes. Um dado compromisso taxa x distor¢éo é al-
cancgado especificando-se 0 numero de atomos e os quantizadores dos coeficientes destes
atomos. Diversas estratégias tém sido propostas a fim de se obter bons compromissos

taxaxdistorcdo [10, 11, 7].



Nesta Tese é proposto um novo método de decomposicao que é equivalente a fazer
a quantizacdo nos "matching pursuits'baseada na noc¢éo de planos de bits generalizados.
A estrutura de tais decomposigdes é tal que a decomposicéo e a quantizagdo estao embuti-
das na mesma operacdo, e ndo existe necessidade de se especificar qualquer parametro de
quantizacéo. Tais decomposic¢oes, diferentemente das tradicionais, produzem apenasuma
sequéncia de indices. Isto gera uma decomposicao que pode ser organizadaem planos de
bits. Elas apresentam uma solucéo elegante parao compromisso existente entre a quanti-
zacdo dos coeficientes e 0 nimero de passos do algoritmo matching pursuits. Na verdade,
a decomposicdo em planos de bits generalizados pode ser considerada como uma genera-
lizacdo de qualquer decomposicdo em um diciondario seguida por uma representacdo dos
coeficientes em formato binario usando preciséo finita.

Visto que o algoritmo proposto nesta Tese mapeia a imagem residual em uma
seqliéncia de indices, € obtido um preciso controle da taxa de bits gasta com cada &tomo
adicionado, e consequientemente, a decomposi¢cdo pode ser parada sempre que a taxa de
bits desejadaseja encontrada. Usando este fato, sdo propostas duas estratégias de controle
de taxa [12, 13, 14, 15, 16, 17, 18, 19]. Uma, usa um procedimento que divide, de forma
precisa, a taxa de bits da seqiiéncia igualmente entre todos os seus quadros, e outra utiliza
um esquema que emprega otimizacdo de Lagrange a fim de solucionar o problema de
alocacéo de bits 6tima [7]. No primeiro esquema proposto tem a vantagem de alocar
precisamente a taxa desejada para o quadro, e conseguientemente obter a taxa de bits alvo.
No segundo ¢ obtida a alocacdo 6tima no senso taxa-distorcao.

Além disso, sdo investigados diversosoutros dicionarios super-completos, incluindo
dicionarios nao-separaveis [20, 6, 21, 22, 23], formados por regides de dicionarios se-
paraveis. Confirmando previsdes tedricas, estes dicionarios proporcionam melhoras no
desempenho dos codificadores.

Esta Teseesta organizada como a seguir: a primeira parte esta escrita em portugués
e contém a introducao, o texto principal nos capitulos 2 até o capitulo 6 e uma concluséo.
O conteldo estes capitulos esta reproduzido com mais detalhes em 11 apéndices.

O capitulo 2 apresenta o algoritmo matching pursuits e suas principais caracteris-
ticas.

No capitulo 3 € proposto um novo algoritmo (O Algoritmo Matching Pursuits em

Planos de Bits Generalizados — Algoritmo MPGBP), que faz um tipo de decomposi¢éo



adaptativa, no qual um sinal é decomposto em planos de bits generalizados. Além disso,
limitantes para as caracteristicas taxa-distorcdo do algoritmo proposto sao derivados ana-
liticamente.

No capitulo 4 ¢é usado o algoritmo MPGBP para codificar sequéncias de video
usando um dicionario super-completo formado de funcdes de Gabor.

No capitulo 5 sdo propostas duas estratégias de controle de taxa a fim de melhorar
0 desempenho do codificador de video MPGBP.

No capitulo 6 € investigado o desempenho do codificador de video MPGBP usando
dicionarios super-completos separaveis e ndo-separaveisna codificacdo de diversas sequén-
cias de video.

O capitulo 7 mostra as concluses e apresenta as sugestdes para trabalhos futuros.



Capitulo 2

Decomposicao de Sinais

Neste capitulo nds descrevemos as principais caracteristicas do algoritmo mat-
ching pursuits proposto por Mallat e Zhang em [2]. Este algoritmo decomp®e sinais
iterativamente em um conjunto de funcdes que sdo selecionadas de um dicionario redun-
dante. Em cada iteracdo, um procedimento de procura exaustiva € usado para escolher
a estrutura do dicionério que melhor representa o sinal. A projecdo do sinal nesta estru-
tura é subtraida do mesmo, e a diferenca entre ambos é passada para a proxima iteracdo
como um residuo. As funcdes sdo selecionadas a fim de obter um bom casamento com as
estruturas do sinal. Maiores detalhes sobre o algoritmo matching pursuits descrito neste

capitulo, encontram-se no apéndice B.

2.1 O Algoritmo Matching Pursuits

Mallat and Zhang propuseram em [2] o algoritmo matching pursuits, o qual de-
compde um sinal x iterativamente em passos, onde em cada passo, a estrutura (funcéo
pertencente a um dicionario redundante) que fornece a maior reducéo da energia do si-
nal ou &tomo (o melhor casamento) é escolhida e subtraida do sinal. O sinal residual é
passado para 0 proximo passo e 0 processo é repetido. O melhor casamento € dado pelo
atomo com maior produto interno com o sinal.

No algoritmo Matching Pursuits nés usualmente decompomos um sinal x de di-
mensdo N em um dicionario redundante D = {9;,9-,...,0m 1}, ||9i]| = 1, ¥i. Os g; sdo
em geral chamados de &tomos. O dicionario é chamado de redundante porque, em geral,
M > N.



O sinal x é entdo aproximado em P passos como [2]

P
X~ Zp“g}’n (21)

n=]

Os pares (p, Y« ) sdo obtidos pelo algoritmo 1 abaixo

Algoritmo 1

0 Comegarcomw =X, n=1.

O Repetir até que um critério de parada seja encontrado

(a) Escolhery,, € {1, ...,M]} tal que
WOy, = 12}2&,1{\’" - O3

(b) Escolher p,, =< w,gy,, >.

(c) Substituir w por w — p.,0y...

(d) Incrementar n.

O Parar.

E importante notar que decomposicdes feitas usando o Algoritmo Matching Pur-
suits sdo diferentes daquelas feitas usando algoritmos baseados em transformadas, onde
nos temos que codificar todos os coeficientes da transformada. Em outras palavras, 0s
algoritmos baseados em transformadas, tal como a DCT, tem que usar sempre todas as es-
truturas do dicionario durante a decomposi¢do do sinal. No Algoritmo Matching Pursuits,
este necessita codificar somente as projecdes das estruturas escolhidas e os indices destas
estruturas. Assim, o Algoritmo Matching Pursuits faz um tipo de decomposi¢do adapta-
tiva, visto que, para cada sinal, nés podemos usar um diferente conjunto de estruturas de
todo o dicionario. O Algoritmo Matching Pursuits pode também fazer uma decomposi-

¢do compacta do sinal. Isto se deve ao fato de que como um dicionério super-completo



é usado, nds podemos escolher as estruturas do dicionario as quais sdo mais similares as
estruturas do sinal que nés desejamos codificar.

Mais detalhes deste algoritmo podem ser encontrados em [2] e no apéndice B,
onde é mostrado que a energia do sinal residual decresce monotonicamente conforme o

numero de passos P é incrementado, e tende a zero quando P tende para o infinito.

2.2 Conclusoes

Neste capitulo nos descrevemos o algoritmo matching pursuits proposto por Mal-
lat e Zhang em [2]. As principais caracteristicas deste algoritmo também foram comenta-

das. No apéndice B ele sera descrito em mais detalhes.



Capitulo 3

Decomposicao em Planos de Bits

Generalizados

Neste capitulo nés propomos um novo algoritmo para fazer uma decomposicéo do
tipo matching pursuits. O algoritmo proposto faz a decomposicao de um sinal em planos
de bits generalizados, com cada plano de bits sendo composto de um conjunto de atomos.
Diferentemente do que ocorre no algoritmo matching pursuits classico, no algoritmo pro-
posto ndo existem coeficientes para serem guantizados, isto €, somente um conjunto de
indices, correspondentes aos &tomos de cada plano de bits, necessitam ser transmitidos.
Isto fornece uma solucdo elegante para o problema da quantizacdo dos coeficientes do
algoritmo matching pursuits. E importante notar que maiores detalhes sobre o algoritmo
de decomposic¢do em planos de bits generalizados proposto neste capitulo, assim como
uma derivacéo analitica de um limitante tedrico para as suas caracteristicas taxa-distorcao

encontram-se no apéndice C.

3.1 Decomposicao do sinal em planos de bits generaliza-
dos

Suponhamos que x é um sinal N-dimensional que pode ser decomposto em um

dicionério super-completo D = {g,9a,...,9m}, |9/l = 1, Vi como

Wil
X = Z CnOn (31)

n=I



Sem perda de generalidade, n6s assumimos que ||x|| < 1 e consideramos que o dicionario
D seja completo, de modo que uma expansdo em M termos possa representar X com
distor¢do zero. Além disso, como ||g:|| = 1, existe uma expanséo na forma da equagéo
(3.1) tal que |c,| < 1.

Visto que [c.| < 1, nGs podemos escrever a representacao binaria para c,, Como

Cn=sn) 27bj, (3.2)
=1

Onde s, € {—1,1}, e b;,, € {0,1}.
Substituindo a representacao binéria de c.,, obtida com a equacéo (3.2), na equa-

¢do (3.1), nds obtemos

hvl

ca ca hel
X = Z Sn Z Z_ib]"ﬂgu = Z 2_]. Z b]'.nsﬂgn
j=1 i=1

n=I n=1

0o hY
= Z 27 Z b;10, (3:3)
=1

n=I
Como s, € {—1,1},temos G, = $.0n € D = {£01,£0>,...,+0nm}. Entdo, se definir-
mos o indice i;  de modo que, bs i, =1 paral € {1,2,...,L;}, [; < M, eb;;, =0nos

outros casos, a equacao (3.3) pode ser expressa como

co Lj
x=Y 275 g, (3.4)
i=I =1

Note que a equacéo (3.4) pode ser considerada como uma decomposic¢éo do sinal
x em planos de bits generalizados. O plano de bits j € composto pelas fungdes g;, , para
L =1,...,L;. Em [24] foi proposto um algoritmo convergente para achar tais decompo-
si¢Oes, na mesma filosofiado algoritmo matching pursuits. De fato, o algoritmo proposto

em [24] acha decomposic¢des da seguinte forma:

ca Lj
X = Z of Z g"'-j,l (3.5)
j=1 =1

Estas decomposicdes sao mais genéricas do que aquelas obtidas com a equacdo (3.4),
visto que o termo 277 foi substituido por of, para0 < o < 1. Em [24] foram derivadas
as condices de convergéncia de tal algoritmo. Estas condicSes impdem que ©(D) < Z,
onde ©(D) é o maior angulo entre um sinal qualquer x € RN e o vetor do dicionario

D mais proximo. Contudo, mesmo para sinais de dimensio moderada (por exemplo,



N < 64), os dicionarios que podem fornecer @(D) < 3 seriam aqueles que tém car-
dinalidades muito grandes. Isto levaria a uma decomposicéo ineficiente na perspectiva
taxa-distorgéo, visto que um maior nimero de bits é necessario para codificar os indices
i1

Neste capitulo nés propomos o algoritmo MPGBP (Matching Pursuits Generalized
Bit-Planes Algorithm) para achar tais decomposicdes, o qual é convergente sempre que

temos 0 < & < 1 e @(D) < Z. A vantagem deste algoritmo é que ©(D) < T € somente

1214

uma restricdo moderada, sendo satisfeita sempre que D é completo [2]. Note que, neste
algoritmo a decomposicdo é executada pela adicdo de um atomo 0, de cada vez, até que
uma taxa e/ou um critério de distor¢cdo sejam encontrados.

Para um dicionario C = {v1,Va,...,Vad}, ||Vi]| = 1, Vi, 0 algoritmo MPGBP esté

reproduzido a seguir (os sinais de entrada sdo normalizados tal que ||x|| < 1):

Algoritmo MPGBP

[0 Comegarcomw = X, m = 1 e paraum dado «.

(0 Repetir até um critério de parada seja encontrado

(a) Escolherr,, € {1, ..., M} tal que
W -V, = max {w - v}.
1<9<M

(b) Escolher k., = [M—‘

In(x)
onde [-] € o menor inteiro maior ou igual ao argumento.

(c) Substituir w por w — o*my,

‘m*t

(d) Incrementar m.

O Parar.

Note gque o algoritmo MPGBP aproxima x em P (P < M) passos como



F
XI:P"I = Z O('k“-lvfn't (3'6)

m=I

Agora, se definirmos L; como sendo o nimero de valores de m tal que k,, =,
n6s podemos renomear os indices r,,, como i;; paral=1,...,L;. Consequentemente,
se fazemos o dicionario C no algoritmo igual a D, entfo temos que a equacéo (3.6) é
equivalente a equacéo (3.5) paraP — oo.

Pode-se dizer que o algoritmo MPGBP é convergente se Pll_r)nm x'P! = x. Neste
contexto, esta convergéncia € garantida pelo teorema 1 (A prova deste teorema pode ser

encontradano apéndice H).

Teorema 1: Sejax € RN, ||x|| < 1, tal que este seja aproximado pelo algoritmo MPGBP
usando um dicionario C com P passos, gerando x'! como na equagcao (3.6), e seja ©(C)
o maior angulo entre um sinal qualquery € R™ e o0 &tomo mais préximo do dicionario C.
Nos temos que [|rF!|| = [|x — x| < BE, onde B. = /T — (2 — o?) cos* (B(C)) < 1

paratodo 0 < x <1e0 < O(C) < 3.

As seguintes caracteristicas do algoritmo MPGBP merecem ser ressaltadas:

(i) O algoritmo MPGBP executa uma decomposicao tal que, para cada atomo adici-
onado, a distor¢do na aproximagéo de x decresce por pelo menos 3, onde < 1.
Assim, quando o nimero de passosP — oo, ||rF!|| — 0, isto é, o algoritmo MPGBP

é convergente.

(i) A representacdo de saida do algoritmo MPGBP ¢ dada por somente uma sequéncia
de pares de indices (K, T ), m = 1,2,...P. Istoimplica que ndo existe a neces-
sidade da quantizacdo de nenhum coeficiente como no algoritmo matching pursuits
classico (veja equacao (3.1)). Em outras palavras, pode ser dizer que o algoritmo
MPGBP desempenha a decomposicdo e a quantizagdo ao mesmo tempo. Assim,
ele representa uma solugéo elegante para o problema de quantizacdo inerente ao

algoritmo matching pursuits classico.

(iif) A decomposicéoobtida pode serorganizada em planos de bits como naequagéo (3.5).
Isto pode ser feito observando que, na equacdo (3.6), os indices r,,, para os valores

de m tal que k., = j correspondem aos atomos que formam o plano de bits j.
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(iv) O numero de atomos usados nadecomposicao pode ser especificado arbitrariamente
e cada atomo corresponde a um par (k.,, 7., ). Isto permite um controle preciso da
taxa, visto que a decomposicdo pode ser interrompida quando a taxa desejada for

alcancada.

(v) Note que o Teorema 1 estabelece que uma decomposicédo feita como nas equa-
¢oes (3.5) and (3.6) pode ser executada paratodo 0 < « < 1 e para todo dicio-
nério completo. Consequentemente, decomposicdes feitas como nas equagdes (3.5)
and (3.6) sao generalizac6es de qualquer decomposi¢cdo mais uma codificacdo em
bit-planes, isto é, qualquer decomposicdo em um dicionario seguida por uma codi-

ficacdo em bit-planes € um caso particular das equac6es (3.5) and (3.6).

3.2 Limitante Tedrico paraas Caracteristicas Taxa-Distorcao

Nesta secéo nos derivamosum limitante tedrico paraas caracteristicas taxa-distor¢do
das decomposi¢Oes propostas na secdo 3.1. A partir do teorema 1, pode ser visto que 0

sinal residual r decresce sua magnitude por pelo menos 3. em cada passo, isto €,

PP
Hr[P—] ]H

paratodo 0 < x <1e0<0O(C) < 3.

< V/1T—(2a—a?)cos? (0(C)) =B < 1 (3.7)

Entdo, apos P passos, e assumindo que ||x|| < 1, a distor¢do média quadratica por

coeficiente, D, é limitada por

(3.8)

onde N ¢ a dimensdo do dicionario C. Reorganizando a equacéo (3.8) a fim de obter o
numero maximo de passos P que garante uma distor¢cdo méaxima por coeficiente igual a

D, temos

1log. ND
<9
2 log- B

Se o dicionario C tem cardinalidade q e gastam-se no maximo b, bits para codifi-

(3.9)

car cada indice k., a taxa por coeficiente € limitada por

11



R < ]L_ [Plog, g + Pb] (3.10)

E importante notar que o nimero de bits b, usados para calcular a taxa na equa-
¢do (3.10) tem uma forte dependéncia com o valor maximo do indice k,,. Por exemplo,
usando um codigo natural, b, > log. k.,. No apéndice C, ndés mostramos que o0 nu-

mero minimo de bits (b, ) que pode ser usado para codificar cada indice k.,, com uma

Ymin

distorcdo D, é dado por

{Iog (NDoclcosl(@(C))>‘|
~ log, | — bz (3.11)

b \‘ 2Iogloc J

Ymin

A partir das equacdes(3.10) e (3.11) e usando o valorde P obtido na equacéo (3.9),

a taxa R pode ser expressa como

1 log. (ND) { a <ND0¢3C053(@(C))>} (3.12)

S2N log. B 2log, o 0% Bz

Analisando a equacédo (3.12) nota-se que, se a cardinalidade q for aumentada, a

taxa tende a ser aumentada também. Como os parametros N, q e ©(C) tém uma forte
dependéncia com o dicionario usado, se mantivermos a dimensdo N constante e aumen-
tarmos a sua cardinalidade g, n6s diminuiremos o valor de ©(C). Consequentemente,
se 0 aumento da taxa causado pelo aumento da cardinalidade for compensado por uma
reducé&o significativa de ®(C), entdo pode-se ter uma reducéo da taxa total gasta (veja o

apéndice C paramaiores detalhes).

3.3 Analise das Caracteristicas Taxa-Distor¢céo do Algo-

ritmo MPGBP Usando Diferentes Dicionarios

3.3.1 Reticulados Regulares

Nesta secdo nos analisamos o caracteristicas taxa-distor¢do do algoritmo MPGBP
usando parametros de reticulados regulares [25, 26]. A tabela 3.1 mostra os parametros

usados de cada reticulado regular.
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Tabela 3.1: Parametros dos reticulados regularescom melhor distribuicéo de hiper-esferas

para as dimensdes N=4, 8, 16 e 24.

Tipo de Reticulado (L) || indice da camada | dimensdo N(£n) | cardinalidade q(£n) | ©(Lx)
Dy 1 4 24 45°
Dy 1+2 4 48 32°
Es 1 8 240 45°
Es 2 8 2160 45°
Es 3 8 6720 35°
Es 1+2 8 2400 32°
Es 1+2+3 8 9120 29°
Ate0uL16 16 2 4320 55°
A2s4 0UL24 24 1 196560 45°

A figura 3.1 mostra a curva da taxa versus o quando a equagéo (3.12) é usadacom
0s parametros dos reticulados regulares D, camada 1, D4 camada 1+2, E; camada 1+2+3,
A1 camada 2 e A-, camada 1 e para uma distorcéo igual a 10~*. A partir desta figura
podemos ver que existe um o étimo para cada reticulado regular em uma dada distorcao.

A figura 3.2 mostra as curvas R-D para diferentes camadas do reticulado regular
Es. NOs podemos ver a partir desta figura que, para reticulados com a mesma dimensao,
sempre que O(L;) € reduzido o compromisso taxa x distor¢do tende a melhorar. Note que
foram usados os valores 6timos de « de cada reticulado. Isto também pode ser observado
analisando as curvas R-D do dicionario D4 na figura 3.3.

Na figura 3.3 pode-se observar que para alguns casos em que aumentamos a di-
mensdo N do dicionario ndo obtivemos um melhor compromisso taxa-distor¢ao (veja
curvas Ay¢ € Eg camada 1+2+3). Pode-se observar também que o desempenho dos di-
cionarios dependem da distorcdo (as curvas R-D de A camada 2 cruzaa curvade D,
camada 1+2 e E; camada 1+2+3). A partir de tais observa¢des podemos concluir que o
desempenho é altamente dependente do reticulado regular usado, e ndo tem relagéo clara

com a dimensao N.

3.3.2 Dicionario Ortogonal

Na secdo 3.3.1 n6s usamos parametros de reticulados regulares para analisar as

caracteristicas taxa-distorcdo do algoritmo MPGBP. Apesar de serem considerados bons
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Figura 3.1: Variacdo da taxa com parémetro o paradiversos reticulados regulares.
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Figura 3.2: Curvas R-D para o reticulado regular Es.

14



30 T T T T T T L L
D4 camadal —
D4 camada 1+2 ---—---
E8 camada 1+2+3 --------
L16 camada 2 -

25 L L24 camadal - |

R (bits/amostras)
= N
[6;] o
T T
1 1

=
o
T
1

0 .
0.0001 0.001 0.01 0.1
D (MSE)

Figura 3.3: Curvas R-D para diferentes reticulados regulares.

dicionarios, os reticulados regulares ndo nos fornecem uma visdo completa sobre o com-
portamento R-D do algoritmo MPGBP. Isto é porque nds ndo sabemos as relacées en-
tre ©(C), a dimensdo N(C) e a cardinalidade q(C) quando estes reticulados sdo usados.
Consequientemente ndo se pode fazer uma analise satisfatoria de como a variagcao destes
parametros influenciam no desempenho de um reticulado regular em particular.

A fim de ser possivel analisar as variacdes de ©(C), N(C) e q(C), primeiramente

definimos um dicionario ortogonal simples Uy como

Z/{Oﬂ:{])o) )O}U{O)])O )O}U{O) )])O}U{O) )0)]} (313)

Entdo, usa-se este dicionario U,y paraformar o dicionario I/ que serd utilizado em

nossa andlise. O dicionério U/ € formado por

L{ - LlortU—Z/{on (314)
= {+1,0,---,0}U{0,£1,0--- ,0}U{0,--- ,£1,0}U{0,--- ,0,£1} (3.15)

No caso da anélise R-D do algoritmo MPGBP, a vantagem deste dicionario so-

bre os reticulados regulares, é que as relagdes entre a dimensdo N(Z/), a cardinalidade
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q(U) e o angulo ©(U) podem ser facilmente obtidas. Par? este dicionario temos uma
cardinalidade q(N) = 2N e um angulo ®(N) = arc cos <\/_N)

Usando estas relagfes pode-se analisar como a variacao da dimensdo N influencia
no desempenho R-D do algoritmo MPGBP. Na figura 3.4 pode-se observar que, de forma
similar ao obtido com os reticulados regulares, para cada dimenséo, existe um « que leva
a uma taxa minima. Contudo, a figura 3.5 mostra que para cada «, existe uma dimensao
que leva a uma taxa maxima, gerando assim um ponto de cela, isto é, temos um o« 6timo

e uma dimensdo péssima (veja figura 3.6).

100000 T T T T T T T T o

10000 | 4

R (bits/amostras)

1000 |

100 1 1 1 1 1

Figura 3.4: Taxa gasta versus « para o dicionario U.

3.4 Conclusodes

Neste capitulo foi proposto um novo algoritmo para fazer uma decomposi¢édo ba-
seada no algoritmo de "matching pursuits”. Ao invés de gerar como saida uma sequéncia
de pares de nimeros, 0s quais sdo compostos dos indices dos &tomos e de seus correspon-
dentes coeficientes, como no "algoritmo matching"pursuits classico, o algoritmo MPGBP
gera apenas uma sequiéncia de indices. Estes indices podem ser arrumados como planos
de bits generalizados. No algoritmo proposto neste capitulo ndo precisamos conhecer

nada sobre 0 compromisso entre o numero de &tomos usados e a quantizacdo dos coefi-
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Figura 3.5: Taxa gasta versus a dimensao para o dicionario &/ usando diversos valores de

X.
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Figura 3.6: Superficie e curvas de nivel para a taxa gasta usando o dicionario I/ parauma

distorcdo D = 107"~

17



cientes. NGs mostramos que o algoritmo proposto € uma generalizacdo da decomposicéo
em um dicionario seguida por uma quantizacdo escalar. Além disso, foi apresentado um
teorema que estabelece um limitante tedrico para as caracteristicas taxa-distorcao de tais
decomposicdes generalizadas.

Nos analisamos o desempenho taxa-distor¢éo do algoritmo MPGBP usando para-
metros de reticulados regulares e de um dicionéario ortogonal. Os resultados mostraram
que a reducao do valor de ©(C) leva a um melhor compromisso taxa-distorcéo, e con-
seqlientemente, a uma reducdo na taxa de bits do processo de codificagcdo, encorajando-

nos a investigar dicionarios com bons compromissos entre a cardinalidade q(C) e ©(C).
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Capitulo 4
Aplicactes em Codificacéo de Video

Neste capitulo nés utilizamos o algoritmo "Matching Pursuits"em Planos de Bits
Generalizados (MPGBP) proposto no capitulo 3 para codificar sequéncias de video usando
um dicionario super-completo formado de funcdes de Gabor tomando como base o co-
dificador de video proposto por Neff e Zakhor em [3, 4]. Os resultados experimentais
mostram que o codificador de video MPGBP apresenta um desempenho consistentemente
superior ao do algoritmo "matching pursuits'classico. Maiores detalhes sobre os codifica-
dores de video MP classico e MPGBP, assim como a apresentacdo de todos os resultados

obtidos encontram-se no apéndice D.

4.1 Um codificador de video eficiente usando o algoritmo

matching pursuits

Os métodos mais populares de codificacdo de video sdo aqueles baseados em
transformadas de blocos, onde a redundancia dentro destes blocos € explorada. Neste
contexto os algoritmos baseados na transformada Discreta Cosseno (DCT) sdo os que
apresentam o melhor desempenho. Apesar de serem mais eficientes, os métodos base-
ados na DCT introduzem indesejaveis efeitos de blocagem e ringing, especialmente em
baixas taxas de bits. Nos ultimos anos, varios metodos ndo baseados em blocos, como
aqueles que usam transformadas wavelet [27, 28, 29] e matching pursuits [2, 3, 5, 10], tém
surgido parareduzir estes efeitos indesejaveis. Nesta se¢cdo nds descrevemos um codifica-
dor de video eficiente, o qual foi baseado no trabalho proposto por Mallat em [2] e usa o

algoritmo de matching pursuits. Este codificador de video foi proposto por Neff e Zakhor
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em [3, 4]. Este usa a mesma estrutura (compensacao/estimacao de movimento, fluxo de
bits, tabelas de Huffman, etc) usada em [30], exceto pelo processo de codificagdo das
imagens residuais. A principal diferenca € que em [30] a imagem residual € dividida em
blocos 8 x 8 onde a DCT € aplicada, enquanto que em [3] o algoritmo matching pursuits
é empregado para decompor a imagem residual em uma soma ponderada de funcges de
Gabor. Ao invés de codificar os coeficientes da DCT, as posi¢des no bloco 8 x 8 e 0 passo
de quantizacéo, o codificador de video MP proposto em [3], codifica os indices das fun-
¢Oes de Gabor e suas posi¢des na imagem residual (os quais denominamos &tomos) assim
como os produtos internos obtidos pela projecdo destas funcdes na imagem residual. E
importante notar que o algoritmo matching pursuits é aplicado na imagem residual como
um todo, e consequentemente ndo é baseado em blocos.

No apéndice B foi descrito o algoritmo matching pursuits e suas principais caracte-
risticas para um diciondario unidimensional (1-D). Visto que nds usaremos este algoritmo
para codificar imagens residuais no espaco discreto bi-dimensional (2-D), o dicionario
usado tem que ser constituido de atomos 2-D. Além disso, como o algoritmo MP requer o
célculo do produto interno de todos os atomos deste dicionario com a imagem residual, é
necessario que este algoritmo tenha um conjunto limitado de atomos, cada um dos quais
com um tamanho finito, a fim de evitar um atraso demasiado no processo de codificacéo.
Assim, com o objetivo de reduzir este tempo de procura, usou-se fungdes separaveis [31]
para formar o dicionario. O dicionario usado consiste de uma colecéo super-completa de
funcdes de Gabor 2-D separéveis. Elas sdo versdes escaladas, deslocadas e moduladas de

uma janela Gaussiana. Definimos uma janela g(t) como

g(t) = V2e™ (4.1)
A funcdo de Gabor 1-D discreta de tamanho L pode entéo ser escrita como
i—Lt+1 2nE(i— 541
gz(l) =Kz g (—T - COS &l T ) +¢ (4.2)

onde x = (s, &, ¢) compreende um escalamento positivo, uma modulagédo em freqliéncia
e um deslocamento de fase, respectivamente, i € {0,1,--- ,L — 1}, e K5z é uma constante
de normalizacdo, escolhida tal que ||g|| = 1. Além disso, nos definimos B como sendo o
conjunto de todos os (s, &, d) possiveis.

Usando uma combinacéo das funcbes de Gabor 1-D definidas na equacéo (4.2)
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para construir um conjunto de funcbes de Gabor 2-D separaveis, pode-se formar o dicio-

nario 2-D como a seguir

Gaa(1i) = ga(i)gz0) (4.3)
ondei,j € {0,1,--- ,L—1}e &p € B.

A notacgdo acima assume que todas as fung6es 1-D tem o mesmo tamanho L. Con-
tudo, na pratica, cada funcéo 1-D pode ter o seu proprio tamanho, L. Isto foi feito a fim
de aumentar a velocidade na procura.

Como o uso de um conjunto B consistindo de todos os valores possiveis de & é
computacionalmente proibitivo, nés temos que escolher um subconjunto limitado B’. O
dicionario reduzido B’ foi construido da seguinte forma [3, 4]: um subconjunto maior
de B contendo valores igualmente espacados dos trés parametros (s, &, ¢) foi usado para
definir um dicionario 2-D. Um conjunto de imagens residuais de uma sequiéncia de treina-
mento foi decomposta neste dicionario usando o algoritmo MP. Os vinte valores (s, &, ¢)
mais freqlientemente usados pelo algoritmo MP foram selecionados para formar o con-
junto reduzido 5’.

Como ja foi dito o codificador de video MP proposto por Neff e Zakhor em [3]
baseia-se no codificador de video MPEG4 especificado em [30], com a diferenca que,
ao invés de usar a DCT para reduzir as redundancias da imagem residual, se usa um
dicionario super-completo formado por funcGes de Gabor. Inicialmente, se achaa funcéo
do dicionério que fornece a maior reducéo na energia da imagem residual. A escolha
desta funcdo é feita através o maior produto interno p., obtido das projecdes de todas as
funcgdes do dicionario na imagem residual. Contudo, como a procura completa sobre toda
aimagem residual, usando estas fungdes, requerum grande esforco computacional, é feita
uma pré-varredura da imagem residual a fim de encontrar o bloco de maior energia. A
localizacdo do bloco de maior energia é usada como uma estimativa inicial paraa procura
do produto interno. O produto interno € calculado em uma area 16 x 16 ao redor deste
ponto. Apos isto, o0 produto interno p., € quantizado com um passo de quantizacdo QP,
e a funcdo do dicionario escolhida (pesada pelo produto interno quantizado) € subtraida
da imagem residual. Entdo, codifica-se o indice desta funcéo e a sua posi¢éo na imagem
residual, assim como o produto interno gquantizado. Isto € feito usando-se tabelas de

codigos de Huffman [32]. Este processo é repetido até que um numero especificado de
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atomos seja codificado.

4.2 Um codificador de video usando o algoritmo MPGBP

Essencialmente o algoritmo MPGBP s0 substitui a decomposicdo e a estratégia de
quantizagdo empregadas em [3], usando exatamente 0 mesmo dicionario D, assim como
0 mesmo procedimento de codificacdo de atomos. Os atomos sdo obtidos e codificados da
mesma forma que com o codificador de video MP proposto por Neff e Zakhor. Contudo,
ao invés de codificar os valores quantizados do produto interno p., (veja equacao (2.1)),
codifica-se os indices k., (veja equacdo (3.6)) do plano de bits correspondente ao &tomo
codificado. E importante notar que o algoritmo MPGBP gera somente uma seqiiéncia de
indices, isto €, ao invés do produto interno do algoritmo MP, nds transmitimos somente
o0 indice k., correspondente ao expoente de « (veja equacdo 3.6). Além disso, como
os indices k,,, codificados no algoritmo MPGBP e os produtos internos quantizados p-,
codificados no algoritmo MP tem caracteristicas completamente diferentes, nds propomos
um novo esquema para codificar tais indices usando um codificador aritmético adaptativo

modificado (veja secdo D.2.1 para mais detalhes).

4.3 Resultados experimentais

NOs codificamos as seqiiéncias Coast-guard, Container, Hall-monitor, Foreman,
Mother-and-daughter and Silent-voice (veja 0 apéndice K) com 300 quadros QCIF em
30 quadros/segundos, sub-amostradas no tempo por um fator de 4 (taxas menores que
20kbps) e 3 (todas as outras taxas) paragerar 7,5 quadros/segundo e 10 quadros/segundo,
respectivamente. A codificagéo foi feita somente na componente de luminancia parataxas
de bits variando na faixa de 10-100Kkbps.

A tabela 4.1 compara o PSNR do codificador de video matching pursuits origi-
nal [3, 5] com o codificador de video MPGBP para diversas taxas e sequiéncias de video
usando o = 0,56. N6s podemos ver a partir desta tabela que o uso do esquema de planos
de bits generalizados melhora consistentemente o desempenho do codificador matching
pursuits original [3] para praticamente todas as taxas e sequéncias testadas. Isto pode

ser confirmado nas figuras 4.1 e 4.2 onde mostramos a variagcdo do PSNR por quadro da
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seqliéncia Mother na taxa de 64kbps e a variacdo do PSNR médio da seqliéncia com a
taxa, respectivamente. Note que esta melhora tende a aumentar com 0 aumento da taxa
de bits. Na verdade, nossos resultados séo comparaveis com os melhores na literatura, 0s

quais sdo obtidos usando sofisticadas estratégias adaptativas [10].

Tabela 4.1: Comparacao, em termos de PSNR em dB, entre as duas implementacdes

matching pursuits.

Seq + Taxa (kbps) || MPGBP | MP [3, 5] | MPGBP-MP
Container10 32,47 32,46 0,01
Mother10 33,27 33,31 -0,04

Hall10 33,30 33,26 0,04
Silent10 29,04 28,96 0,08
Coast10 24,32 24,27 0,05
Container24 34,64 34,43 0,21
Mother24 36,30 36,17 0,13
Hall24 36,52 36,12 0,40
Silent24 32,65 32,72 -0,07
Coast24 27,74 27,63 0,11
Container48 36,91 36,41 0,50
Mother48 39,11 38,45 0,66
Hall48 39,13 37,94 1,19
Silent48 36,25 35,97 0,28
Coast48 30,24 30,22 0,02
Container64 37,92 37,16 0,76
Mother64 40,40 39,31 1,09
Hall64 39,97 38,86 1,11
Silent64 37,82 37,28 0,54
Coast64 31,29 31,22 0,07
Mother96 42,23 40,98 1,25
Foreman96 35,55 35,35 0,20
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Figura4.1: Variacdo do PSNR com os quadros da sequéncia Mother na taxa de 64kbps.
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Figura 4.2: Variacdo do PSNR médio da sequiéncia com a taxa para a seqiiéncia Mother.

4.4 Conclusoes

Neste capitulo nds implementamos um codificador de video usando o algoritmo

MPGBP em substituicdo da decomposicéo e da quantizagdo matching pursuits classicas.

Nosso codificador de video foi usado com diferentes tipos de sequéncias e em uma grande

variedade de taxas de bits, produzindo resultados consistentes. Os resultados obtidos sdo

muito promissores, indicando uma significante melhora sobre o algoritmo MP cléssico [3,

4, 5].
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Capitulo 5

Métodos de Controle de Taxa para o
Codificador de Video MPGBP

No capitulo 4 utilizou-se uma estratégia de controle de taxa na qual se tentou
dividir ataxa de bits da seqiiénciaigualmente entre todos os seusquadros. Nesta estratégia
usa-se a taxa média de bits gasta por atomo codificado para fazer a estimagdo do numero
de atomos que devem ser empregados na decomposicdo de cada quadro da sequiéncia de
video. Contudo, este procedimento tende a gerar uma alocacdo de bits imprecisa para
cada quadro da sequiéncia, e consequientemente, tem-se que a taxa alvo normalmente nao
é alcancada.

Neste capitulo nds propomos duas estratégias de controle de taxa para o codifi-
cador de video MPGBP. Uma, na qual a taxa de bits da seqtiéncia é dividida de forma
precisaigualmente entre todos 0s seus quadros e outra que emprega a otimizacgdo Lagran-
geana pararesolver o problema da alocacgéo 6tima de bits para cada quadro da seqiiéncia.
Maiores detalhes sobre os métodos de controle de taxa propostos neste capitulo, assim

como a apresentacdo de todos os resultados obtidos encontram-se no apéndice E.

5.1 Alocacao de taxa fixa para o algoritmo MPGBP

A estratégia de controle de taxa usada no capitulo 4, a qual tenta dividir a taxa de
bits da sequiéncia de video igualmente entre todos 0s seus quadros, € baseada na estima-
¢do do nimero de atomos necessarios para produzir a taxa desejada para cada quadro da

sequiéncia. Contudo, como os quantizadores dos produtos internos dos atomos sao des-
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conhecidos a priori, este esquema de estimacao tende a produzir um controle impreciso
da taxa de bits. Nesta secdo nos apresentamos um procedimento que permite um controle
preciso da taxa de bits para o codificador de video MPGBP. Este controle preciso da taxa
baseia-se no fato de que o algoritmo MPGBP néo realizar uma quantizagdo explicita - ele
simplesmente mapeia o sinal de entrada em uma sequéncia de indices (veja apéndice C),
fornecendo uma solucgdo elegante para o problema de quantizacdo inerente ao algoritmo
matching pursuits classico.

O procedimento usado para fazer uma alocacéo precisa de bits é a de se calcular a
taxa gasta para cada novo atomo codificado até que a taxa de bits desejada para o quadro
seja alcancada. Isto é possivel porque o algoritmo MPGBP pode parar a decomposicédo
do sinal sempre que a taxa de bits alvo é alcancada (veja se¢do C.1). Contudo, a posi¢ao
dos atomos dentro de um mesmo macrobloco (16 x 16) € codificada diferencialmente de
acordo com o padrdo de varreduramostrado na figuraD.6. Assim, para se ter um célculo
preciso da taxa de bits gasta n6s devemos recalcular, para cada atomo adicionado, a taxa
gasta para codificar a posicéo diferencial de todos os atomos do macrobloco.

Note que a alocagéo precisa de taxa obtida com o0 esquema proposto permite uma
comparagao justa entre os codificadores de video, especialmente para baixas taxas de bits
onde pequenas diferengas na taxa podem ter uma forte influéncia no desempenho do co-
dificador de video. Uma outra vantagem de se utilizar o esquema de alocagao proposto,
€ gue como este procedimento, pode ser usado um buffer menor para armazenar as vari-
acdes de taxa. Isto pode ser visto na figura 5.1 onde é mostrada, para 0 método proposto
nesta se¢do (Alocacao Fixa) e parao método usado no capitulo 5 (Alocacdo Aproximada),
a variacao da taxa de bits gasta com cadaquadro da sequéncia Mother, esta codificadacom
64kbps.

Na figura 5.2 n6s podemos observar que o desempenho do codificador de video
MPGBP usando o esquema de alocacao fixa proposto nesta secdo € comparavel ao ob-
tido com o estado da arte dos codificadores de video baseados no algoritmo matching
pursuits [7]. Note que foram utilizados 60 quadros da seqiiéncia de video Foreman a 30

quadros/segundo.
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Figura 5.1: Variacdo dos bits gastos com cada quadro da seqiiéncia Mother a taxa de

64kbps com 10 quadros/segundos.
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Figura 5.2: O desempenho dos codificadores MPGBP e Zakhor para a seqiiéncia de video

Foreman em alta taxa de bits com 30 quadros/segundo.

5.2 Estratégia Lagrangeana de controle de taxa para o

algoritmo MPGBP

Em aplicacdes de codificagcdo de video a solucéo trivial do problema de alocacéo

da taxa é se dividir a taxa de bits total da sequiiéncia de video igualmente entre todos 0s seus
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quadros. Apesar de suasimplicidade, esta solu¢cdo normalmente ndo conduz aos melhores
desempenhos taxa-distorcdo. Contudo, usando-se métodos de otimizacdo Lagrangeana
para achar a quantidade de bits que deve ser alocada para cada quadro da seqiéncia,
pode-se alcancar valores de PSNR maiores, e conseqiientemente uma maior qualidade da
imagem com o menor custo. Desta forma, nesta se¢do nés propomos um algoritmo de
alocacdo de bits usando otimizacao de Lagrangeana.

Considerando que a funcéo taxa-distor¢céo (R-D) € convexa, o problema de aloca-

¢éo da taxa de bits pode ser estabelecido como:

minimizar J(A) = D + AR (5.1)

onde a funcdo de custo J(A) € minimizada para um dado valor do multiplicador de La-
grange A. E importante notar que cada solucéo da equagao (5.1) para um dado valor de
A corresponde a um compromisso taxa-distorcdo 6timo [33, 34] e para cada A nos temos
uma taxa diferente.

Visto que o algoritmo MPGBP garante que a distor¢cdo D sempre decresce (veja
teorema 1 na secao C.1), apos o i-ésimo atomo selecionado, nos teremos a variagdo de
distor¢do (AD; = D; — D;_;) com valor negativo e a variacdo de taxa (AR; = R; —
R;_;) com valor positivo para cada &tomo codificado. Assim, nds podemos reescrever a

equacdo(5.1) baseada nas contribuicdes incrementais AD e AR como

AJ(A) = AD + AAR (5.2)

E importante notar que é vantajoso adicionar 4&tomos para a decomposicdo en-
quanto o custo decresce (AJ(A) < 0). Portanto, a solugéo para a equacao (5.1) é obtida
quando AJ(A) = 0 [7]. Alem disso, como no algoritmo MPGBP a decomposi¢édo e a
quantizagédo sdo desempenhadas juntas, sem qualquer suposicédo sobre 0s quantizadores,
pode-se calcular precisamente os parametros AD; e AR; para cada atomo adicionado, e
assim obter um critério de parada que leva a uma alocacdo de taxa 6tima.

Usando o critério de paradadefinido acima (AJ(A) = 0) é proposta uma estratégia
de controle de taxa para o codificador de video MPGBP. Neste esquema de alocacgéo
de bits a decomposicdo é interrompida quando a funcdo custo J; do i-ésimo atomo para
de decrescer. E importante notar que esta estratégia de alocacdo de taxa assume que o

quadro tenha uma curva R-D convexa. Contudo, para o codificadorde video MPGBP esta
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curvando é estritamente convexa, visto que, devido a codificacdo diferencial das posi¢Ges
dos atomos, AR; pode ndo ser sempre positivo. Para contornar este problema, é feita a
alocagdo de bits usando o fecho convexo da curva R-D ao invés da prépria curva R-D.
No apéndice E é explicado com mais detalhes o problema da convexidade da curva R-D
e é proposto um algoritmo de alocacdo de taxa baseada na otimizacao Lagrangeana. Este

algoritmo esté reproduzido a seguir.

Algoritmo de controle de taxa 6timo
Para um dado A e usando um conjunto inicial de N = N, atomos

O Nos comecamos com Jeorrente = Jo» Janterior = 00, k = Kanterior = 0, €

p=0;
0 Repetir enquanto ]corrente < ]anterior

a) Parai=k até N+k,

D; — Dy,
C Ri—R.’
b) Escolherm € {1, ... ,N} tal que

Calcular A\; =

Am = Max{A);
c¢) CalcularJ,, = Dy + ARp;

d) Fazer kanterior - k, ]anterior - Icorrentev k =k+ m, Icorrente - ]111 e

~

}\p = X1'|'1;
e) Parai=0 até p,

SeA,_; <A, fazerN = N + 1 eir para o passo [J;

f) Fazerp =p + 1,

[0 Codificar o quadro com Kanterior AtOMOS;

O Parar.
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A figura 5.3 compara o desempenho do codificador de video MPGBP que usa o
esquema de alocacéo de taxa proposto nesta secéo (Alocacgio Otima) com o algoritmo de
alocacéo fixa de taxa proposto na se¢do5.1 (Alocacao Fixa). Esta figura mostra a variagdo
de PSNR com os quadros da seqiiéncia Mother na taxa de 51,58 kbps obtida usando um
A = 0,0006. Pode-se notar que apesar de ndo melhorar significativamente o desempenho
do codificador de video, o algoritmo proposto produz uma menor variagao entre os valores

de PSNR dos quadros, e conseqiientemente uma melhor qualidade da seqiiéncia de video

codificada.
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Figura 5.3: Variacdo do PSNR com os quadros da sequéncia Mother na taxa de 51,58

kbps.

5.3 Conclusoes

Neste capitulo nds propomos duas estratégias de controle de taxa para o codifica-
dor de video MPGBP. Na primeira nés dividimos a taxa da sequiéncia igualmente entre
todos os seus quadros usando o esquema preciso de alocagdo de bits proposto na se-
¢do 5.1. Este esquematem a vantagem de alcancar precisamente a taxa de bits almejada
para a sequéncia assim como necessitar de um buffer menor para conter as variagdes da
taxa. Os resultados mostram que este esquema pode ser usado para fornecer uma com-

paragdo mais justa entre os desempenhos dos codificadores de video, visto que, com eles
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obtemos precisamente a taxa desejada. O outro algoritmo utiliza otimizag¢ao Lagrangeana
para achar quantos bits devem ser alocados para cada quadro da sequiéncia a fim de que
seja obtida a maior qualidade da imagem com o menor custo. Neste caso os resultados
mostram gue este esquema fornece somente uma pequena melhoria sobre o esquema de
alocacdo fixa de bits. Apesar desta pequena melhoria no desempenho objetivo, este al-
goritmo produz uma variacdo de PSNR menor entre os quadros da seqiiéncia de video, e

consequentemente uma melhor qualidade visual da seqtiéncia de video codificada.
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Capitulo 6

Dicionarios para o Algoritmo MPGBP

No capitulo 4 nés analisamos o desempenho do algoritmo MPGBP em aplicacdes
de codificacdo de video, comparando o seu desempenho com o do codificador matching
pursuits classico proposto por Neffe Zakhor em [3, 4]. Os resultados obtidos mostraram
gue o desempenho do codificador MPGBP é consistentemente superior ao do codificador
matching pursuits classico. Contudo, como estes resultados foram obtidos usando, para
ambos os algoritmos, o dicionario proposto em [3], uma questdo surge: existe um outro
dicionéario que produz um desempenho melhor?

A partir da analise tedrica do desempenho taxa-distor¢do dos dicionarios selecio-
nados no apéndice C, n6s conjecturamos que a reducdo do angulo ©(C) pode levar a um
melhor compromisso taxa-distor¢do, desde que a cardinalidade q(C) do dicionario C ndo
aumente demasiadamente. Esta reducdo pode ser obtida usando uma melhor distribuicdo
dos vetores do dicionario ou entdo adicionando vetores no dicionario original a fim de
que estes preencham apropriadamente as regides "vazias"do espaco de vetores. Note que
o0 primeiro metodo preserva a cardinalidade e a dimenséo do dicionério. Por outro lado,
no segundo método, a cardinalidade é aumentada, e existe um compromisso entre esta
cardinalidade e 0 angulo ©(C).

Neste capitulo nds investigamos o desempenho do codificador de video MPGBP
usando outros dicionarios super-completos. E importante notar que maiores detalhes so-
bre a obtencdo dos dicionarios propostos neste capitulo, assim como a apresentacdo de

todos os resultados obtidos encontram-se no apéndice F.

32



6.1 Dicionarios derivados do treinamento com seqtén-

cias tipicas de video

Nesta se¢do nos propomos uma forma de gerar um dicionario redundante C que
tenha um angulo ©(C) menor que o do dicionario original proposto por Neff e Zakhor [3,
4]. O dicionério proposto é obtido pela inclusdo de novos vetores no dicionario original.
A inclusdo destes vetores tem por objetivo preencher os buracos que o dicionario original
tem no espaco de vetores. Nos definimos como buracos as regides do RN onde o vetor
do dicionario C mais préximo tem 8,, > 6. < ©(C). E importante notar que a inclusdo
destes vetores reduzem o angulo ©(C) do dicionario C.

A figura 6.1 mostra uma ilustragdo deste processoparao R=. Na figura6.1a nos po-
demos ver um buraco localizado na regido que tem angulo maximo 0, > 6.. Colocando-
se um vetor neste buraco forma-se um novo dicionario com um vetor a mais e com menor
® médio. Um novo buraco com um angulo 6. > 0. pode entdo ser achado em outra posi-
cdo (veja figura 6.1b) e assim um outro vetor pode ser colocado neste novo buraco. Este
processo pode ser repetido até que se tenha 6,, < 6. ou uma quantidade especificada de
atomos seja alcangada. Note que a cada passo tem-se 6,, < 0,,_;. Em outras palavras, se
um vetor X esta em um buraco e u; € o vetor do dicionario que esta mais proximo, nos

temos que

< X, Ui > < X, Ui >
0(X,u;) = arccos — 1~ — arccos — L= > 9, 6.1
X, ) X1 Tl X - 6.1)

O procedimento usado para selecionar novos vetores para serem adicionados ao
dicionério original ¢é descrito a seguir. Primeiramente, n6s usamos o codificador de vi-
deo MPGBP (descrito no capitulo 4) para codificar diferentes seqiiéncias de video com
diversos « e taxas de bits. Durante este processo de codificacdo (chamado de passo de
treinamento 1), as regides 2-D da imagem residual, na posicdo e com o tamanho igual ao
do respectivo atomo codificado, que geraram angulos maiores que um determinado limiar
(8.) foram consideradas como vetores candidatos a inclus&o no dicionario. E importante
notar que, se nés ja colocamos um vetor em um buraco, € melhor colocar o proximo vetor

em um outro buraco, obtendo-se assim uma melhor distribui¢cdo de vetores no espago.

LAs seqiiéncias de video usadas durante o passo de treinamento foram diferentes das seqiiéncias usadas

para avaliar o desempenho do codificador de video MPGBP.
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buraco Vetor incluido

Colocando um vetor no buraco

> 91 > 9(;

Proximo buraco se 65 > 6,

a) b)

Figura 6.1: llustracdo da reducdo de ©(C) pela colocacéo de um vetor em um buraco do

dicionario C no R-.

Para isso, nos calculamos os angulos entre todos os vetores candidatos, dentre estes, 0s
dois vetores que tem 0 menor angulo séo considerados como estando no mesmo buraco.
Sendo assim, um destes dois vetores deve ser eliminado do conjunto de candidatos. Para
iss0, nos calculamos os angulos entre estes dois vetores e todos os vetores do dicionario
original. Dentre 0s dois vetores considerados no mesmo buraco aquele que apresentar o
menor angulo é eliminado do conjunto de candidatos. Este processo continua até que o
conjunto de vetores candidatos seja reduzido ao numero de vetores que desejamos adici-
onar no dicionario original.

Os resultados obtidos com o codificador de video MPGBP usando os dicionarios
formados conforme o processo descrito acima, podem serencontrados no apéndice F. Tais
resultados mostram que a reducdes de ©(C) e © obtidas ndo foram suficientes para me-
Ihorar o desempenho do codificador de video MPGBP. Isto é, o procedimento de colocar
vetores nos buracos ndo diminuiu suficientemente estes angulos, o que consequentemente

Nao compensou 0 aumento na taxa de bits obtido com o aumento da cardinalidade.

6.2 Dicionarios derivados de expressoes analiticas

Na secdo F.1 do apéndice F mostra-se que reducdes significativas nos angulos

©(C) e © somente podem ser alcancadas com dicionarios com uma boa distribuicio de
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Seus vetores no espaco e que tenham estruturas nao-separaveis. Nesta secao nos investi-
gamos o desempenho do codificador de video MPGBP usando dicionarios nao-separaveis
derivados de expressdes analiticas. Os dicionarios propostos nesta se¢do foram gerados
a partir de rotagdes, escalamentos e amostragem de fungdes 2-D continuas obtidas de
expressoes analiticas.

Note que quandoadicionamos ao dicionario original estruturas nao-separaveis for-
madas de versdes rodadas de suas estruturas separaveis, nds estamos tentando preencher
0s buracos do espaco de vetores, localizados proximos a detalhes diagonais. Estamos
assim considerando que os detalhes diagonais estdo proximos de um buraco do diciona-
rio separavel, visto que estes detalhes tendem a ter um pequeno produto interno com as
funcdes separaveis. Além disso, adicionando estruturas rodadas (ndo-separaveis) em um
dicionario separavel, nds podemos capturar diversos contornos e arestas, 0s quais ndo sao
eficientemente representados usando somente estruturas separaveis. Isto pode ser visto
na figura 6.2, onde nds temos uma ilustracdo de uma aresta curva representada usando
estruturas separaveis ou nao-separaveis. Note que, usando um dicionario separavel (fi-
gura 6.2a) mais estruturas sdo necessarias para representar a aresta do que quando se usa

um dicionario ndo-separavel.

a) usando estruturas separaveis b) usanddo estruturas nao-separaveis

Figura 6.2: Representacdo de uma aresta curva usando estruturas separaveis ou nado-

separaveis.

Na tabela 6.1 nés comparamos o0 PSNR, e os valores de ©(C) e © obtidos usando
o codificador de video MPGBP com o dicionario separavel proposto por Neff e Zakhor
(referenciado como "N") e o dicionario ndo-separavel gerado por rotagdes das estruturas
separaveis do dicionario original (referenciado como "NR") e que cuja cardinalidade é

8090. A partir desta tabela nds podemos ver que o dicionario proposto produz, em geral,
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uma reduco razoavel dos angulos ©(C) e ©, compensando assim 0 aumento na taxa
obtido quando a cardinalidade do dicionario é aumentada. E importante notar que quanto
maior s&o as reducdes de ®(C) e ©, melhor é o desempenho do codificador de video
usando o dicionario NR. Os resultados mostram que sempre que obtemos uma reducao
de © maior que 1°, n6s obtemos um melhora no desempenho do codificador de video
MPGBP. Na figura 6.3 n6s mostramos que esta melhora tende a aumentar com o aumento
da taxa. E importante notar que estes resultados confirmam a conjectura feita, baseada
na analise tedrica apresentada no apéndice C, que pela reducdo dos angulos ©(C) e ©,
mesmo com o0 aumento da cardinalidade, n6s podemos obter um melhor compromisso

taxa-distorcéo.

Tabela 6.1: Comparacdo, em termos de PSNR em dB, entre o codificador de video

MPGBP usando o dicionério original e o dicionario proposto formado por rotagdes.

N (Neff) NR (Neff + Rotation) Difference (NR - N)

PSNR | ©(C) (C] PSNR | ©(C) C] PSNR | ©(C) (C]

Seq + Rate

Mother24 36,19 | 86,17° | 82,29° | 36,53 | 85,69° | 81,03° | 0,34 | -0,48° | - 1,26°
Weather24 31,75 | 87,52° | 82,61° | 32,25 | 86,62° | 81,27° | 0,50 | -0,90° | -1,34°
Hall24 36,41 | 87,28° | 81,62° | 36,22 | 86,64° | 80,68° | -0,19 | -0,64° | - 0,94°
Silent24 32,59 | 87,08° | 80,19° | 32,74 | 86,29° | 78,90° | 0,15 | -0,79° | - 1,29°
Coast24 27,71 | 86,79° | 81,45° | 27,65 | 85,87° | 80,51° | -0,06 | -0,92° | - 0,94°
Mother64 40,38 | 87,19° | 83,51° | 40,72 | 86,51° | 82,35° | 0,34 | -0,68° | -1,16°
Weather64 37,56 | 88,26° | 83,60° | 38,39 | 87,20° | 82,34° | 0,83 | -1,06° | - 1,26°
Hall64 39,87 | 87,69° | 83,01° | 39,85 | 86,97° | 82,13° | -0,02 | -0,72° | - 0,88°
Silent64 37,72 | 87,81° | 82,25° | 37,96 | 86,92° | 81,14° | 0,24 | -0,89° | - 1,11°
Foreman64 33,45 | 86,80° | 80,77° | 33,93 | 85,94°c | 79,25° | 0,48 | -0,86° | -152°
Coast64 31,33 | 87,32° | 82,92° | 31,36 | 86,29° | 82,01° | 0,03 | -1,03° | -0,91°
Foreman96 35,52 | 87,07° | 81,60° | 36,01 | 86,34° | 80,30° | 0,49 | -0,73° | - 1,30°
Weather96 40,38 | 88,48° | 84,00° | 41,41 | 87,30° | 82,72° | 1,03 | -1,18° | -1,28°

6.3 Conclusfes

Neste capitulo nds investigamos a desempenho do codificador de video MPGBP
usando diferentes dicionarios super-completos. NOs usamos duas estratégias para esco-

Iher as estruturas dos dicionarios, uma adicionando vetores no dicionario original pro-
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Figura 6.3: Variagdo do PSNR com a taxa para a seqiiéncia Weather.

posto por Neff e Zakhor e um outra usando uma nova distribuicéo de vetores do dicio-
nario. Os resultados obtidos pelo dicionario formado de versdes rodadas das estruturas
separaveis do dicionario original confirmam a conjectura, feita baseada na analise tedrica
no apéndice C, que reduzindo os angulos ©(C) e ©, apesar do aumento na cardinalidade,

pode ser obtido um melhor compromisso taxa-distorgao.
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Capitulo 7

Conclusao

Esta Tese introduziu uma classe de métodos de compressao de video, baseados na
decomposicao em planos de bits generalizados, usados tomando como base o algoritmo
"matching pursuits”.

Inicialmente é apresentado, no capitulo 2, o algoritmo matching pursuits e suas
principais caracteristicas.

A seguir, no capitulo 3, a teoria de decomposicdo de sinais em planos de bits ge-
neralizados foi apresentada e um novo algoritmo (algoritmo MPGBP) para fazer decom-
posi¢cOes usando o algoritmo de "matching pursuits'baseadas em tal teoria foi proposto.
O algoritmo proposto tem a vantagem de néo precisar especificar qualquer relacéo entre o
nimero de 4&tomos usados e a quantizacao dos seus coeficientes, dando uma solucéo ele-
gante ao problema de quantizacao inerente ao algoritmo "matching pursuits"tradicional.
Neste capitulo nés também analisamos o limitante tedrico para as caracteristicas taxa-
distorcéo do algoritmo proposto usando parametros de reticulados regulares, assim como
de um dicionario formado pela unido de um dicionario ortogonal e seus simétricos em
relacdo a origem. Os resultados mostraram que a reducgéo do valor de ©(C) de tais dici-
onarios pode levar a um melhor compromisso taxax distorcéo, e consequentemente, uma
reducéo da taxa de bits gasta no processo de codificagéo.

A fim de avaliar o desempenho do algoritmo MPGBP em codificacdo de video,
no capitulo 4, foi implementado um codificador de video usando como base o algoritmo
proposto por Neff e Zakhor em [3, 4]. O codificador de video MPGBP foi testado com
diferentes tipos sequéncias e para uma grande variedade de taxas de bits, produzindo

resultados consistentes. Estes resultados indicam uma significante melhora sobre o al-
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goritmo "matching pursuits"classico usado em codificacdo de video [3, 4]. O algoritmo
MPGBP também fornece um desempenho comparavel com os obtidos usando algoritmos
mais sofisticados, como por exemplo, o apresentado em [10, 7].

No capitulo 5, foram propostas duas estratégias de controle de taxa para melhorar
o desempenho do codificador de video MPGBP. Uma usou um procedimento de controle
de taxa que divide de forma precisa a taxa de bits da seqliéncia igualmente entre todos
0S seus quadros; outra usou um esquema de controle de taxa que emprega otimizacao
Lagrangiana a fim de resolver o problema de alocacdo 6tima. O esquema fixo pode ser
usado para fornecer uma comparacgédo justa entre os desempenho dos codificadores de
video, visto que com eles podemos obter precisamente a taxa desejada. Seu desempenho
é comparavel com aqueles obtidos usando o estado-da-arte em codificadores de video
baseados no algoritmo de "matching pursuits” [7]. O esquema baseado em otimizacgéo
Lagrangeana apresenta somente uma pequena melhoria no desempenho objetivo obtido
sobre o de taxa fixa, apesar da menor variacdo de PSNR obtida os quadros da sequéncia
de video, e consequentemente uma melhor qualidade subjetiva paraa seqiiéncia de video
codificada.

No capitulo 6 nds investigamos o desempenho do codificador de video MPGBP
usando diferentes dicionarios super-completos a fim de se avaliar os efeitos destes dici-
onarios no desempenho de tal codificador. Os resultados mostram que usando um dici-
onario ndo-separavel formado de versdes rodadas das estruturas separaveis do dicionéa-
rio usado original por Neff e Zakhor obtemos uma significativa melhora no desempenho
do codificador de video. Isto confirma a conjectura, feita baseada na analise tedrica do
apéndice C, que reduzindo os dngulos ©(C) e © do dicionario C, apesar do aumento da
cardinalidade, pode ser obtido um melhor compromisso taxa x distorcao.

Como sugestdo para trabalhos futuros, deve ser investigado o desempenho do al-
goritmo MPGBP codificando imagens estaticas. A fim de se fazer isto, devem ser in-
vestigados algoritmos baseados em "matching pursuits”que sejam diferentes ao de Neff e
Zakhor [35, 36, 37, 38, 39, 40, 41, 42], que séo apropriados apenas para uso em codifica-
¢do de video. Neste contexto, devem ser também investigados dicionérios que fornecem
uma melhor representacdo para as imagens estaticas [3, 4].

Como uma outra sugestao paratrabalhos futuros, o algoritmo MPGBP poderia ser

aplicado em codificacdo de video usando dicionarios mais sofisticados, como os baseados
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em ridgelets [43, 44, 45, 46, 47, 48], curvelets [49, 50, 51] e contourlets [52, 53].
Resumindo, pode-se concluir que o algoritmo MPGBP fornece um esquema efici-
ente para codificagdo de video, e seu desempenho encoraja a continuagdo desta linha de

pesquisas.
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Apéndice A
Introduction

Systems that use visual information, like multimedia systems, digital television,
video phone, and Internet image and video transmission, just to mention some, have been
increasingly used nowadays. As a consequence, in the last years, the amount of visual
information that needs to be processed and stored has had a significant increase. In order
to efficiently use such kind of information, image and video compression is mandatory.
This Thesis deals with a class of video compression methods.

The Matching Pursuits Algorithm proposed by Mallat and Zhang in [2] has been
employed successfully in video compression [3, 4, 5, 6, 7, 8, 9]. In them, the motion
compensated frame difference is decomposed overan overcomplete dictionary, generating
a sequence of pairs specifying the atoms used and their corresponding coefficients. A
particular rate x distortion (R-D) trade-off is achieved by specifying both the number of
atoms and the quantizers for their coefficients. Several strategies have been proposed in
order to achieve good trade-offs [10, 11, 7].

Here, we propose a novel method that is equivalent to performing matching pur-
suits guantization based on the notion of decomposition in generalized bit-planes. The
structure of such decompositions is such that once the decomposition is carried out, quan-
tization is already done, and there is no need to set up any quantization parameters. It
does so by generating a decomposition that is readily organized in bit-planes. Such de-
compositions, unlike the traditional ones, generate just a sequence of indexes. In other
words, it can be said that the matching pursuits algorithm based on generalized bit-planes
decomposition performs both decomposition and quantization at the same time. Thus, it

presents an elegant solution for the trade-off between quantization of coefficients and the
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number of passes in the matching pursuits algorithm. We show that they can be regarded
as a generalization of any decomposition on a dictionary followed by coefficient represen-
tation in finite precision using the binary number format. In addition, we state a theorem
that sets bounds for their R-D performance.

Since the matching pursuits algorithm that uses generalized bit-planes decompo-
sitions maps the frame difference into a sequence of indexes, we can obtain a precise
control of the rate spent for each atom added, and consequently, the decomposition can
be stopped whenever the bit-budget is exhausted. Based on this fact, we propose two
rate-control strategies [12, 13, 14, 15, 16, 17, 18, 19] in order to improve the performance
of the video encoder that uses such algorithm. One uses a rate-control procedure that
divides precisely the bit-rate of the sequence equally among all its frames. The other uses
a rate-control scheme that employs Lagrangean optimization in order to solve the optimal
bit allocation problem [7]. In the former we have the advantage of precisely allocating
the desired bit-rate for the frame, and consequently obtaining the desired rate budget. In
the latter we can allocate the bit-rate in order to obtain the optimum R-D trade-off.

Also, to improve the performance of the proposed video encoder we investigate
different overcomplete dictionaries [20, 6, 21, 22, 23], including non-separable ones,
formed by rotations of separable structures. Confirming the theoretical analysis, the use
of these dictionaries lead to improvements in coding performance.

This Thesis is organized as follows: the first part is written in Portuguese and
contains the introduction, the main text in chapters 2 through chapter 6 and a conclusion.
The content of these chapters is reproduced, with added detail, in 11 appendices.

Appendix B, presents the matching pursuits algorithm and its main characteristics.

In appendix C, we propose a novel algorithm (The Matching Pursuits Generalized
Bit-Planes Algorithm — MPGBP Algorithm), that performs a kind of adaptive decompo-
sitions in which a signal is decomposed into generalized bit-planes. Also, we analyze the
theoretical Rate Distortion bounds of the proposed algorithm.

In appendix D, we use the MPGBP Algorithm to encode video sequences using
an overcomplete dictionary formed by Gabor functions, showing experimental results.

In appendix E, we propose two rate-control strategies for improving the perfor-
mance of the MPGBP video encoder. One uses a fixed bit-rate allocation and the other

uses Lagrangean optimization. Experimental results are also presented.
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In appendix F, we investigate the performance of the MPGBP video encoder using
different separable and non-separable overcomplete dictionaries, along with experimental
results.

Finally, appendix G contains the conclusions along with future research directions.
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Apéndice B

Signal Decompositions

In this appendix we show a review of the signal representation and also we de-
scribe the main characteristics of the Matching Pursuits Algorithm proposed by Mallat
and Zhang in [2]. This algorithm decomposes signals iteratively into a linear expansion
of waveforms that are selected from a redundant dictionary of functions. In each iteration,
an exhaustive search is used to choose the best dictionary structure element to represent
the signal. The projection of this element is subtracted from the signal, and the remaining
signal energy is passed to the next iteration as a residual. It is important to note that these

waveforms are selected in order to obtain the best match with the signal structures.

B.1 Signal Representations

A signal x of dimension N can be represented using a complete dictionary [2]
B = {f,fs,..., s}, ||fi]| = 1, Vi by a linear combination, finite or infinite, of signals f;

(called atoms or structures) by the following equation [54, 55]

hul
X = Z Cl{_ff_ (Bl)
i=1

where the coefficients a; form a binary vector a.

Note that the dictionary B may contain more elements then necessary to span the
space, that is, M may be larger than the dimension N of the signal space. The key point is
how to obtain the coefficients a; and the atoms or structures f;. In general, for the decom-

position represented by equation (B.1) be capable of identifying different characteristics
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of the signal, the dictionary must contain a large number of structures f;. In fact, the
number of structures in the dictionary should be as large as the number of characteristics
that we want to identify. Dictionaries that have more structures than the dimension of the
signal are referred to as overcomplete dictionaries, and the decompositions of a signal in

that dictionaries are called redundant.

B.1.1 Basis

In equation (B.1), if the vectors f; form a basis of 3, the binary vector a of dimen-
sion N will be the unique solution for the decomposition x. Then, we have the binary
vector a representing the signal x using the basis B.

A basis is orthogonal when the inner product between any two vectors f; of the
basis is zero, < f|,f,. >= 0 Vk # L. This implies that an orthogonal basis in the Euclidean
space is formed by vectors with angles of 90° between them. When an orthogonal basis
has the inner product between its vectors satisfying < f, f, >= d(1—k) V(k, 1) this basis
is known as orthonormal.

A basis is called biorthogonal when we have the inner product between its vectors

and the ones of its dual basis given by:

<f,f >=6(k—1) (B.2)

where f, are the vectors of the basis I" and f,. are the ones of the dual basis I Itis important
to note that the basis I" and its dual I" are both non-orthogonal.

Algorithms that perform decompositions as shown in equation (B.1), using com-
plete dictionaries, as the Discrete Cosine Transforms (DCT) [56], Wavelet Transforms[57,
58, 59, 60, 61, 62, 63, 64, 65, 55], Fourier Transform [66, 67, 68], among others, are
widely used nowadays. However, these decompositions are not flexible enough to pro-
vide a good representation for signals that have components whose localizations in time
and frequency vary widely. For example, the Discrete Wavelet Transform (DWT) has
high frequency basis functions well located in time and poorly located in frequency, and
low frequency basis functions well located in frequency and poorly located in time. All
the DCT basis functions have fixed time and frequency resolutions [55]. One way to deal
with this problem is to employ an overcomplete dictionary, in which the number of ele-

ments is greater than dimension of the signal space. In this way one can have elements
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representing several compromises between time and frequency resolutions, providing a

great deal of flexibility for signal decompositions.

B.1.2 Frames

A frame [55, 69, 70, 54, 71] is a family of vectors {¢,,} that characterizes any
signal x fromits inner products {< X, ., >}. In a frame there is in general more structures
than in a basis, what tends to produce better representations of a signal.

The dictionary C = {¢,--- , b} in a Hilbert space H represents a frame if we

canfindan A > 0 anda B < oo suchthat forany signal x € H we have

AP < Y1 <% ¢n > 1> < BIX| (B3)

m

where < X, ¢, > represents de inner product between the signal x and a structure of the
dictionary C. Note that M is the cardinality of the dictionary C and N is the dimension of
signal space, and we can have M > N. The frame becomes a basis for M = N.

The constants A and B are the frame bounds and when we have A = B the frame

is referredto as tight. For a tight frame we have:

lIxI* = AT )|l < dn,x > | and (B4)

x = A Z < P, X > Py (B.5)

If &,, = 1 forall n, then the constant A gives the redundancy ratio of the frame.
Forexample, if A = 2 there are twice as many vectors as needed to span the space H. The
expansion in equation (B.5) is not unique because the vectors in the frame are linearity
dependent. In fact, the linear dependence means that > no,¢,, = 0 has a nontrivial

solution (some o, #0)so X =Y (A~ < ¢y, X > +otn ) by, is also a valid expansion.

B.2 Adaptive Representation of Signals

Adaptive representations [2, 54, 55, 72, 73] combine the concepts redundancy and
compactness [73] by choosing from a large dictionary which atoms are used to represent

a signal. This choice is signal dependent, hence the term adaptive. These representations
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have been used in a wide range of applications, from coding and compression to signal
enhancement, de-noising, pattern recognition and understanding of signals [74, 75, 76,
77].

Note that, one of the best things of adaptive decomposition is that a signal no
longer needs to be represented in terms of a single orthonormal basis set [78]. This can
be achieved by decomposing a signal onto a set of waveforms. This set of waveforms is
often referred to as a dictionary.

A dictionary is acollection of parameterized waveforms D = (¢, : v € T'). These
waveforms ¢, are discrete-time signals of length n called atoms [79]. The parameter y
is dependent upon the dictionary type, e.g. if using a frequency dictionary, then vy is
the indexing frequency. Usually dictionaries can either be complete or overcomplete, in
which case they contain exactly N atoms, or more than N atoms, respectively. There
are also continuous dictionaries, which contain an infinity of atoms, and under-complete
dictionaries for special purposes, which contain fewer than N atoms [79].

Using a overcomplete dictionary the decomposition represented by equation (B.1)
becomes non-unique. This is so because some elements in the overcomplete dictionary
have representations in terms of other elements. Non-uniqueness gives us the possibility
of adaptation, i.e., of choosing among many representations one that is most suited to our

purposes. We are motivated by the aim of achieving simultaneously the following goals:

e Sparsity. We should obtaining the sparsest possible representation of the object —

the one with the fewest significant coefficients.

e Super-resolution. We should obtain a resolution of sparse objects that is much

higher-resolution that that possible with traditional non-adaptive approaches.

An important constrain, which is perhaps in conflict with both the goals is the
Speed.

Several methods have been proposed for obtaining signal representations in over-
complete dictionaries. Theserange fromgeneral approaches, like the Method of Frames [80],
Basis Pursuits [79], and Matching Pursuits [2], to clever schemes derived for specialized
dictionaries, like the method of Best Orthogonal Basis [81, 82]. These methods are briefly

explained below.
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B.2.1 Method of Frames (MOF)

The Method of Frames was one of the first decomposition techniques to be sug-
gested by Daubechies [80] in representing the signal using an overdetermined dictionary.
Generally, Method of frames does not carry out sparse decomposition. Given a discrete
dictionary of p waveforms (each of length n) those are collected as columns ofann x p

matrix, @, the decomposition problem is:

®a =x (B.6)

where a is vector of coefficients.
The Method of Frames picks out among all solutions [69] of equation B.6, one

whose coefficients have the minimum L= norm:

min ||al|- subject to ®a = x (B.7)

The solution of this problem is unique and it is obtained by using a conjugate
gradient method [83] to solve the equations (B.6) and (B.7). This technique has two
problems [79, 84]. Firstly, the Method of Frames is not sparsity preserving. It has a
tendency to use all the basis functions non-orthogonal to the signal yielding a very non-
sparse representation. If the signal can be represented by a minimal set of the dictionary
elements, then the coefficients found by Method of Frames are likely to be more numerous
than this minimal set. Secondly, the Method of Frames is resolution-limited. It does not
allow object to be reconstructed with features sharper than those allowed by the analysis

and synthesis operators.

B.2.2 Best Orthogonal Basis (BOB)

Best Orthogonal Basis, proposed by Coifman and Wickerhauser [81, 82] is a tech-
nique, which seeks to find a best basis out of an orthogonal set of vectors relative to a
given signal. Thus, overall information cost is optimized. This method uses a library of
orthogonal waveformsthat has a natural dyadic tree structure. Utilizing this type of struc-
tured dictionary makes it easy to construct orthogonal bases by an O(NlogN) search

algorithm.
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Given alibrary as a tree structure, the best basis of a signal x is found by traversing
the tree and selecting nodes that correspond to a minimization of the entropy function.
The union of these nodes correspond to the best basis [81]. Shannon’s entropy function is
used as the selection criteria.

In other words, the Best Orthogonal Basis technique attempts to solve ®a = x, by
picking a whose coefficients have the least entropy. Configuration for this method is as

follows:

1
min a,. log — subject to ®a = x B.8
| % log - subj (B.8)
The procedures of this Best Orthogonal Basis technique are as follows:

1. Firstly, it started by constructing a large dictionary, which consists of elements that
are orthogonal. These elements are later structured into a tree of sub-collection of

the basis functions.
2. The inner product of the data with each element is the computed.
3. The entropy of collections of the resulting coefficients is also computed.
4. The different combinations of the least entropy are retained.

5. Finally, the whole procedures repeat itself until the minimum entropy is obtained.

One of the advantages of using this algorithm is that it brings a near to optimal
sparsity representation in some cases [78]. In a way, it allows the decomposing classes
of operators to make their structure sparse for fast computation. This resulted in a great
interest for the development of the forward-scattering techniques.

However, there are disadvantages with this technique as well [78]. It does not
work with dictionaries consisting of disparate, non-orthogonal functions. For example,
BOB will not work with dictionaries that are created from scattering functions. However,
dictionaries that comprise of elements, which exhibit the characteristics of the signal com-
ponents and satisfy the structure does work well with BOB. One very good example of

such dictionaries is those dictionaries that are composed of wavelets.

49



B.2.3 Basis Pursuits (BP)

The principle of Basis Pursuits technique, proposed by Chen and Donoho [79] is
to find a representation of a signal whose coefficients have minimal L; norm. Formally,

one solvesthe problem:

min ||a||; subjectto ®a = x (B.9)

From one point of view, equation (B.9) is very similar to equation (B.7) of the
Method of Frames. We are simply replacing the L- norm in equation (B.7) with the L,
norm. However, this apparently slight change has major consequences. The Method of
Frames leads to a quadratic optimization problem with linear equality constraints, and
so involves essentially just the solution of a system of linear equations. The minimiza-
tion is found in the first derivative where the minimum can be easily found. In con-
trast, Basis Pursuits requires the solution of a convex optimization problem with inequal-
ity constraints, which involves considerably more effort and sophistication [78]. Note
that, the solution of equation (B.9) can be obtained by solving an equivalent linear pro-
gram [85, 86, 87].

Because of the non-differentiability of the L; norm, Basis Pursuits leads to de-
compositions that can have very different properties from the Method of Frames. Basis
Pursuits decompositions can be much sparser. Because Basis Pursuits always delivers a
decomposition on an optimal basis and not necessarily on an orthogonal basis, it seems
better than the Best Orthogonal Basis method resolving non-orthogonal structures. How-

ever the cost to achieve this is at expense of greater computational complexity.

B.2.4 Matching Pursuits (MP)

Mallat and Zhang proposed in [2] the matching pursuits algorithm, that decom-
poses a signal x iteratively in passes, where in each pass, the waveform (from a redundant
dictionary) that gives the largest reduction on the energy of the signal (the best match) is
chosen and subtracted from the signal. The residual signal is passed on to the next pass
and the process is repeated. The best match is given by the waveform with largest inner
product with the signal.

Using a matching pursuits we can decompose a signal x € H of dimension N,
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where H is a Hilbert space, using a redundant dictionary D = {g},},r,er of M vectors (the
g, are in general referred to as atoms), and unit norm (||g,|| = 1, ¥y). The dictionary
is said to be redundant because, in general, M > N. A matching pursuits begins by

projecting x on a vector g, € D and computing the reside RXx:

X =< X,0y, >0y, +RX (B.10)

where Rx is the residual vector after approximating x in the direction of g, ,. Since Rx is

orthogonal to g, (seefigure B.1), the modulus of x is:

Figure B.1: Representation of a step of the matching pursuits algorithm.

IXI* =< X,gy, > I* + |Rx]? (B.11)

As the term that must be minimized is the error [|[Rx||~ = (X[ — | < X,gy, > |,
the g,, € D to be chosen is the one that maximizes | < X,g,, > [. In some cases it
is not computationally efficient to find the optimal solution, and a suboptimal solution is

computed instead:

| <X, 0y, > | > asup,crl < X,0y > | (B.12)

where & € (0, 1] is an optimality factor which is 1 when the optimal solution has been
chosen. This sub-optimality factor « depends on the searching method used to find the

solution.
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A matching pursuits is an iterative algorithm that sub-decomposes the residue Rx
by projecting it on a vector of D that matches Rx (almost) at best. Ifwe consider R'x = x
and we suppose that the n'" order residue R"x (n > 1) has been computed, the next

iteration will chose g,.,, € D such that:

| <R",0y,, >>| > asup| < R"X,0 > | (B.13)
yer

With this choice R™x is projected on g,.,, and decomposed as follows:

R™X =< R™X, 0y, > 0y, + R""'x (B.14)

R"!x and g,., are orthogonal, so the quadratic module of the previous equation

IR™X]I* = | < R™X, gy, > >+ [R™'x||* (B.15)
From equation (B.14) we can see that the decomposition of x is given by:

X=Y <R"™,0y, >0y, +R™'x (B.16)

n=I

and with the same principle we can also deduce from equation (B.15) that the L. norm of
the signal x is:

IXIF =D | <R",gy, > "+ [R™" x| (B.17)

n=I

where |[R™+'x|| converges exponentially to 0 when m tends to infinity and M is finite

(see [88] for a proof).

B.3 The Matching Pursuits Algorithm

In section B.2.4 we have shown that a signal x can be decomposed using an iter-
ative method [2, 55], known as matching pursuits. This one is a greedy algorithm [88]
that decomposes any signal into a linear expansion of waveforms that are selected from
a redundant dictionary. These waveforms are iteratively chosen to best match the signal
structures, producing a suboptimal expansion. Vectors are selected one by one from the

dictionary, while optimizing the signal approximation (in terms of energy) at each step.
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Even though the expansion is linear, it gives a non-linear signal decomposition, because
the set of functions depends on the signal coded. The Matching Pursuits method has al-
ready found applications in medicine [89], audio [90, 91], speech [92] and image [35, 93]
and video coding [3, 4, 9, 21] (though in video coding it is usually used to code the motion
estimation error [5]). Most of the applications of Matching Pursuits use Gabor functions
or symmetric dictionaries. Some use also orthogonalized MP [88] to be able to have a
zero estimation error, though this is not very used because it increasestoo much the com-
putational cost. In this section we show a practical algorithm to implement the matching

pursuits method as well as several properties of this one.

B.3.1 The Algorithm

From equation (B.16) we can obtain an approximation of the signal x in P passes [2]

P
XA Y Pulyn (B.18)

n=]

where p,, =< R™X, g,,, > are the inner products.
In the matching pursuits we have to compute only the pairs (p.,,v~). It can be

done by the algorithm below

53



MP Algorithm

O Startwithw=x,n=1.

[0 Repeat until a stop criterion is met

(a) Choosey,, € {1, ...,M} suchthat
WGy, = ]g%{w - G-

(b) Choose p,, =< W,gy,, >.

(c) Replace w by w — .0y,

(d) Incrementn.

0] Stop.

It is important to note that the matching pursuits coefficients p., computed by the
MP Algorithm must be quantized for being used in compression applications [11, 10, 7,

94].

B.3.2 Properties of Matching Pursuits

Matching Pursuits has two kinds of properties: properties that depends on the dic-
tionary (so the Matching Pursuits decomposition only has them if the chosen dictionary
has them as well) and the ones that are independent on the dictionary (so any Match-
ing Pursuits decomposition has them no matter which set of functions has been used to
perform the decomposition).

The main properties derived directly from the matching pursuits algorithm (so,

independent from the dictionary) are:

e Energy conservation: In Matching Pursuits, when dealing with an infinite decom-
position series, the energy in the transformed domain and the energy in the space

domain is the same, as can be deduced from equation (B.17). As:
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lim RMx =0 (B.19)

Wl o

(because of the exponential decrease of the coefficients and the error), when M —

oo equation (B.17) turns to:

IXIF =) | <R™,gy,, > (B.20)

m=I

which mimics Parseval’s equality for Fourier series.

Invertible: A complete Pursuits recovers a perfect version of the signal x:

X=Y <R™X,0y, > 0. (B.21)

m=I

Thus the signal x may be reconstructed from its Matching Pursuits coefficients, but
if the decomposition is finite in general the reconstruction of the coded signal will
not be perfect, there will be a reconstruction error given by R¥+'x, where M is the

number of coefficients used by the decomposition.

Non-linearity: The fact of having a non-linear dictionary gives to matching pursuits

the two following characteristics, which are very appreciated when performing cod-

ing:

— Robustness to quantization: Robustness to quantization comes from the fact
the decomposition is overcomplete. Because of overcompleteness, the trans-
formed domain space has dimension P, higher than the dimension N of the
original signal. When quantizing the transformed domain, error quantization
is spread allover the P dimensions of the transformed domain. But when ap-
plying the inverse transform, some of the information in the transformed do-
main (the one that belongs to the dimensions that do not exist in the original
space) is lost, and so part of the quantization error performed will not at all

affect the quality of the decoded signal.

— Exponential decrease of the error: This implies a great decrease in the first
coefficients, and thus a fast initial approximation. After a certain number of

coefficients, the Matching Pursuits error decrease is no too fast, and a change
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of dictionary or of coding method may be worthy. This exponential decreasing
of the error will only happen if the signal has finite dimension, because in
infinite dimension the condition of the unit sphere being dense in the working

space becomes false.

The Matching Pursuits may have other properties, depending on the properties
of the set of functions in the dictionary used to decompose the signal. In many signal
processing application, like image processing, it may be interesting to have certain in-
variance to image transformations, as translation, rotation and dilation (for example, in
pattern recognition). Matching Pursuits will have such invariances if the dictionary used

to decompose a signal has also them:

e Translation Invariance: A dictionary D is translation invariant if forany g, [n] € D
andany k = [ky,ky] € [0...N—1,0... N —1]then g,[n — k] € D. If matching
pursuits is computed in a translation invariant dictionary, then its decomposition

will be translation invariant. Given the decomposition of x in D,

Wl
Xl =Y <R™X, Gy, > GynMl +R¥ XM (B.22)

m=I

it is easy to verify [88] that the matching pursuit of x,.[n] = X[n — k] selects a

translation by k of the same vectors g, with the same decomposition coefficients:

hel
xnl =) <R™X, 0y, > Gy, — kI + R"*'x[n] (B.23)

m=l

e Rotation invariance: By analogy, a rotation invariant matching pursuit can be ob-
tained by using a rotation invariant dictionary D. A dictionary is rotation invariant
if for any g,[n] € D andany 0 < [0,27] then g,[ra - n] € D, where rq is the

rotation operator given by the matrix:

[ cos® sin® -|
Ta = . (B.24)
{ —sin® coso J
Given the decomposition of x in D,
Wl
Xi) =3 <R™X, Gy, > Gy, ]+ R[] (B.25)

m=I
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one can verify that the matching pursuit if xa[n] = X[ra - n] selects a rotation by 0

of the same vectors g, ., with the same decomposition coefficients:

Wl
xaml = ) < R™X,0y,, > Gy,alra - 1] + R¥*'xa[n (B.26)

m=I

This makes Matching Pursuit a useful technique to rotate images, because the only
extra calculation to be done is to modify the index of the reconstruction atoms for
computing the coded image, instead of applying the rotation matrix to every pixel

of the image.

¢ Dilation invariance: As in the previous two cases, Matching Pursuit is dilation
invariant if the dictionary functions used by the pursuit is dilation invariant. A dic-
tionary D is dilation invariant when for any g, [n] € D and any s € [0, sma] then
Oy [1} will select a dilation by s of the same vectors g, . with the same decompo-

sition coefficients:

vl
X,m] = Z < R™X, 0y, > Oyom E} + R%+x, ] (B.27)

m=]

It is important to note that decompositions performed using the Matching Pursuits
Algorithm are different from the ones performed by the algorithms that use transforms,
where we must encode all the transform coefficients. In the Matching Pursuits Algorithm,
one needsto encode only the projections of the chosenwaveforms and the indexes of these
ones. Thus, the Matching Pursuits Algorithm performs a kind of adaptive decomposition,
since, for each signal, we can use a different set of the waveforms from in the whole
dictionary. On the other hand, the algorithms based on transforms, like DCT, must use
always all the waveforms of the dictionary during the decomposition of the signal. The
Matching Pursuits Algorithm can also perform a compact decomposition of the signal.
This is due to the fact that as an overcomplete dictionary is used, we can choose the
waveforms of this dictionary which are most similar to the structures of signal that we

want to encode.
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B.4 Conclusions

In this appendix we have shown the main characteristics of the signal representa-
tion, including a brief review of several adaptive signal decomposition methods. Also we
have described the Matching Pursuits Algorithm proposed by Mallat and Zhang in [2].

The main characteristics of this algorithm have also been commented.
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Apéndice C
Generalized Bit-Plane Decomposition

In this appendix we propose a novel algorithm to perform an MP-like decompo-
sition in which a signal is decomposed in generalized bit-planes, each bit-plane being
composed by a set of atoms. In it, unlike the classical Matching Pursuits, there are no
coefficients to be quantized. That is, only the atoms corresponding to each generalized
bit-plane need to be transmitted. It provides an elegant solution to the coefficient quantiza-
tion problemin the MP algorithm, and presents improvements over the existing MP-based
encoders.

This appendix is organized as follows: Section C.1 outlines the theory of signal
decomposition in generalized bit-planes, i.e., the base of the proposed algorithm. In sec-
tion C.2 we analyze the theoretical bounds and the rate-distortion characteristics of this
algorithm. Section C.3 presents a theoretical analysis of the rate-distortion performance
using parameters of both a regular lattice and a dictionary formed by the union of an or-
thogonal dictionary and its symmetry in relation to the origin. The conclusions can be

found in section C.4.

C.1 Signal Decomposition in Generalized Bit-Planes

Suppose x is an N-dimensional signal that can be decomposed in a redundant

dictionary D = {91,095, ...,9m b |loi]| =1, Vias

hul
X = Z Cn0n (C.1)

n=I
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Without loss of generality, we are assuming that ||x|| < 1. Also, note that we are con-
sidering that the dictionary D is complete, so that an expansion in M terms can represent
X with zero distortion. In addition, since ||g;|| = 1, there is an expansion in the form of

equation (C.1) such that |c,,| < 1.

[=a]
Since |c,,| < 1, we can write the binary representation forc,, asc,, = s, Z Z‘ibi_u.
j=1

sw € {—1,1}is the sign of c,,, and b;,, € {0, 1}. Replacing this value of c,, in equation
(C.1) we have that

hYl [ea] ca hul

X = § S11§ 2_]b]'.11g11:§ 2_]§ b‘].nsﬂgﬂ
n=I i:] i:] n=I
o vl

Z bi.ngn (CZ)

= § 27
i=1 n=I

Note that since s, € {—1,1}, then §,, = snOn € D = {+01,405,...,40m ). Now,

defining the indexes i; | such that, for 1 € {1,2,... L}, L5 < M, b;;, , = 1, and zero

i

elsewhere, the summation in equation (C.2) can be expressed as

ca Lj
x=Y 273 g, (€3)
j=1 =1

Equation (C.3) can be regarded as a generalized bit-plane decomposition of the
signal x. The bit-plane j is composed by the functions T, forl =1,...,L;. In[24]
a convergent algorithm for finding such decompositions has been proposed, in the same
philosophy of the MP algorithm. In fact, the algorithm proposed in [24] finds decompo-
sitions of the following form )

ca i
X = Z o Z Gij.l. (C.4)
=l L=l

These decompositions are more general then the one in equation (C.3), since the
term 273 has been replaced by of, for 0 < a < 1. We refer to « as the approximation
scaling factor.

In [24] there have been derived conditions for the algorithm to be convergent (that
is, forany signal x be approximated with arbitrary precision by adding a sufficient number

of terms to the summations). These conditions impose that (D) < 3, where O(D)
is the largest angle between any signal x € R™ and the closest atom in dictionary D.
However, even for signals of moderate dimension (e.g., N > 64), the dictionaries that

could provide ©(D) < T would have very large cardinality. This would lead to inefficient
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decompositions from an R-D perspective, since a large number of bits would be needed
to encode the indexes 1i; ;.

In this appendix we propose a novel algorithm (MPGBP Algorithm- Matching
Pursuits Generalized Bit-Planes Algorithm) for finding such decompositions, that is con-
vergent whenever 0 < « < 1 and ©(D) < . The advantage of this algorithm is that
(D) < % is only a very mild restriction, being satisfied whenever D is complete [2].
Since it implements a decomposition as in equation (C.4), this algorithm is a general-
ization of any decomposition in basis with the approximation being performed in bit-
planes [24]. In the MPGBP algorithm a greedy decomposition is carried out by adding
oneatom g, ata time, until a rate and/or distortion criterion is met. Given a dictionary
C = {vi,Va,...,Va}, ||Vi|| = 1, Vi, the algorithm is as follows (the input signals are

normalized so that ||x|| < 1):

MPGBP Algorithm

0 Start with w = x, m = 1, fora given «.

[0 Repeat until a stop criterion is met

(a) Chooser,,, €{1, ..., M} suchthat

W -V

T
In (w - va)-‘

In ()
where [-] is the ceiling operator, i.e., returns the smallest

= max {w - Vsl
1sas~t{ 5

(b) Choose k,,, = [

integer larger than or equal to the argument.

(c) Replace w by w — okmy,

Rl

(d) Increment m.

0 Stop.

61



Note that the MPGBP algorithm approximates x in P (P < M) passes as

P
xPr=%" atmy, (C.5)

m=]

If we define L; as the number of values m such that k., = j, we can rename the

corresponding indexes,,, asi;  forl = 1,... L;. Therefore, if we make the dictionary C

in MPGBP algorithm equal to D, then equation (C.5) is equivalent to equation (C.4) for
P — oo.

(Pl

We can say that the MPGBP algorithm is convergent ifPIim x'"!'=x. Inthat sense,
—co

its convergence is guaranteed by Theorem 1 (the proof can be found in appendix H).

Theorem 1: Bex € RM, ||x|| < 1, such that it is approximated by MPGBP algorithm
using a dictionary C with P passes, generating x'*' as in equation (C.5), and be ©(C) the
largest angle between any signal y € R™ and the closest atom in dictionary C. We have
that |[r'™!|| =[x —x™!|| < BF, where B. = /T — (2a — &%) cos* (©(C)) < 1 for every

0<a<land0<O(C) < 3.

The following points regarding the MPGBP algorithm should be highlighted:

(i) This algorithm performs a decomposition such that, for every atom added, the dis-
tortion in the approximation of x decreases by at least (3, where 3 < 1. Thus,
when the number of passes P — oo, [|[r'"!|| — 0, that is, the MPGBP algorithm is

convergent.

(i) The representation output by MPGBP algorithm is given by just a sequence of pairs
of indexes (k,Tm ), m = 1,2,...,P. This implies that there is no need for coeffi-
cients quantization as in the classical MP algorithm (see equation (C.1) and the dis-
cussion that follows). In other words, it can be said that the MPGBP algorithm per-
forms both the decomposition and quantization at the same time. Thus, it presents
an elegant solution to the coefficient quantization problem inherent to the classical

MP algorithm.

(iif) The decomposition obtained can be organized in bit-planes as in equation (C.4).
This can be done by noting that, in equation (C.5), the indexes r,,, for the values of

m suchthat k., = j correspond to the atoms comprising bit-plane j.
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(iv) The number of atoms used in the decomposition can be set arbitrarily and each
atom corresponds to a pair (k.,, 1., ). This permits a precise rate control, since the
decomposition can be stopped when the bit-budget is exhausted. This feature can be

useful in more sophisticated R-D schemes.

(v) Note that Theorem 1 states that a decomposition as in equations (C.4) and (C.5)
can be performed forevery 0 < « < 1 and every complete dictionary. Therefore,
decompositions as in equations (C.4) and (C.5) are generalizations of any decompo-
sition plus bit-plane encoding paradigm, that is, any decomposition in a dictionary

followed by bit-plane encoding is a particular case of equations (C.4) and (C.5).

C.2 Theoretical Bound on Rate-Distortion Performance

In this section we compute a theoretical bound on the rate-distortion performance
of the decompositions that we have proposed in section C.1 (see the MPGBP algorithm).
We can see, from theorem 1, that the signal residual r decreases its magnitude by at least

. in each pass, that is,

Ir™y
=]
forevery0 < ax < 1and0 < 9(C) <

< V/T— (2o~ ) cos? (B[C)) = pe < 1 (C6)

Iu:l;:l

Then, after P passes, and assuming that |[x|| < 1, the mean square distortion per

coefficient, D, is bounded by

BIP
N
where N is the dimension of the dictionary C. Note that, because the overall distortion

D < (C.7)

per vector, ND, decreases in every pass (theorem 1), then, since |[x]| < 1, ND < 1, VP.

We can reorganize equation (C.7) so as to obtain the maximum number of passes P that

guarantees a maximum distortion per coefficient equal to D

1log, ND
g _ -
2 log. B.
If the dictionary C has cardinality q and at most b,. bits are spent for coding each

(C.8)

index k.., the rate per coefficient is bounded by (actually, if entropy coding is used, it can

be much smaller, depending on the statistics of k., and r.,,).
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R < ]L_ [Plog, q + Pb.] (C.9)

It is important to note that the number of bits b, used to calculate the rate in
equation (C.9) has a strong dependence on the maximum value of the index k,,, index.
For example, using a natural code, b. > log- k,,,. We can see from figure C.1 that the
maximum k., value corresponds to the minimum value of y. Also from this figure, we
can see that if y is minimum, then D is minimum. Since the error in the approximation

decreases by at least 3. in each pass, we have that the segments ab and bd in figure C.1

D . . . .
are larger than or equal to and /ND, respectively. Since we are interested in the
minimum y and 3 < 3., then if we make 3 = 3., the estimative that we obtain fory is

smaller than or equal to the minimum, and is therefore conservative.

Figure C.1: Computation of ymin.

From figure C.1 we obtain

(”N )2 - ( []:D> Tyt -2y ;D cos (©(C)) (C.10)
and consequently
y* —2y ”ED cos(©(C)) — ND (1 —ﬁl) =0 (C.11)

If we use the 3. value obtained fromtheorem1 (. = \/1 — (2oe— o*) cos” (O(C))),

the smallest y is given by (the largest one is equal to the segment ac)
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Yo = (cos(@1¢)) — /e —sin* (@10)))

= «cos (O(C)) (C.12)

Considering that the maximum number of bits for representing k.,, corresponds to

(K ) max SUCh that octmima <y then we have

log. ( NDO((E))OS(@(C)))

log-, «

(C.13)

(km) max =

From equation (C.13), since b, = 109- [(kn)maxl, the minimum of bits b, (b, )

that can be used to code each index k,,, for distortion D is given by

Bz
2log, x

log. (NDoc2 cosl(@(C))>
log-

Emin T

1
| (C.14)
J

From equations (C.9) and (C.14) we have that

logs (NDoc2 cgsll (@(C)))

1
R < —P{log, log.
N g-q + 109,

W
|
J

2log, «
1 q NDo cos” (O(C))
< —Plog, |=——Iog, C.15
e

Now, if we use the value of P obtained in equation (C.8), the rate can be expressed

as

1 log, (ND) [ a_ (NDo&cosl(@(C)))} (C.16)

< — -
= 2N log, B. 2log, « Bz
It is important to note that both the dimension N and the cardinality q are de-

pendent on the dictionary used. In fact, we have that the triple (©, N, q) depends on the
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dictionary C. Then, in order to be precise we should use the notation (©(C),N(C), q(C))
in our formulation. However, we use (©(C), N, q) in order to not make it cumbersome.
Suppose we have different dictionaries (C;,C-, - - - ) of same dimension and cardi-
nality, but with different ©(C;) values. We can analyze how the reduction of ©(C;) values
influences the rate spent when equation (C.16) is used. Figure C.2 shows the curves of
rate spent versus « for 7 dictionaries C;,C-, - - - ,C> with different values for ©(C;). Inor-
der to obtain these curves we use for the dimension N, the cardinality g and the distortion
D, the values 10, 10* and 10—, respectively. We can see from this figure that there is an
optimum « for each ©(C;) value. Also, for a particular « value the rate spent is smaller
when we use a dictionary with a smaller value for ©(C;). This can also be observed in
figure C.3, that shows the surfaces of the rate spent when we have the distortion D and

the o« parameter varying for two dictionaries with different ©(C;) values.

100000 i T T T T T T T

10000 - O(C7)=850 ISR

1000 f

R (bits/sample)

VN
N
o
100 [\ s
oA
\

10 |

Figure C.2: Variation of the rate with o« parameter for dictionaries with different ©(C;)

values.

Infigure C.4 we can see the rate xdistortion curvesfor 7 dictionaries C,,C-, - - - ,C5,
with the dimension N = 10, foran o« = 0.7 and a cardinality q equal to 107, with different
O(C;) values. This figure shows that dictionaries with smaller ©(C;) produce a smaller

rate for all distortion levels.
Analyzing equation (C.16) is possible to see that if the cardinality ¢ is increased,
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Figure C.3: Surface that shows the variation of the rate with & parameterand the distortion

for two dictionaries with different ©(C;) values.

the rate tends to increase too. As it was pointed out above, the parameters N, q and ©(C)
have a strong dependence on the particular dictionary used. In general, for a given dictio-
nary with a good distribution of points (that is, tending to be uniformly distributed), if the
dimension N is held constant and its cardinality q is increasing, we have ®(C) decreasing.
Therefore, if the rate increase caused by the increasing of the cardinality is compensated

by a significant reduction of @(C), then there can be an overall rate reduction.

C.3 Rate-Distortion Analysis Using Different Dictionaries

C.3.1 Regular Lattices

A regular lattice is a discrete set of points in the k-dimensional Euclidean space
‘R* that can be generated by the integer linear combination of a given set of basis vectors.

A k-dimensional lattice L,. is defined as a subset of real space R*, such that:

L= eR" :§=aity + axti+ - + apty} (C.17)
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Figure C.4: R-D curves for dictionaries with different ©(C;) values.

where {1i;} is a set of linearly independent vectors that span L, called basis vectors of
lattice L, and {a;} is the set of integers which specify a particular point in lattice L,
known as coefficients of the basis vectors.

Regular lattices have been originally investigated in the context of sphere packing.
Sphere packing is concerned with the densest way of arranging k-dimensional, identical,
non-overlapping spheres in the real k-dimensional space [25, 26].

An important category of lattices are the root lattices, namely Z,.(k > 1),
Ai(k>1), Di(k > 3), E.(k = 6,7,8) [95, 96, 97, 98, 99, 100], the Barnes-Wall
Ay [101] and the Leech A-4 [25, 102], which have been shown to offer the best known
lattice packing of their space [25]. All these regular lattices have an infinite number of

vectors.

C.3.1.1 The integer lattice Z,.

The integer or cubic lattice Z,.(k > 1) is defined as the set of k-dimensional
vectors with all integer components Z,, = {§ = (yjy----yy) : y; € Z} where Z is the
set of integer numbers. Lattice Z,. gives the simplest structure of points in R*, and most

regular lattices can be generated from Z,..

68



C.3.1.2 The lattice D,.

The k-dimensional lattice Dy (k > 3) is defined by spanning the integer lattice Z,

and retaining those points y in Z,. which have coordinates with an even sum:

b
Di={J:ui € ZA ) y;=0(mod2)} (C.18)

i=1
D,. is the "back-bone"of other more complex lattices that give the most dense

packing at high dimensions, namely the Gosset E; and Barnes-Wall A .

C.3.1.3 The lattice Eg

The most dense lattices in k = 6,7 and 8 dimensions are the members of the
E.(k = 6,7,8) family. Among them the Gosset Eg is particularly useful due to its sym-
metrical structure. Itis defined as the union of two subset of points, the lattice D and the

coset {Ds + 1}

—1

T /11111111
Es =Dz U {Dg + z} , where z = (zzzzzzzz) (Clg)

C.3.1.4 The lattice A4

The Barnes-Wall lattice A4 is the most dense lattice at k = 16 dimensions. A ¢
can be conveniently definedas the union of 32 cosets of the lattice 2D, . The scaled lattice
2D, is the set of even coordinate points in Z,¢ such that the sum of the coordinates is a

multiple of 4. Thus, A4 is defined as:

32
Aig = U{ai +2Dhe) (C.20)
i=l]

where the coset representatives c; are codewords of the rows of the Hadamard matrix H¢
and its complimentary I—Tm after changing 1’sto 0’sand -1’sto 1’s. Therefore, A, can be

decomposed into 32 subsets of points based in the Hadamard matrix rows:
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Aire ={2D16 + (0000000000000000)} U {2D1g+ (11T111T1T1111111)} U
{2Dye + (0101010101010101)} U {2D16+ (1010101010101010)} U
{2D16 + (0011001100110011)} U {2D16+ (1100110011001100)} U

2D, + (0110100110010110)} U {2D1¢ -+ (1001011001101001)} (C.21)

C.3.1.5 The lattice A-4

The lattice A-4 was discovered by Leech in 1965 [102]. This lattice is generated
by all vectors of the form [25]:

1
75

where the 3 may be in any position, and the upper signs are taken on a "C — set", i.e.

73,417) (C.22)

the set of coordinates where a codeword of the binary Golay code [103] C-4 is 1.

C.3.1.6 Shells of a Regular Lattice

All the lattices defined above have an infinite number of vectors. However, here
we are interested only in a finite number of orientation code vectors because the process
must lead to a compact representation of vectors. Therefore, we have to make use of the
concept of shells of a regular lattice. In general, the points of a given regular lattice are
distributed on the surface of successive, concentric, k-dimensional hyper-shells centered
at the origin, so that all lattice points at the same shell have the same 1,-norm. Hence, the
m'" shell S,,, of a given lattice Ly. is the set of all L,.-points at the same distance from the

origin, r(L,, m):

Sm(l—k) : {g S Lk : |’g|’1 = r(Lk)m)} (C23)

1
T

k
where ||y||» = Z ly:["| Iisthe 1. norm of y.
i=l
The shells have pyramidal shape for r = 1 (1;-norm) and spherical shape forr = 2
(1.-norm). The exact number of L -lattice point at any shell, for the most important regu-

lar lattices, can be calculated by using the theta functions[104] or the recently developed
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Nu functions[105] for spherical and pyramidal shells, respectively. In this analysis, only

the case of r = 2 (Euclidean distance) will be considered.

C.3.1.7 Analyzing the Rate-Distortion Performance with Regular Lattices

In this section we show the rate-distortion performance of the MPGBP algorithm
using regular lattices. Table C.1 showsthe parameters N(L£,.) (dimension), q(L£,.) (cardi-

nality) and @(L,.) of the each regular lattice used.

Table C.1: Parameters of regular lattices with best known packing for dimensions
N=4, 8, 16 and 24.

Dictionary (L) || shell index | dimension N(Ly) | cardinality q(£Ln) | ©(L,)
D4 1 4 24 45°
D4 1+2 4 48 32°
Es 1 8 240 45°
Es 2 8 2160 45°
Es 3 8 6720 35°
Es 1+2 8 2400 32°
Es 1+2+3 8 9120 29°
Ay OrL16 16 2 4320 55°
Aaq OrL24 24 1 196560 45°

Figure C.5shows the curves of rate versus o« when equation (C.16) is used with the
regular lattices D4 shell 1, D, shell 1+2, Eg shell 1+2+3, A4 shell 2 and A-4 shell 1 and
for a distortion equal to 10~*. From this figure we can observe that for a given distortion
there is an optimum « for each regular lattice. In order to obtain a better analysis of
the rate spent for different distortions, we show in figure C.6 the rate surfaces with their
contour plots for « values in the range [0.0001,0.9999] and distortions between 10~ and
10~'=, for these regular lattices (these contour plots can also be seen in figure C.7). From
these figures we can see that each regular lattice used has a different optimum «, that is
dependent on the distortion. Despite this distortion dependence, the optimum « values
do not present significant changes with the distortion. This is shown in figure C.8. This
implies that we can use an average optimum « for each regular lattice for all distortions.

These average optimum « values can be foundin table C.2.
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Figure C.5: Variation of the rate spent with the « parameter for regular lattices.

Table C.2: The average optimum « values for regular lattices.

Dictionary (Ln) || shell index | average optimum «
D4 1 0.75
Dy 1+2 0.81
Es 1 0.80
Es 2 0.83
Es 3 0.85
Es 1+2 0.85
Es 1+2+3 0.87
Aig 2 0.82
Asg 1 0.86
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Figure C.6: The rate spent and its contour plots surface for regular lattices.
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Figure C.9 depicts the R-D curves for different shells of the regular lattice Es. We
can see from this figure that, for dictionaries with the same dimension, whenever ©(L;)
is decreased the rate xdistortion trade-off tends to get better. Note that the optimum «
is used for each dictionary. We can also see this by analyzing the R-D curves of D,

dictionaries in figure C.10.
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Figure C.9: R-D curves for E3 regular lattices.

In figure C.10 we can also see the R-D curves for different regular lattices. We
can note that in some cases even if the dimension N of the dictionaries is increased it
does not lead to a better R-D trade-off (see curves A,¢ and E; shell 1+2+3). Also, the
dictionaries performances depend on the particular distortion level (the R-D curve of A4
shell 2 crosses the curves of D4 shell 1+2 and Eg shell 1+2+3). From this we can see that
performance is heavily dependent on the lattice used, and has no noticeable relation to the

dimension N.

C.3.2 Orthogonal Dictionary

In section C.3.1 we have used the regular lattices to perform the Rate-Distortion
analysis of the MPGBP algorithm. In spite of being good dictionaries, regular lattices

do not give us a complete insight about the R-D behaviour of the MPGBP algorithm.
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Figure C.10: R-D curves for different regular lattices.

This is because we do not know the relations among ©(C), the dimension N(C) and the
cardinality q(C) when these lattices are used. Therefore we can not perform a thorough
analysis of how the variation of these parameters influences the performance of a specific
regular lattice.

In order to be possible to analyze the variation of the ®(C), N(C) and q(C), in the

first place we define the simple orthogonal dictionary U4, as

Z/{Oﬂ:{1»0) ,O}U{O,],O ,O}U{O, »1)O}U{O) )0»1} (C24)

Then, we use this dictionary U,y to form the dictionary ¢/ that will be used in our

analysis. The dictionary I/ is formed by

U = Ut U—Uon (C.25)

= [£1,0,---,0}U{0,£1,0--- ,0}U{0, -+ ,£1,0}U{0,--- ,0,41}(C.26)

In the case of the R-D analysis of the MPGBP algorithm, the advantage of this

dictionary over the regular lattices, is that the relations among the dimension N(Z{) can

easily be obtained, the cardinality q(¢/) and ©(/). In fact, for this dictionary we have a
cardinality q(N) = 2N and a ©(N) = arc cos (ﬁ) (see appendix I).
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Using these relations we can analyze how the variation of the dimension N influ-
ences the R-D performance of the MPGBP algorithm. First of all, we show in figure C.11
the rate surface for this dictionary for dimension N = 10> We can see from this figure
that its behaviour is similar to the one obtained with the regular lattices shown in fig-
ure C.6, that is, there is an optimum o for each distortion. Figures C.12 and C.13 show
the curves of the optimum o versus distortion for the dimensions N = 10 and N = 10%,
respectively. We can note that the optimum « decreaseswheneverthe distortion increases.
However, the variation of this optimum o« is too small and does not interfere significantly
in the rate spent. Then, similar to the case of regular latices, we can use, for each dimen-

sion an average optimum o for all distortions.

R (bits/sample) pr R
200 - -
100 -
T -
il
10000 SRS

1000 F

100

10

Figure C.11: The rate surface and its contour plots for the dictionary Z/ with N = 10-.

In order to observe the behaviour of the rate spent with the variation of both the
dimension of this dictionary and the « values when the MPGBP algorithm is used, we
show in figures C.14 and C.15 the surfaces of the rate and its contour plots for the distor-
tions D = 10~'= and D = 107, respectively. In these figures, the contour plots show us
that these surfaces do not have a minimum, but a saddle point instead. This can be easily
observed comparing figures C.16 and C.17, where we plot the rate versus « and rate ver-
sus dimension, respectively, for a distortion D = 10~'°. In figure C.17 we plot the rate

x dimension for several « values. The curve labeled o, in this figure, was obtained
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Figure C.12: Optimum o versus distortion for the dictionary 2/ with N = 10-.
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Figure C.13: Optimum o versus distortion for the dictionary 2/ with N = 10*.
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using the optimum o for each dimension. From figure C.16 we can see that, for a given
dimension, thereis an « that leads to a minimal rate. However, figure C.17 shows that for
each «, there is a dimension that leads to a maximum rate; this generates the saddle point
shown in figures C.14 and C.15. Also, for this dictionary the best dimension to be used in
practice, is N = 2. This is so because only extremely large dimensions (e.g. N > 10'°),

give a rate less than the one for the dimension N = 2.
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Figure C.14: Surface and contour plots of the rate spent for the distortion D = 10~'~

using the dictionary U.

In figure C.18 we plot the optimum « values versus dimension for distortions
D=10"% D = 10~ and D = 107", From this figure we can observe that there is
an optimum o« for each dimension N, and that the optimum « tends to increase with the

dimension.
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C.4 Conclusions

In this appendix we have proposed a novel algorithm for performing matching
pursuits decomposition. Instead of generating a sequence of pairs comprising atoms in-
dexes and corresponding coefficients, as in the classical MP algorithm, it generates just
a sequence of indexes. These indexes can be arranged as generalized bit-planes. The
proposed algorithm has the advantage of obviating the need for setting up arbitrary trade-
offs between number of atoms used and coefficient quantization. We have shown that the
proposed algorithm corresponds to a generalization of the usual decomposition on a dic-
tionary or basis followed by uniform scalar quantization. Also, we have proved a theorem
setting a bound for the distortion obtainable for a decomposition in generalized bit-planes
using a given number of atoms.

We have analyzed the Rate-Distortion performance of the MPGBP algorithm both
for regular lattices and for a dictionary formed by the union of an orthogonal dictionary
and its symmetric in relation to the origin. The results show that the reduction ofthe ©(C)
value leads to a better rate xdistortion trade-off, and consequently, a reduction of the bit-
rate spentin the encoding process. These results encourage us to do further investigation
on dictionaries with good trade-offs between the cardinality q(C) and ©(C).

In the next appendix, the behaviour of this algorithm is evaluated in video encod-
ing framework, by replacing the matching pursuits algorithm in Neff and Zakhor’s video
coder [3].
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Apéndice D
Video Coding Applications

In this appendix we use the Matching Pursuits Generalized Bit-Planes Algorithm
proposed in appendix C to code video sequences using an overcomplete dictionary formed
by Gabor basis functions in the same framework of Neff and Zakhor’s matching pursuits
video encoder [3]. In section D.1 we describe the main characteristics of the Neff and
Zakhor’s matching pursuits video encoder, what includes the dictionary set used and the
frame encoding procedure. Section D.2 shows the changes that must be done so as to
use the MPGBP algorithm in the framework described in section D.1, as well as the

experimental results. The conclusions are shown in section D.3.

D.1 An Efficient Video Coder Using The Matching Pur-
suits Algorithm

The most popular video coding methods nowadays are those based on block trans-
forms, where the redundancy inside these blocks are explored. In this context the al-
gorithms based on the Discrete Cosine Transform (DCT) present the best performances.
In spite of being fast and efficient, the block-based DCT methods introduce undesirable
blocking and ringing artifacts, especially at low bit-rates. In the last years, many non-
block-based methods, like those using the wavelet transform [27, 28, 29] and matching
pursuits [2, 3, 10, 5, 8], have emerged in order to reduce these undesirable effects.

In this section we describe an efficient video encoder that is based on the original
work proposed by Mallat in [2] (the matching pursuits algorithm) and that uses matching

pursuits. The matching pursuits video encoder described here was proposed by Neff and
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Zakhor in [3] for low bit-rates. This video encoder uses the same framework (motion
compensation/estimation, bit-stream, Huffman tables, etc) as in MPEG-4 [30], except for
the encoding process of the residual images (frame differences). The main difference is
that in MPEG-4 the residual image is divided in 8 x 8 blocks where the DCT is applied,
while in [3] a greedy matching technique is used to decompose the residual image into
a weighted summation of Gabor functions. Instead of coding the DCT coefficients, their
positions in the 8 x 8 block and the quantization step size, the matching pursuits video
encoder proposed in [3], encodes the indexes of the Gabor functions and their positions in
the residual image (named atom) as well as the inner products obtained by the projection
of these Gabor functions on the residual image. It is important to note that the matching
pursuits algorithm is applied in the whole residual image, and therefore it is not block-
based. In figures D.1 and D.2 we can see the block diagrams of the matching pursuits

video coder and decoder, respectively.

Dictionary
Y
Motion
Motion Prediction Find
> Compensation > I —— Atoms
Current Residual
Original Image
Image | A ;
| |
| |
| |
Motion |
Vectors Previous ! Current
1 Recon. | Recon.
| Delay = :
| id ! Atom
‘ ' Parameters
Y Y
Code Code
Vectors Atoms F------------= -
BITSTREAM

Figure D.1: Block diagram of the matching pursuits video coder.
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Figure D.2: Block diagram of the matching pursuits video decoder.

D.1.1 Dictionary Set

In appendix B it was described the matching pursuits algorithm and its main char-
acteristics for a one-dimensional (1-D) dictionary. Since we will use this algorithm to
encode frame differences in a discrete two-dimensional (2-D) space, the dictionary used
must consist of discrete 2-D basis functions. Also, since the matching pursuits algorithm
requires exhaustive inner-product searches in this dictionary, this must be limited to a rea-
sonable number of basis elements, each of which with a finite spatial extent in order to
avoid excessive delays in the encoding process. In order to reduce the search time even
further, it was required that each basis function be separable [31].

The dictionary used consists of an overcomplete collection of 2-D separable Ga-
bor functions. They are scaled, shifted and modulated versions of a Gaussian window

function. Let’s define a prototype window g(t) as

glt) = V2e™ (D.1)

We can write 1-D discrete Gabor functions of length L as
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. L . o L
gz(1) =Kz -g (%) - COS (271&(1 T i+ 1) + cb) (D.2)

where & = (s, &, ¢) is atriple consisting of a positive scale, a modulation frequency and
a phase shift, respectively,i € {0,1,--- ,L — 1}, and K5 is a normalizing constant, chosen
suchthat ||gz|| = 1. We define 5 as the set of all triples (s, &, ¢).

Now, we can use the combination of the 1-D Gabor functions defined in equa-
tion (D.2) to construct a set of 2-D separable Gabor functions. This 2-D dictionary is

formed as follows

Gaa(li) =9a()gz0) (D.3)
wherei,j €{0,1,--- ,L —1}and &f € B.

The above notation assumesthat all the 1-D functions have the same size L. How-
ever, in practice, each 1-D function may have its own associated size, Lz. It was donein
order to increase the search speed, since smaller basis functions are no longer padded with
zeros to a fixed size. This is equivalent to the resulting 2-D functions having an arbitrary
rectangular extent.

Since the use of a set B consisting of all triples & is computationally prohibitive,
we must choose among them a limited subset 3’. The reduced dictionary set B’ was con-
structed in the following manner: a large subset of B containing evenly spaced instances
of the three parameters (s, &, d) was used to define a 2-D dictionary. A set of motion
residual images from a training sequence was decomposed on this dictionary using the
matching pursuits algorithm. The twenty triples which were most often selected by the
matching pursuits algorithm were retained in the reduced set, denoted B’. This set of

triples can be foundin table D.1 [3, 32].

D.1.2 Encoding Procedure

The matching pursuits video encoder proposed by Neff and Zakhor in [3] uses
the same framework as the MPEG4 video encoder specified in [30]. In this section, we
describe the main differences between the MP and the MPEG4 video encoders. The
most important difference is in the encoding process of the residual images. Instead of

using the DCT to reduce the redundancies in the residual images, we use an overcomplete
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Table D.1: Dictionary triples used, x = (s, &, §).

Scale(s) | Freq(¢&) | Phase () | Size (Lz)
1 0 0 1
3 0 0 5
5 0 0 9
7 0 0 11
9 0 0 15

12 0 0 21
14 0 0 23
17 0 0 29
20 0 0 35
1.4 1 /2 3
5 1 /2 9
12 1 /2 21
16 1 /2 27
20 1 /2 35
4 2 0 7
4 3 0 7
8 3 0 13
4 4 0 5
4 2 /4 7
4 4 /4 7
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dictionary formed by Gabor functions to do it. Initially, we find the Gabor function that
gives the greatest energy reduction in the residual image. The choice of this function is
done by choosing the largest inner product p,, obtained from the projection of all Gabor
functions of the dictionary (see section D.1.1) on the residual image. After this, p,, is
guantized with a fixed step size QP, and the chosen Gabor function (weighted by the
quantized inner product) is subtracted from the residual image. Then, we encode the
index of this Gabor function and its position in the residual image (named atom) as well
as the quantized inner product using Huffman tables. This process is repeated until we
have a particular number of atoms coded. The following sections show the details of this

process.

D.1.2.1 Finding Atoms

In order to choose the Gabor function that gives the largest energy reduction on
the residual image, we have to examine each Gabor function of the dictionary at all pos-
sible integer-pixel locations in the image and compute all of the resulting inner products.
However, since a full search using these functions over the entire residual image requires
a large amount of computing time, one has to make some assumptions about the residual
image to be coded. Specifically, we assume that the image is sparse, and contains pockets
of energy at locations where the motion prediction model was inadequate. If this is true,
we can "pre-scan“the image for high-energy pockets. The location of such pockets can be
used as an initial estimate for the inner-product search. The residual image to be coded
is first divided into blocks (16 x 16 for the luminance component and 8 x 8 for the two
chrominance components), and the sum of the squares of all pixel intensities is computed
for each block. The center of the block with the largest weighted energy value is adopted
as an initial estimate for the inner product search. The dictionary is then exhaustively
matched in a 16 x 16 window around the initial estimate.

Note that the use of a separable dictionary (see section D.1.1) allows for very large
savings in computational time. For example, suppose we ignore separability. In this case
the inner-product between the 2-D functions of the dictionary, defined in equation (D.3),
and the frame difference requires L,L, multiply-accumulate operations, where L, and
L, are the associated sizes of the horizontal (x) and vertical ([§) functions, respectively.

Finding a single atom requires the inner-product to be computed for all non-separable
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functions at each location in S x S search window. The total number of operations,

according to [3] is thus

Mo —1 My —
Tnon-sep S Z Z Ll‘l v (D-4)
h=0 w=0

where My;/ is the number of 1-D functions used to generate the 2-D dictionary.

If we now assume a separable dictionary, one can make significant savings in their
computational complexity, a single 2-D inner-product can be computed taking L;, verti-
cal 1-D inner-products, each of length L,, and then following with a single horizontal
inner-product of length L;, as we show in figure D.3. The atom search requires us to ex-
haustively compute the inner-product at each location using all combinations of horizontal

and vertical 1-D functions.

-
=2

L, vertical inner—products
using vertical functions

O o0 0 O O 0 O O
o o O O O O O O
o o O O O O O O
o o O O O O O O
o o O O O O O O
o o O O O O O O
O o0 0 O O 0 O O
O o0 0 O O 0 O O

Resulting 2-D
inner—product

........}—'@

Single horizontal inner—product using horizontal functions

Figure D.3: Separable computation of a 2-D inner-product.
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It is thus natural to pre-compute the necessary vertical 1-D inner-products with a
particular vertical function, and then cycle though the horizontal 1-D inner-products using
all possible horizontal functions. The fast algorithm to search an atom is described below

(see figure D.4):

Foreachv € {0--- My}

{
Compute the pre-filter matrix for the vertical 1-D function g,
Foreachh € {0--- My,,_; } and for each position in the S x S search window
Filter using 1-D horizontal function g, to complete the 2-D inner-product compu-
tation
S+Lmax
1 1
Forming the pre—filter matrices
S using all vertical 1-D functions
applied to residual image
Applying all horizontal 1-D functions in
S pre—filter matrices in order to complete the

computation of each 2-D inner—product

Figure D.4: lllustration of the separable inner-product search algorithm.
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The operation count for finding a single atom is thus, according to [3]

My —1 My, —1
Tep= Y (LS(S+Lma)) +S* > Ln (D.5)
w=0 h=0

where L is the size of the largest 1-D basis function.

Using the parameters of table D.1, a search window of 16 x 16 (S = 16) and
equations (D.4) and (D.5), we get 21.5 and 1.7 million multiply-accumulate operations
for the non-separable and the separable 2-D functions, respectively.

Also, note that as the luminance blocks are bigger than the chrominance blocks,
the largest energy measure from the latter ones is weighted by 4 before comparing with

the largest energy block found in the luminance component.

D.1.2.2 Inner Product Quantization

After the choice of the Gabor function to be used to decomposethe residual image,
we need to quantize the inner product p,,. We used a uniform quantizer with dead zone
with step size QP = 32. Although the procedure of using this step size for performing
the quantization is good for low bit-rates, it can become a problem for high bit-rates.
At high bit-rates, after coding a lot of atoms, the energy of the residual signal tends to
be very small, precluding further refinement of the coded image. In order to avoid it,
we shrink the dead zone, thus allowing smaller reconstructions levels. This dead zone
shrinkage is performed by the addition of new bins during coding. We need to send a flag
at the frame level to specify how many of the new bins were used. For three added bins
(3QP/32,3QP/16 and 3QP/8), the flag takes a value in set {0, 1,2, 3}, for an overhead
of 2 bits/frame (see figure D.5).

D.1.2.3 Coding Atoms Parameters

After the residual image is decomposed, the encoder is left with a list of the chosen
atoms, which must be coded and transmitted to the receiver. Each atom is defined by
four parameters which describe the position (x,y) and the indexes of the chosen Gabor
functions. Also, we must encode the quantized inner products related to each atom. Since
the atoms can appear in any position in the frame and it is desirable that the transmission
errors are confined to a limited area, it was decided to encode all atoms that are in the

same macroblock (16 x 16 pixels) together. The atoms of each macroblock are encoded
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Figure D.5: (a) Simple uniform quantizer with fixed step size QP = 32. (b) Modifica-
tion of the fixed quantizer design. Original dead zone has been divided into additional

quantization bins.

according to the scanning pattern shown in figure D.6. Note that all the atoms parameters

are coded using Huffman codes [32].

Figure D.6: Scan order for the atoms in a macroblock. First pixels 1, 2, 3 and 4 are coded.

D.1.2.4 Rate Control

The bit-rate allocation in the matching pursuits video encoder is performed using
a simple solution: the bit-rate of the sequence is divided equally among all its frames.

However, since the rate control is performed by controlling the number of atoms N used
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for coding each residual image, this number has to be estimated for each frame according

to

__ Bit-rate allocated for the frame

D.6
# of bits/atom in prev. frame (D:6)

D.2 A Video Encode Using the MPGBP Algorithm

In this section the effectiveness of the MPGBP Algorithm will be evaluated by
employing it in the framework of Neff and Zakhor’s Matching Pursuits video encoder [3]
described in section D.1. Essentially, the MPGBP Algorithm will replace the decompo-
sition and quantization strategy employed in [3], using exactly the same dictionary D,
as well as the same atom encoding procedure. The atoms are obtained and encoded in
the same way as the atoms in the Neff and Zakhor’s matching pursuits video encoding.
On the other hand, instead of encoding the value of the quantized inner product p., (see
equation (B.18)), the index k,,, (see equation (C.5)) of the bit plane corresponding to the
atom is encoded. It is important to note that the MPGBP algorithm generates just a se-
guence of indexes, that is, instead of the inner product of the MP algorithm, we transmit
just an index k., corresponding to exponent of « (see equation C.5) Also, since the in-
dexes k., encoded in the MPGBP algorithm and the quantized inner products p,, encoded
in the MP algorithm have different characteristics, we propose a new scheme for coding
these indexes using a modified adaptive arithmetic coder. Although the atom search in
the MPGBP algorithm is performed in the same way as in the MP algorithm, this search
in the MPGBP algorithm is influenced by the support region in which the inner products

are computed. We will discuss this region next.

D.2.1 Modified Adaptive Arithmetic Coder

Unfortunately, the Huffman codes [32] used for encoding the quantized inner
products p., in the MP algorithm, cannot be used to encode the indexes k., of the bit
planes in the MPGBP algorithm. This is due to the fact that these codes were designed
to encode symbols, i.e., modulus of the quantized inner products. These symbols which
have their valuesdecreasing with the energy of the residual image. The bit planes indexes,

differently from these symbols, tend to have their values increased as the energy of the

94



residual image decreases. Then, in order to encode the bit planes indexes, we propose a
new coding scheme using a modified adaptive arithmetic coder. The modification to the
adaptive arithmetic coder [106] is motivated because the maximum bit plane index is re-
lated with the level of refinement desired. In general, we do not know when coding starts
the value of this maximum index. Also, this index is dependent on both the bit-rate and
the parameter o« used. In figures D.7 and D.8 we can see the histograms of the indexes k,,,
for different « values for the sequence Mother-and-daughter at rates 24kbps and 64kbps,
respectively. From these figures we can see that the values of k,,, are in general smaller
than a few tens, except for « values very close to one.

Since we do not know a priori what is the maximum value that k,,, can assume,
we have to perform a slight modification to the arithmetic encoder in [106]. The initial
number of possible indexes k., is set to two (k.,=1 and k,,=2) plus a escape code. If
we need to transmit k,,=3 we first transmit the escape code to indicate an increase in
the number of symbols and then transmit the code for k,,=3. At this point the possible
symbols are k.,=1,2,3 plus a escape code. The same process is repeated for each new
value of k., that is out of the current range. Also, note that, in the subsequent frame, the
initial number of possible values of k., is the same as the one at the end of the previous
frame. Note that, since use « values much smaller than this upper limit, we will have to
send just a few escape codes in most of cases. This does not interfere significantly in the
rate spent. It was verified experimentally that, as long as the initial number of symbols is
small enough, the quantity of escape codes does not significantly influence the algorithm

performance.

D.2.2 Support Region for Inner Product Computation

Since the MPGBP algorithm assumes that the norm of the input signal is ||x|| < T,
we need to compute, for each video frame, the largest norm of the macroblocks, Xax.
It is important to note that, for each macroblock, as in [3], we search for the closest
atom by centering every atom at every pixel of the macroblock. This implies that the
atoms searched for in a macroblock B; superpose the neighboring macroblocks. Then,
effectively, it is as if the dimensions of the signal we are decomposing are not those of
macroblock B;, but also including the pixels of neighboring macroblocks superposed by

the atoms used to decompose B;. Referring to figure D.9, since the luminance mac-
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roblocks are of dimensions 16 x 16, the value of X, is computed for a region of
(15 + Mmax) X (15 + nimax) around the macroblock (nmax X nmax IS the support of the
atom having largest support). In our case, nmax = 35, and Xmax iS computed considering
50 x 50 windows centered in every macroblock (see figure D.9).

Atom of largest support
b A

Macroblock | |6 f 50

L n_ =35
' max

........................................

17

Figure D.9: Illustration of the area in which X, is computed.

D.2.3 Experimental Results

We have coded the sequences Coast-guard, Container, Hall-monitor, Foreman,
Mother-and-daughter and Silent-voice (see appendix K) with 300 QCIF frames at 30
frames/s, sub-sampled in time by factors of 4 (rates under 20kbps) and 3 (all other rates)
to generate 7.5 frames/s and 10 frames/s, respectively. Coding was performed only on the
luminance component for bit-rates ranging from 10 to 100kbps.

The value of «x (see equation (C.5)) chosen at the beginning of the encoding pro-

cess interferes with the number of vectors used to code each frame. Note that the closest
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o is to 1, the more accurate is a representation of a numbery € (0,1) as a*m, k., € N.
Smaller values of « lead to smaller values of k,,, (see figures D.7 and D.8), but also to
a worse approximation in each pass; this leads to a larger number of vectors in order to
guarantee a given distortion. Likewise, larger values of « lead to larger values of k,,, (see
again figures D.7 and D.8) but to a smaller number of vectors. We can see then that there
is a trade-off among the value of «, the number of vectors and the range of values of
k... Therefore, the value of « can potentially affect the rate x distortion characteristics
of the encoder. This trade-off can be seen in figures D.10 and D.11. There, we show
the variation of the average number of bits spent for both specifying the atoms indexes
T, and coefficients k,,, (see equation (C.5)) against «. The straight lines represent these
values for the MP algorithm (y,, and p,, in equation (B.18)). In this figure, we can see
that increasing «, the bits spent to code the atoms indexes tend to decrease, while the
bits spent to code the coefficients k., tend to increase. Inaddition, for values of o« under
0.65, approximately, the MPGBP algorithm spends less bits for encoding the k,,, than the
MP algorithm for encoding the projection p.,; Likewise, it spends more bits for encoding
the atoms indexes than the MP algorithm. It was verified experimentally that this result
holds for all bit-rates and video sequences used. Indeed, in appendix A, we have shown

analytically that the distortion tends to decrease as « increases (see figure H.2).

I I I I I I I I I
1600 - . .
1400 |-/ ST 4
1200 | .
km
1000 -
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800 N .
600 | .
400 .
200 .
o 1 1 1 1 1 1 1 1 1
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alpha

Figure D.10: Average bits spentfor k., p., T @nd y,, against o« for Mother sequence for

24Kkbps.

In figures D.12 and D.13 we can see the variation of the average PSNR with «
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Figure D.11: Average bits spent for k.., p«, T and y,, against « for Coast sequence for

64kbps.

for rates 24kbps and 48kbps, respectively. We verify that the variation of « does not
interfere significantly with the results, except when « is close to one or below 0.4. In
this case, there is a significant drop in performance. Thus, « in the range [0.40,0.85] is
a good choice. In our experiments, we have used « = 0.56 for all cases. It is interesting
to note that despite the variation in the number of bits spent with the atom indexes 1,
and coefficients k,,,, the average peak signal to noise ratio (PSNR) of the sequences is

approximately constant for o € [0.4,0.85].
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Figure D.12: Variation of the average PSNR with o« parameter for Mother, Silent, Con-

tainer and Coast sequences for 24kbps.
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Figure D.13: Variation of the average PSNR with o« parameter for Mother, Silent, Con-

tainer and Coast sequences for 48kbps.

Table D.2 compares the PSNR of the original matching pursuits video encoder
(MP) [3, 5] with our adaptation using generalized bit-planes (MPGBP) for several rates
and video sequences. In this table, the first column shows the sequences and the bit-rate
used, the second column shows the PSNR for MPGBP algorithm, and the third column
shows the PSNR for the MP algorithm. The fourth column shows the improvement of the
MPGBP over MP algorithm. We can see from this table that MPGBP is always better than
the original matching pursuits algorithms [3, 5] for different bit-rates and video sequences.
In figures D.14 and D.15 we can confirm this better performance of the MPGBP over the
MP video encoder for each frame of the sequences Mother and Hall at the rates 64kbps
and 24kbps, respectively.

In table D.3 it is shown the PSNR values and the bit-rates for the MP and the
MPGBP encoders. Several sequences were coded using a constant number of atoms per
frame. It was done in order to compare the performance without any influence of the
rate control method used. Note that, for a given number of atoms, the MPGBP encoder
generally leads to an increase in the PSNR values as well as to a decrease in the rate.

Figures D.16 and D.17 show the variation of the average PSNR with rate for both
implementations of the matching pursuits encoders for Mother and Silent sequences, re-
spectively. We can see from these figures that the use of the generalized bit-planes scheme
consistently improves the performance of the matching pursuits encoder from [3] for all

rates. Note that the higher the bit-rate, the higher the improvement. Indeed, our results are
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Table D.2: Comparison, in terms of PSNR (dB), between the two matching pursuits im-

plementations.

Seq + Rate || MPGBP | MP [3, 5] | MPGBP - MP
Container10 || 32.47 32.46 0.01
Mother10 33.27 33.31 -0.04
Hall10 33.30 33.26 0.04
Silent10 29.04 28.96 0.08
Coast10 24.32 24.27 0.05
Container24 || 34.64 34.43 0.21
Mother24 36.30 36.17 0.13
Hall24 36.52 36.12 0.40
Silent24 32.65 32.72 -0.07
Coast24 27.74 27.63 0.11
Container48 || 36.91 36.41 0.50
Mother48 39.11 38.45 0.66
Hall48 39.13 37.94 1.19
Silent48 36.25 35.97 0.28
Coast48 30.24 30.22 0.02
Container64 || 37.92 37.16 0.76
Mother64 40.40 39.31 1.09
Hall64 39.97 38.86 1.11
Silent64 37.82 37.28 0.54
Coast64 31.29 31.22 0.07
Mother96 42.23 40.98 1.25
Foreman96 35.55 35.35 0.20
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Figure D.14: Variation of the PSNR with the frames for Mother sequence at 64kbps.
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Figure D.15: Variation of the PSNR with the frames for Hall sequence at 24kbps.
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Table D.3: Comparison, in terms of PSNR (dB) and bit-rate (kbps), between the two

matching pursuits implementations, for a constant number of atoms per frame.

100 atoms 300 atoms 500 atoms
PSNR | rate PSNR | rate PSNR rate
MP 36.56 | 26902 || 39.26 | 63389 || 41.18 | 101005
Mother
MPGBP || 36.59 | 26544 || 40.42 | 64445 || 42.46 | 101736
Hall MP 35.94 | 23489 || 38.60 | 61048 || 40.31 | 100192
a
MPGBP || 36.28 | 23432 || 39.80 | 63188 || 41.27 | 101326
| MP 33.83 | 31350 || 37.62 | 71066 || 39.50 | 110309
Silent
MPGBP || 33.93 | 31310 || 38.22 | 70657 || 40.74 | 109001
c MP 28.93 | 32999 || 31.61 | 71584 || 33.24 | 109631
oast
MPGBP || 28.88 | 32064 || 31.67 | 70721 || 33.33 | 107985
MP 34.16 | 22367 || 36.88 | 59255 || 38.38 | 97993
Container
MPGBP || 34.34 | 22208 || 37.62 | 60504 || 39.44 | 97307
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comparable to the best found in the literature, that have been obtained using sophisticated

adaptive strategies [10]. The knee on the curves around 20kbps is due to the increase of

the frame rate from 7.5 fps to 10 fps.
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Figure D.17: Variation of the average PSNR with rate for Silent sequence.

It is straightforward extend the coding method to chrominance components. In

this case, we must compute, for each video frame, the largest norm Xa for both chromi-

nance components. Since the chrominance blocks are 8 x 8 their X, valuesare computed

considering 42 x 42 windows centered in every block. Intable D.4 we can compare the
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performances among a DCT-based video encoder and both matching pursuits video en-
coders, the MPGBP and MP video encoder. Note that the performance of the MPGBP

video encoder is always better than the performance of the DCT and the MP video en-

coders for the all components.

Table D.4: Comparison, in terms of PSNR (dB) for Y, Cb and Cr, among a DCT-based

video encoder and the two matching pursuits implementations.

Seq + Rate MPGBP | MP [3] | DCT [30] | MPGBP - MP | MPGBP - DCT
Y | 3236 | 32.36 | 29.88 0.00 2.48
Containerl0 || Cb| 38.60 | 3859 | 37.00 0.01 1.60
Cr| 3830 | 3819 | 36,53 0.11 1.77
Y | 3323 | 3329 | 3264 -0.06 0.59
Mother10 Cb| 39.08 | 39.03 | 3873 0.05 0.35
Cr| 3962 | 39.74 | 39.65 -0.12 -0.03
Y | 3322 | 3318 | 30.30 0.04 2.92
Hall10 Cb| 37.66 | 37.49 | 36.52 0.17 1.14
Cr| 39.73 | 39.85 | 39.63 -0.12 0.10
Y | 3448 | 3432 | 33.38 0.16 1.10
Container24 || Cb | 40.47 | 4030 | 39.45 0.17 1.02
Cr| 40.13 | 40.12 | 38.63 0.01 1.50
Y | 36.14 | 36.04 | 35.27 0.10 0.87
Mother24 Cb| 41.44 | 4122 | 40.13 0.22 1.31
Cr| 4180 | 41.81 | 4091 -0.01 0.89
Y | 3023 | 3019 | 29.42 0.04 0.81
Coast48 Cb| 4042 | 40.46 | 40.00 -0.04 0.42
Cr| 4264 | 4280 | 41.90 -0.16 0.74
Y | 3152 | 3147 | 31.14 0.05 0.38
Foreman48 | Cb| 37.93 | 38.02 | 37.22 -0.09 0.71
Cr| 3853 | 3843 | 37.39 0.10 1.14
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D.3 Conclusions

In this appendix we have described the implementation of a matching pursuits
video encoder using the proposed algorithm (MPGBP algorithm) to replace the classical
matching pursuits decomposition and quantization algorithm. Our video encoder was
used for different sequences and bit-rates, yielding consistent results. The results obtained
are very promising, indicating a significant improvement over the classical video-MP

algorithm [3].
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Apéndice E

Rate-Control Methods for the MPGBP

video encoder

The rate-control strategy used in appendix D was to estimate, for each frame, the
number of atoms that should be used in order to divide the sequence bit-rate equally
among all its frames. However, this estimation procedure performs imprecise bit-rate
allocation for each frame of the sequence. Therefore, the rate budget is not usually
achieved. In this appendix we propose two rate-control strategies for the MPGBP video
encoder. One uses a rate-control procedure that divides precisely the bit-rate of the se-
quence equally among all its frames and the other uses a rate-control scheme that employs
Lagrangean optimization in order to solve the optimal bit allocation problem. In the for-
mer we have the advantage of allocating precisely a desired bit-rate for the frame, thus
obtaining the desired rate budget. Inthe latter we can try to optimize to the bit-rate allo-
cation in a R-D sense.

This appendix is organized as follows. In section E.1 we show a procedure that
yields precise bit-rate allocation for the MPGBP video encoder. A fixed rate-control that
uses this precise bit-rate allocation is also proposed. In section E.2 we propose a rate-
control strategy using Lagrangean optimization for the MPGBP video encoder. The con-

clusions are shown in section E.3.
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E.1 A fixed bit-rate allocation scheme for the MPGBP al-
gorithm

The allocation scheme used in appendix D, that divides the bit-rate of the video
sequence equally among all its frames is based on an estimation of the number of atoms
that should give the desired rate. This estimation uses the average bit-rate spent per atom
(see equation (D.6)). However, since inner product quantizers of the atoms are a priori
unknown, this scheme tends to produce an imprecise bit-rate control. In this section we
present a procedure that permits a precise bit-rate control for the MPGBP video encoder.
We perform a precise rate-control relying on the fact that the MPGBP algorithm does
not perform explicit quantization - it maps the input signal into a sequence of index (see
appendix C), giving an elegant solution for the coefficient quantization problem inherent
to the classical MP algorithm.

The procedure used to perform a precise bit-rate allocation is to compute the rate
spent for each new encoded atom until the desired bit-rate is achieved. This is possible
because the MPGBP algorithm can stop the decomposition whenever the bit-budget is
exhausted (see section C.1). However, the position of the atoms in the same macroblock
(16 x 16) is encoded differentially according to the scanning pattern shownin figure D.6.
Thus, in order to have precise computation of the bit-rate we should recompute, for each
encoded atom added, the bit-rate spent for encoding the differential position of all encoded
atoms.

Table E.1 shows the performance of the MPGBP video encoder using both the bit-
rate allocation scheme presented in section D.1.2 (referred to as "approximate allocation™)
and the scheme proposed in this section (referred to as "fixed allocation™) with o« = 0.56.
We can see from this table that using the proposed procedure we have a precise bit-rate
control which is comparable to the approximate allocation scheme. Note that the precise
bit-rate allocation obtained with the proposed scheme permits a fair comparison among
video encoders, especially for low bit-rates where small bit-rate differences can have a
strong impact. Another advantage of using the precise allocation scheme is that we need
a smaller buffer to smooth out bit-rate variations. This can be seen in figures E.1 and E.2
where we show the variation of the bits spent within each frame of the sequences Mother

and Hall at rates of 64 and 24kbps, respectively.
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Table E.1: Comparison, in terms of PSNR and bit-rate, between the performance of

MPGBP video encoder for both the approximate and the fixed allocation schemes.

_ Approximate allocation Fixed allocation
Seq + Desired Rate : :
PSNR (dB) | bit-rate (kbps) | PSNR (dB) | bit-rate (kbps)
Container24 34.64 24.59 34.60 24.00
Mother24 36.30 24.39 36.31 24.00
Hall24 36.52 24.43 36.47 24.00
Silent24 32.65 24.14 32.65 24.00
Coast24 27.74 24.11 27.69 24.00
Container64 37.92 65.32 37.87 64.00
Mother64 40.40 64.51 40.36 64.00
Hall64 39.97 65.45 39.86 64.00
Silent64 37.82 64.72 37.71 64.00
Coast64 31.29 64.14 31.29 64.00
7000 T T T T T
;‘. Fixed allocation
"‘ Approximate allocation -------
6800 E
= 6600
g
@
S 6400 ‘
6200
6000 | l'l | | | |
0 50 100 150 200 250 300
Frame no.

Figure E.1: Variation of the bit spent with each frame of the Mother sequence at a rate of

64kbps and 10fps.

In figure E.3 we compare the performance of the MPGBP video encoder for high
bit-rates (using fixed bit-rate allocation) with the De Vleeschouwer and Zakhor’s state of

art MP video encoder [7] for 60 frames of the Foreman sequence at 30fps. We can see
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from this figure that our results are comparable to those in [7].

46

300

44

42

40

PSNR, dB

38

36

34 '

Zékhor’s videb encoder —

MPGBP video encoder ---x---

Figure E.3: The performance of the MPGBP and Zakhor’s video encoders for Foreman

sequence at high bit-rate with 30fps.
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E.2 Lagrangean rate-control strategy for the MPGBP al-
gorithm

The trivial solution for the bit-rate allocation problem in video coding applica-
tions is to divide the overall bit-rate of the entire video sequence equally among all its
frames. In spite of being a very simple solution, it normally does not give the highest
average signal-to-noise ratio of the entire sequence at a rate budget. However, we can use
Lagrangean optimization to find out how many bits should be allocated to each frame in
order to achieve the highest image quality at the lowest cost. In this section we propose
an algorithm so as to perform this bit-rate allocation using Lagrangean optimization.

Considering that the rate-distortion (R-D) function is convex, the bit-rate alloca-

tion problem can be stated as:

minimize J(A) = D + AR (E.1)

where the Lagrangean cost function J(A) is minimized for a given value of the Lagrange
multiplier A. It is important to note that each solution of equation (E.1) for a value of
A corresponds to an optimal rate-distortion trade-off [33, 34] and for each A we have a
different rate.

Since the MPGBP algorithm guarantees that the distortion D always decreases
(see Theorem 1 in section C.1), we have that after the i‘"* selected atom, the distortion
variation (AD; = D; — D;_;) is negative and rate variation (AR; = R; — R;_;) is positive
for each encoded atom. As a consequence, we can rewrite equation (E.1) based on the

incremental contributions AD and AR as

AJ(A) = AD + AAR (E.2)

It is important to note that it is advantageous to add atoms to the decomposition
while AJ(A) < 0. Therefore, the solution for equation (E.1) is obtained when we have
AJ(A) = 0[7]. Also, since inthe MPGBP algorithm the decomposition and the quantiza-
tion are performed together, without any assumptions about quantizers, we can compute
precisely the AD; and AR; parameters for each atom added, and thus obtain a stopping
criterion that leads to the optimal bit-rate allocation.

Using the stop criterion defined above (AJ(A) = 0) we propose a rate-control
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strategy for the MPGBP video encoder. In this allocation scheme we stop coding atoms
when the Lagrangean cost function J; of the i*" atom stops to decrease. It is important
to note that this rate allocation strategy assumes the convexity of the R-D curve of the
frame. However, for the MPGBP video encoder this curve is not strictly convex, since,
due to the differential encoding of the atoms position, AR; may not be always positive.
This can be seen in figure E.4 where we show the R-D curve for the 21th frame of the

Foreman sequence.

35 T

25

20

Distortion, MSE

15

10 | | | | | | | |
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Rate, bits

Figure E.4: A real R-D curve for the 21th frame of the Foreman sequence.

In order to deal with this problem, we perform bit-allocation using the convex hull

of the R-D curve. This process is described as follows. We use sets of N atoms where

i— Dy . : .
R—] with D; and R; representing, respectively,

i N

for all of them we compute A; = —
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the distortion and the rate for the i‘" atom. In order to find the convex hull, we should
choose the maximum A;. After this, for k > j, we compute A, = —% for the N
atoms following the atom j, and find the maximum slope 7\p. We repez:t this]process for
the whole region of interest of the R-D curve. Note that this procedure is guaranteed to
find the convex hull for the R-D curve only for N = oo (a finite N value is guaranteed
to find the convex hull just for part of N atoms of the R-D curve), we have to do a little
modification in this one in order to use finite values of N. After choosing the maximum
slope 7\5 of a set of N atoms we evaluate if the R-D represented by all chosen slopes is
really convex. If this one is not convex we increase the N value and process is restarted.

Figure E.5 showsan illustration of the convex hull of an R-D curve not convex.

Distortion

Rate

Figure E.5: Illustration of the convex hull.

The R-D optimized rate control algorithm is:
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Optimum Rate-Control Algorithm
Fora given A and using a initial set of N = N, atoms
O We start with Jeurent = J o, Jprevious = 00, k = Kprevious = 0, and p = 0;
O Repeat while Jeurent < Jprevious

(a) Fori=k upto N+k,

D; — Dy
R —R’
(b) Choose m € {1, ..., N} suchthat

Compute 7\1 =

;\m = maX{Xf_};
(C) CompUte ]m - Dm + )\Rm;

(d) Do kpre'\/ious =Kk, ]previous = ]currentv k =k +m, ]current - ]m and
Xp - 5\111;

(e) Fori=O uptop,
if A,_; <A, doN =N+ Tandgo to step LI;

(f)Dop=p+1;

O Encoding the frame with Kpevious atoms;

[ Stop.

Table E.2 shows the performance of the MPGBP video encoder for several video
sequences with 300 frames at 10fps. We used both the precise bit-rate allocation scheme
proposed in section E.1 (labeled as "fixed allocation™) and the one proposed in this sec-
tion (labeled as "optimum allocation™) with A = 0.0006. Since the proposed algorithm
performs an optimized bit-rate allocation using the R-D curve in the sense of having the
lowest average distortion at the lowest cost, we compute the PSNR of the sequence as:

sE

where MSE.., is the average among all frames. Note that, in the literature, the most
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popular measured is:

1 N
PSNR> = — } PSNR; E.4
2= ; (E.4)

From this table we can see that the optimum allocation strategy improves the performance

of the MPGBP video encoder in all cases.

Table E.2: Comparison, in terms of PSNR (dB) and bit-rate (kbps), between the per-

formance of MPGBP video encoder using both the fixed and the optimum allocation

schemes.
Sequence Rate Fixed allocation Optimum allocation Optimum - Fixed
PSNR1 | PSNR2 | PSNR1 | PSNR2 A PSNR1gitt | PSNR2gits
Container 62.79 37.78 37.80 37.84 37.84 | 0.0006 0.06 0.04
Mother 51.58 39.27 | 39.43 39.38 | 39.38 | 0.0006 0.11 -0.05
Hall 45.50 38.83 38.88 38.97 38.98 [ 0.0006 0.14 0.10
Silent 73.13 38.32 38.47 38.52 38.54 [ 0.0006 0.20 0.07
Foreman 148.28 37.54 37.81 37.76 37.84 | 0.0006 0.22 0.03
Weather 68.18 37.40 37.97 37.95 37.98 [ 0.0006 0.57 0.01
Container 135.98 40.88 40.91 40.92 40.92 | 0.0002 0.03 0.01
Mother 102.66 42,32 | 42.47 4250 | 4250 | 0.0002 0.18 0.03
Hall 109.97 41.53 41.56 41.64 41.64 | 0.0002 0.11 0.08
Silent 130.20 41.62 41.81 41.91 4191 | 0.0002 0.29 0.10
Foreman 265.30 40.72 40.97 41.18 41.22 | 0.0002 0.46 0.25
Weather 120.02 41.16 42.06 42.26 42.30 | 0.0002 1.10 0.24

Figures E.6 and E.7 compare the MPGBP video encoder that uses the rate alloca-
tion scheme proposed in this section and the fixed algorithm proposed in section E.1. They
show the variation of the PSNR among the frames for the sequence Mother at 51.58kbps
obtained using A = 0.0006 and for the sequence Silent at 130.20kbps obtained using
A = 0.0002, respectively. We can see from these figures that in spite of not improving
significantly the performance (final average PSNR), the proposed algorithm produces a
smaller distortion (or PSNR) variation among the frames. It is also worth noting that the
PSNR improvement tends to increase with the bit-rate.

It is important to note that the rate spent using the optimum allocation algo-
rithm is controlled by the value of A. However, in order to achieve a precise bit-rate,
one should find the corresponding A. This can be done, for example, using the bisec-

tion algorithm [107]. However, this is a computationally demanding process. Consid-
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Figure E.6: Variation of the PSNR with the frames for Mother sequence at 51.58kbps.
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Figure E.7: Variation of the PSNR with the frames for silent sequence at 130.20kbps.

ering the order of the improvements obtained in table E.2, we conclude that the best

complexity x performance trade-off is still given by the precise rate control (see sec-

tion E.1).
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E.3 Conclusions

In this appendix we propose two rate-control strategies for the MPGBP video en-
coder. Inthe first, we equally divide the sequence bit-rate among all its frames, using the
precise bit-rate allocation scheme proposed in section E.1. This scheme has the advan-
tage of precisely achieving the rate budget as well as requiring a small buffer to reduce
the bit-rate variations. The results show that this scheme can be used to provide a fair
comparison among the performance of video encoders, since one can precisely obtain the
desired bit-rate. The other proposed algorithm uses Lagrangean optimization to find out
how many bits should be allocated to each frame in order to achieve the highest image
quality at the lowest cost. Inthis case the results show that this scheme only providesonly
a slight improvement over the fixed allocation. Despite this small improvement in objec-
tive performance, this algorithm produces a smaller PSNR variation among the frames of

video sequence, and therefore a better subjective quality for the encoded video sequence.
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Apéndice F

Different Dictionaries for the MPGBP
Algorithm

In appendix D we have analyzed the performance of the MPGBP algorithm in
video coding. We have made a comparison between the performance of this one and
the original Matching Pursuits algorithm implemented using Neffand Zakhor’s video en-
coder framework [3]. The results show that the performance of the MPGBP algorithm is
consistently better than the original one. Since in that appendix, we have used both algo-
rithms with the dictionary proposed in [3], a question emerges: is there another dictionary
that produces a better performance?

From the theoretical analysis of the R-D performance of selected dictionaries
made in appendix C, we have conjectured that the reduction of the ®(C) value can lead
to a better rate xdistortion trade-off, provided that q(C), the cardinality of the dictionary
C, does not increase too much. This ©(C) reduction can be obtained using either a better
distribution of its vectors, or extra vectors to appropriately fill the "empty"regions of the
vector space (see figure F.1). Note that in the formerwe preserve both the cardinality q(C)
and the dimension N of the dictionary C. On the other hand, in the latter, the cardinality
q(C) is increased, and there is a trade-off between this one and the ©(C) value.

In this appendix we investigate the performance of the MPGBP video encoder
using different overcomplete dictionaries in order to assess the effect of these dictionar-
ies on the performance of a video encoder. Also, we identify good dictionaries, that is,
with good trade-offs between the cardinality q(C) and ©(C). It is important to note that

the fixed rate control strategy proposed in section E.1 is used in all experiments of this

119



appendix.

This appendix is organized as follows. In section F.1 we have used extra added
vectors, obtained by training, in order to reduce the ©(C) value. We also investigate the
impact of forcing the separability of the included vectors. In order to do so we have devel-
oped a measure of separability for two-dimensional discrete functions. In section F.2 we
have used it in order to reduce ®(C) non-separable dictionaries derived using analytical

expressions. The conclusions are shown in section F.3.

F.1 Dictionariesderived by training with typical video se-

quences

In this section we propose a way of obtaining a dictionary with reduced ©(C)
starting from the original Neff and Zakhor’s dictionary C [3]. This proposed dictionary
can be obtained by adding extra vectors to the dictionary C. Our idea is to build such a
dictionary by placing new vectors in the original dictionary so as to fill its deep holes. By
deep holes we mean a region in R™ in which the closest vector in the dictionary C has
0,, > 0. < O(C). These new vectors reduce the angle ©(C) of the dictionary C.

Figure F.1 shows an illustration of this process for R*. In figure F.1a we can see
a deep hole located in the region that has the maximum 6; > 6. angle. By placing an
extra vector in this deep hole we form a new dictionary with one more vector but smaller
average 0. A new deep hole with an angle 6. > 0. can be found in another position (see
figure F.1b) and another extra vector can be placed in this deep hole. This process can
be repeated until we have either 6,, < 8. or a defined number of extra vectors has been
reached. Note that in each pass we have 0,, < 6,,_;. In other words, if a vector X isin a
region containing a deep hole and u; is its nearest vector, we have that

< X,uj > < X,uj >

0(X,u;) = arccos ’ —arccos———— >0, F1
(X, 1) X I | X (F1)

The training step consists of considering as candidates for inclusion in the dic-
tionary vectors X, from the residual image of the training video sequences that satisfy
equation (F.1).

As a first experiment we included just separable vectors. We decided to do so

because as seenin section D.1.2.1 the implementation of the Matching Pursuits algorithm
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deep hole included vector

placing a vector in the deep hole

A (91 >6(;

Next deep hole if 5 > 6.

a) b)

Figure F.1: lllustration of the ©®(C) reduction by placing of a vector in the hole of the
dictionary C in the R=.

using separable dictionaries is much less complex than the implementation using non-
separable ones. In order to do so we had to derive a measure of separability of a vector,
which is introduced in appendix J.

This measure of non-separability varies in the range [0, 1), having S = 1 for the
separable candidates and S < 1 for the other ones. Figure F.2 shows the histogram of
the measure of separability S computed for all candidates to be added to the original Neff
and Zakhor’sdictionary (see table D.1). From this histogram we can see that most of the
candidates are non-separable. In fact, only less than 1% of the candidates are separable.

The procedure used to select from all the 2-D candidates the vectors to be added
to the original Neff and Zakhor’s dictionary is described as follows. First of all, we use
the MPGBP video encoder, described in appendix D, to encode different video sequences
with several « and the rate values. During this encoding process (training step 1), the
2-D regions of the residual image at the position and with the same size of the respective
encoded atoms that give angles greater than a particular threshold are consider as candi-
date vectors. From all these candidates we select only the ones which are separable. It
was done computing the measure of non-separability S of all candidates and selecting the

ones that have the this measure equal to one (separable candidates). The vectors that form

1The video sequences used during the training step were different from the sequences used for evaluating

the performance of the MPGBP video encoder.
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Figure F.2: Histogram of the measure of non-separability S for the candidates to be a new

structure.

the 2-D separable candidates can be obtained by equations (J.6) and (J.7) (see appendix J
for more details).

It is important to note that, if we already place an extra vectorin a deep hole, it is
better to place the next vector onto another deep hole so as to obtain a better distribution
of the vectors in the space. Thus, after obtaining the set of vectors that form the selected
separable candidates, we compute the angles among them. Then, the two vectors that
provide the smallest angle among them are considered to be in the same deep hole. Thus,
one vector of the two should be eliminated from the set. In order to do so, we compute
the angles among the vectors of the selected couple and all vectors of the original Neff
and Zakhor’s dictionary. Then, the vector of the selected pair that has the smallest angle
is eliminated from the set. This process continues until the set of vectors is reduced to the
number of extra vectors desired.

At the beginning of this section we conjectured that the ©(C) reduction can lead
to a better rate xdistortion performance of the video encoder. In order to assess this, it is
important to consider the reduction in the average distortion (), Since we have D'F! <
RDF-T! for each new encoded vector. Therefore, in order to facilitate the comparisons
we use, in addition to the angle ©(C), the angle ©, which is the angle corresponding to
Bavg, that is
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_ T—Bag
© = arccos ( T (xj) (F2)

where 3.4 is the average value of all 3 (see equation( C.6)).

Table F.1 shows the difference among the PSNR’s, the ®(C) and the © angles for
video encoders that use the MPGBP algorithm with different dictionaries. We have used
the original Neff and Zakhor’s dictionary (DicNeff) and two proposed dictionaries, one
with 40 separable structures (20 new structuresin addition to the 20 original ones) referred
as Dic40, and other with 64 separable structures (44 new structures in addition to the 20
original ones) referred as Dic64. It is important to note that both proposed dictionaries

were derived with 6. = 50° (see equation F.1).

Table F.1: Comparison, in terms of PSNR (dB), ®(C) and ©, between the MPGBP
video coder using the original Neff and Zakhor’s dictionary and two proposed dictionaries

formed by training of video sequences.

Dic40 - DicNeff Dic64 - DicNeff
PSNRgitr | ©(Clait | Ouirt | PSNRaits | O(Claitr | Ot
Container24 0.05 -0.93° | -0.80° | 0.15 -1.22° | -1.03°

Mother24 -0.29 -0.51° | -0.26° | -0.26 -0.76° | -0.45°

Seq + Rate

Hall24 -0.47 -1.22° | -0.27°| -0.56 -1.36° | -0.54°
Silent24 -0.29 -0.86° | -0.29° | -0.27 -0.87° | -0.44°
Coast24 -0.16 -0.70° | -0.48°| -0.09 -0.92° | -0.69°

Container64 -0.01 -0.93° | -0.74° 0.04 -1.16° | -1.04°
Mother64 -0.44 -0.90° | -0.35° -0.40 -1.40° | -0.58°

Hall64 -0.30 -1.17° | -0.44°| -0.40 -1.37° | -0.66°
Silent64 -0.55 -1.19° | -0.36° | -0.54 -1.78° | -0.54°
Coast64 -0.03 -1.00° | -0.65° 0.11 -1.26° | -0.93°

We can see from this table that the ®(C) and © reductions obtained using the
proposed dictionaries (Dic40 and Dic64), in this first experiment were not enough to
improve the performance of the MPGBP video encoder. In other words, the procedure
of placing vectors in the holes does not decrease enough the angles ©(C) and © and

therefore it does not compensate for the increase in bit-rate advent from the increase of
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the cardinality. This is probably due to the fact that we have added to the original Neff
and Zakhor’s dictionary only separable structures, which represent a very small part of
the candidates (1% of the total candidates). In fact, most of the candidates to be new
structures are non-separable (see figure F.2), and a significant ® reduction only could be
achieved if these ones were used to increase the cardinality of the dictionary. Thus, in a
second experiment, we use a similar procedure to the one above, with the difference that
non-separable structures are allowed.

In order to form the non-separable dictionary, we should choose more structures
than what we have chosen in the separable case. (for example, the separable dictionary
Dic64 was formed with 64 separable structures, which yields 4096 2-D structures). How-
ever, the computation complexity of the above procedure increases proportionally with
the number of desired structures for the dictionary. Thus, we have to change the proce-
dure so as to keepthe computational complexity with reasonable bounds. The difference
in the procedure is that instead of selecting all desired structures at the same time we
select sets of N structures so as to form the dictionary. Table F.2 shows the performance
of the MPGBP video encoder using the original Neffand Zakhor’s dictionary (labeled as
"DicNeff") and the dictionary formed considering the non-separable structures as well as
the 400 original ones (labeled as "DicNonSep™). The proposed dictionary has a cardinal-
ity of 8100 and was formed by sets of 300 structures (N=300). Note that the reductions
in the angles ®(C) and O obtained with the proposed non-separable dictionary are not
enough to compensate the increase of the bit-rate obtained with the increase of the cardi-
nality. This might be due to the modification in the algorithm of selecting structures. In
fact, the procedure of selecting sets of structures allows for more than one extra vector in
the same deep hole. Thus, in spite of using non-separable structures in the dictionary, this
one does not provide a good spatial vector distribution, and thus, it does not lead to an

improvement in performance.

F.2 Dictionaries derived using analytical expressions

Since in section F.1 it was shown that significant ®(C) and © reductions could
only be achieved with dictionaries with good distribution of its vectorsin the space. Also,

we have seen that they should be non-separable. In this section we investigate the per-
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Table F.2: Comparison, in terms of PSNR (dB), between the two matching pursuits im-

plementations using different dictionaries with MPGBP algorithm.

DicNonSep DicNeff DicNonSep - DicNeff

Seq + Rate — — —
PSNR | ©(C) C) PSNR | ©(C) (C] PSNRuitt | ©(C)aitt | Ot

Container24 34.05 | 85.43° | 81.41° | 34.60 | 86.47° | 81.84° -0.55 -1.04° | -0.43°
Mother24 35.72 | 85.33° | 80.14° | 36.31 | 85.22° | 80.44° -0.59 -0.11° | -0.30°

Hall24 35.47 | 85.65° | 79.40° | 36.47 | 86.22° | 79.71° -1.00 -0.57° | -0.31°
Silent24 32.11 | 85.51° | 77.66° | 32.65 | 86.44° | 78.06° -0.54 -0.93° | -0.40°
Coast24 27.34 | 85.40° | 79.17° | 27.69 | 85.65° | 79.46° -0.55 -0.25° | -0.29°

Container64 37.12 | 85.86° | 82.42° | 37.87 | 86.79° | 82.46° -0.75 -0.93° | -0.04°
Mother64 39.43 | 85.60° | 81.59° | 40.36 | 85.98° | 81.91° -0.93 -0.38° | -0.32°
Hall64 39.05 | 86.10° | 80.92° | 39.86 | 86.74° | 81.31° -0.81 -0.64° | -0.39°
Silent64 36.75 | 86.01° | 80.06° | 37.71 | 87.19° | 80.50° -0.96 -1.18° | -0.44°
Coast64 30.68 | 85.80° | 80.83° | 31.29 | 86.71° | 81.23° -0.61 -0.91° | -0.40°

formance of the MPGBP video encoder using non-separable dictionaries derived using
analytical expressions.

The non-separable dictionaries proposed in this section were generated from rota-
tions, scaling and sampling of the continuous 2-D function obtained from their analytical

expressions.

Figure F.3 depicts this process. In it can see that the new coordinates x and y used
for the rotation, scaling and sampling operations can be generated using the vectors v,

and v- by

X
= mV; + nv: (F3)

Y
where v, and v- are dependent of the rotation and scaling operations.

If we define a and b as the scaling factors in the horizontal and vertical directions,

respectively, and y as the rotation angle, the vectors v, and v- can be represented by
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rotation, scaling, and sampling operations *

g(x,y) function > . y

Figure F.3: Representation of the rotation, scaling and sampling operations of a continu-

ous function g(x,y).

acos -‘

v = K (F4)
asiny J
bsin

Vs = Y (F.5)
—bcosy

Using equations (F.3), (F.4) and (F.5) we can obtain the new coordinates x and y

that generate the rotated and scaled samples of the continuous function g(x,y) as

X macosy + nbsin
_ Y Y (F:6)
y masiny —nb cosy

It is important to note that the values of m and n in equation (F.6) are integers
in the ranges [-L./2,--- ,L./2] and [-L,/2,--- ,L, /2], respectively, with L, and L,
values obtained by

Lo = Lifcosy| + 1] sinvy|| (F7)

Ly = Lsiny| +1,] cosy] (F.8)

where 1, and 1, are the horizontal and vertical sizes of g(x,y) ("non-rotated"function).
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Since the structures of the proposed dictionary are generated from rotations of
rectangular regions, we have to use the support region in figure F.4 instead of the one in
figure D.9 to compute the largest norm of the macroblocks (Xax). Note that the proper
computation of the X IS important because the MPGBP algorithm assumes that the
norm of the input signal is unitary. It is important to note that the new support region is
dependent both on the largest rectangular region and on the angles of rotation that were
used to calculate the Ry«

Atom of Iargfst support

Areain which Xmax is computed __.----~~

Macroblock | |16 | 16e2R,
' t ax

16 7 Rom

Figure F.4: lllustration of the areain which X is computed when the dictionary Dicgy

is used.

Note that whenever we increase the support region defined to compute the inner
product we are also increasing the dimension of the dictionary. This increase in dictio-
nary’s dimension tends to increase its ®(C) and @ angles without significantly affecting

the performance of the MPGBP video encoder. Then, in order to have a fair comparison

127



between the original and the proposed dictionaries, we should use the same support region
for both. This forced us to adapt the algorithm in section D.2 to use a support region as
in figure F.4. Table F.3 shows the performance of the MPGBP video encoder using both
the circular and the original support regions with the fixed allocation rate-control scheme
proposed in section E.1. For the circular region a R,,,., = 51 was used. From this table
we can confirm that the use of the circular support region increase the angles ©(C) and ©

does not influence on the performance of the MPGBP video encoder.

Table F.3: Performance of the MPGBP video encoder using both the circular and the

original support regions.

Circular support region Original support region

Seq + Rate

PSNR(B)| ©(C) | ® |PSNR(@B)| ©(C) | @

Container24 34.58 87.04° | 83.17° 34.60 86.47° | 81.84°

Mother24 36.19 86.17° | 82.29° 36.31 85.22° | 80.44°

Hall24 36.41 87.28° | 81.62° 36.47 86.22° | 79.71°
Silent24 32.59 87.08° | 80.18° 32.65 86.44° | 78.06°
Coast24 27.71 86.79° | 81.45° 27.69 85.65° | 79.46°

Container64 37.83 87.70° | 84.16° 37.87 86.79° | 82.46°

Mother64 40.38 87.19° | 83.51° 40.36 85.98° | 81.91°

Hall64 39.87 87.69° | 83.01° 39.86 86.74° | 81.31°
Silent64 37.72 87.81° | 82.25° 37.71 87.19° | 80.50°
Coast64 31.33 87.32° | 82.91° 31.29 86.71° | 81.23°

In what follows we propose two types of dictionaries: one that is formed by ro-
tations of the function defined in equations (F.9) and (F.10) and another that is gener-
ated from rotations of the Neff and Zakhor’s structures. Both of them are defined by
analytical expressions and use rotated structures generated from the corresponding "non-

rotated"separable functions.
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F.2.1 A dictionary formed by rotations and anisotropic scalings of a

2-D function

In this section we investigate the performance of the MPGBP video encoder using
a non-separable dictionary formed from rotations and anisotropic scalings of a 2-D func-
tion [93]. We expect that using such a non-separable dictionary one can reduce the ©(C)
and © angles, what can lead to a better rate x distortion trade-off.

The non-separable dictionary used in this section was proposed in [21]. This one

is generated by rotations and anisotropic scaling of the function obtained as

do(x%,y) = wo(x) - e (x+7) (F.9)

where we have
2—4x|], for0<|x|]| <1
wal(x) = (F.10)
—4 +2||x||, otherwise
The rotation, scaling and sampling operations of the continuous function gs(x,y)

were performed using equation (F.6) with the v angles selected in the range [0, 7t) by

(F.11)

where n is an integer.

Using function go(x,y) defined in equation (F.9), we propose in this section two
non-separable dictionaries, labeled as Dicg) and Dicgz. The dictionary Dicg) was
formed using the go(x,y) separable structureswhose sizeis 1. x1, (1., 1, € {1,3,5,--- ,25}),
as well as the non-separable ones generated from rotations of approximately 1.4° (n =
0,1,---,127) of their separable structures. The cardinality of this dictionary is 21,505.
The dictionary Dicgzwas formed from rotations of approximately 2.8° (n =0,1,--- ,63)
of separable structures that have 1,1, € {1,3,5,---,35}. Thisdictionary has a cardinal-
ity of 20,673. Note that we have used for the proposed dictionaries (Dicg), and Dicgz)
the support region shown in figure F.4 with R, equal to 37 and 51, respectively.

Table F.4 shows the differences between the PSNR, ©(C) and © values obtained
when the MPGBP video encoder uses either the original Neff and Zakhor’s dictionary
(DicNeff) or the dictionaries Dicg), or Dicg; for encoding several video sequences. Note

that due to the increase of the computation complexity (the dictionaries are non-separable
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and have a cardinality about 20,000) we have used for all experiments on this table only
the 100 first frames of each video sequence. From this table we can see that the @(C) and
O reductions were not significant (less than 1°) for both dictionaries, and consequently
the performance of the video encoder that uses these dictionaries was worse than the one

using the separable Neff and Zakhor’s dictionary.

Table F.4: Comparison, in terms of PSNR (dB) and the ©(C) and © angles, between the

performance of MPGBP video coder using the original and the proposed dictionaries.

Dicg, - DicNeff Dicgg - DicNeff
PSNRitr | ©(Clairt | Ouairt | PSNRgitr | O(Claite | Ot

Seq + Rate

Container24 -1.02 -0.81° | -0.26° -1.09 -0.24° | -0.17°
Mother24 -0.98 -0.15° | -0.32¢ -0.78 0.23° | -0.44°

Hall24 -1.73 0.25° | 0.10° -1.52 -0.11° | -0.13°
Silent24 -1.15 -0.30° | -0.01° | -0.89 -0.28° | -0.35°
Coast24 -0.59 -0.36° | -0.17°| -0.52 -0.34° | -0.50°

In spite of being non-separable, the dictionaries proposed in this section did not
provided a reasonable reduction on the ®(C) and © angles. In fact, the maximum re-
duction obtained was 0.80°. This implies that rotations and anisotropic scalings of equa-

tion (F.9) do not generate functions with a good distribution in R™ (small ©(C) and B).

F.2.2 A dictionary formed from rotations of the Neff and Zakhor’s

dictionary structures

In this section we have investigated the performance of the MPGBP video encoder
using a non-separable dictionary formed from rotations of the Neff and Zakhor’s dictio-
nary structures. We expect that the non-separable structures thus generated reduce the
©(C) and © angles of the original dictionary C, leading to a better rate xdistortion trade-
off. In fact, when we form a new dictionary by adding rotated versions of its separable
structures, we are trying to fill the deep holes of the vector space, located near diagonal
edges. Diagonal edges are considered be near deep holes of a separable dictionary since
they tend to have low inner product with separable functions.

Another way of seeing this is by noting that, by adding rotated structures (non-
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separable) in a separable dictionary, we can capture several contours and edges, which
are not efficiently represented only by separable structures. This can be seenin figure F.6,
where we have an illustration of curve edges represented using both separable and non-
separable structures. Note that, using a separable dictionary (figure F.6a) more structures
are needed for representing the edge than when we use a non-separable dictionary with

structures in other directions (figure F.6b), besides the horizontal and vertical ones.

a) using separable structures b) using non-separable structures
Figure F.6: Representation of a curve edge using separable or non-separable structures.

In order to generate the rotated structures for the proposed dictionary, we replace
(i— L/2+4 1) in equation (D.2) by the coordinates obtained from equation (F.6) with the
scaling parameters a and b equal to one. This is so because the separable structures of the
original Neff and Zakhor’s dictionary already had their sizes appropriately scaled by the
scaling parameter (s) in equation (D.2). Also, in this section we use a different approach
for the choice of the rotation anglesy. Itis based on the intuitive conjecture that structures
of smaller support region do not need to be rotated by as many angles as the ones with
larger support region in order to fill in the deep holes. Then, instead of rotating all 2-D
structures by the same angles, as it was done in section F.2.1, we have used smaller angles
for the larger structures and larger angles for the smaller ones [45]. We have chosen the

rotation angles -y for each 2-D structure with size 1, x 1, as

2k
Yy = arctan (L——1) (F12)
max

where k are integersin {—Lyax/2, -+ , Lmax/2} and Lax IS the maximum between 1, and

L.
Table F.5 verifies the conjecture above by showing the performance of the MPGBP
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video encoder with different dictionaries formed using either the same rotations angles
for all 2-D structures (y = nmt, where n is a real in [0,7t)) or the rotations angles gen-
erated from equation (F.12). The dictionary labeled as Dic1 was generated using rota-
tions of approximately 2.5° of Neff and Zakhor’s 2-D structures and has cardinality of
14764. The dictionary labeled as Dic2 was formed using the rotations angles, according
to equation (F.12). This dictionary has a cardinality of 8090 and was generated using
equation (F.12). Also, we have used the same support region shown in figure F.4 with
Rmax = 51 forencoding the 300 first frames of the sequences Foreman at the rate 64kbps
and Mother and Weather at the rate 24kbps. We can see from this table that despite hav-
ing less structures (see equation (F.12)), the dictionary generated using rotation angles
dependent of the structures sizes (Dic2), obtains a performance similar to the one of the
dictionary generated using the choice of the rotations angles independent of the structures
sizes (Dic1). Note that we obtain only a small reduction of ®(C) and © angles when the
dictionary Dic1 is used, suggesting that the dictionary Dic2 has its vectors with a better

distribution.

Table F.5: Performance of MPGBP video coder using dictionaries formed with different

strategies for the -y angles choice.

Dicl Dic2
Seq + Rate — —
PSNR (dB) | ©(C) C) PSNR (dB) | ©(C) C)
Mother24 36.58 85.36° | 80.91° 36.53 85.69° | 81.03°
Weather24 32.20 86.47° | 81.13° 32.25 86.62° | 81.27°
Foreman64 33.86 86.06° | 79.09° 33.93 85.94° | 79.24°

In figure F.7 we can see the variation of the average PSNR with o for Mother, Con-
tainer, Silent and Coast sequences at 24kbps encoded with the MPGBP video encoder
using a non-separable dictionary formed by rotations of the original Neff and Zakhor’s
dictionary. The rotations angles used were generated according equation (F.12). This
dictionary has a cardinality of 8090 and uses the same support region shown in figure F.4
with R...x = 51 for encoding the 300 first of the video sequences. From this figure we
can note that the performance of this version of the MPGBP video encoder varies with «
like the one described in appendix D.

In table F.6 we compare the PSNR, ©(C) and © values obtained using the MPGBP
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Figure F.7: Variation of the average PSNR with o parameter for several video sequences

at 24kbps encoded using a dictionary generated by rotations.

video encoder with either the separable Neff and Zakhor’s dictionary (labeled as "N") or
the dictionary of rotations according equation (F.12) (labeled as "NR"). From this table
we can see that the proposed dictionary provided, in general, reasonable ©(C) and ©
reductions. In fact, it compensates the increase in rate obtained when we increase the
dictionary cardinality by decreasing ©(C), thus, improving the performance of the video
encoder. Itis important to note that, the larger the ®(C) and © reductions, the better is the
performance of the MPGBP video encoder using the NR dictionary. The results show that
whenever the © reduction is grater than 1° we obtain an improvement in the performance
of the MPGBP video encoder.

Figures F.8 and F.9 show the variation of the average PSNR with rate for the
MPGBP video encoder using the the separable Neff and Zakhor’s dictionary (labeled
as "Dictionary N") or the dictionary of rotations according equation (F.12) (labeled as
"Dictionary NR"). We can see from these figures that the use of the rotations in the
original dictionary consistently improves the performance of MPGBP video encoder for
all rates. Also, note that this improvement tends to increases with the bit rate. It is
important to note that the results shown in table F.6 and figures F.8 and F.9 corroborate
our conjecture, made based on the theoretical analysis in appendix C, that by reducing,
the ®(C) and © angles, even at the expense of increased cardinality, we can obtain better

rate x distortion trade-offs.
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Table F.6: Comparison, in terms of PSNR (dB), between the MPGBP video encoder using

the original Neffand Zakhor’s dictionary and the proposed dictionary formed by rotations.

N (Neff) NR (Neff + Rotation) Difference (NR - N)
Seq + Rate — — —
PSNR [ ©(C) (G] PSNR | ©(C) €] PSNR | ©(C) (C]

Mother24 36.19 | 86.17° | 82.29° | 36.53 | 85.69° | 81.03° | 0.34 | -0.48° | - 1.26°
Weather24 3175 | 87.52° | 82.61° | 32.25 | 86.62° | 81.27° | 0.50 | -0.90° | - 1.34°

Hall24 36.41 | 87.28° | 81.62° | 36.22 | 86.64° | 80.68° | -0.19 | -0.64° | - 0.94°
Silent24 32.59 | 87.08° | 80.19° | 32.74 | 86.29° | 78.90° | 0.15 | -0.79° | - 1.29°
Coast24 27.71 | 86.79° | 81.45° | 27.65 | 85.87° | 80.51° | -0.06 | -0.92° | - 0.94°

Mother64 40.38 | 87.19° | 83.51° | 40.72 | 86.51° | 82.35° | 0.34 | -0.68° | - 1.16°
Weather64 37.56 | 88.26° | 83.60° | 38.39 | 87.20° | 82.34° | 0.83 | -1.06° | - 1.26°
Hall64 39.87 | 87.69° | 83.01° | 39.85 | 86.97° | 82.13° | -0.02 | -0.72° | - 0.88°
Silent64 37.72 | 87.81° | 82.25° | 37.96 | 86.92° | 81.14° | 0.24 | -0.89° | - 1.11°
Foreman64 33.45 | 86.80° | 80.77° | 33.93 | 85.94° | 79.25° | 0.48 | -0.86° | - 1.52°
Coast64 31.33 | 87.32° | 82.92° | 31.36 | 86.29° | 82.01° | 0.03 | -1.03° | -0.91°
Foreman96 35.52 | 87.07° | 81.60° | 36.01 | 86.34° | 80.30° | 0.49 | -0.73° | - 1.30°
Weather96 40.38 | 88.48° | 84.00° | 41.41 | 87.30° | 82.72° | 1.03 | -1.18° | -1.28°

43 11
41t -
m 39 ]
©
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)
a 37| i
3B+ Dictionary NR (Neff + Rotation) .
/ Dictionary N (Neff) -------
33 f/ 1 1 1 1 1 1 1 1 1
10 20 30 40 50 60 70 80 90 100

rate, kbps

Figure F.8: Variation of the average PSNR with rate for Mother sequence.

In figure F.10 we compare the performance of the MPGBP video encoder for high
bit-rates using both the separable Neff and Zakhor’s dictionary (labeled as "Dictionary
N™) and the dictionary of rotations according to equation (F.12) (labeled as "Dictionary
NR™) with the De Vleeschouwer and Zakhor’s state-of-the-art MP video encoder [7] for
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Figure F.9: Variation of the average PSNR with rate for Weather sequence.

60 frames of the Foreman sequence at 30fps. We can note from this figure that our results

present a significant improvement over the ones in [7] (average gain of 1dB).

Figure F.10: The performance of the MPGBP video encoder using the original and the

rotated dictionaries and the Zakhor’s video encoder for Foreman sequence at high bit-rate

with 30fps.
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F.3 Conclusions

In this appendix we have investigated the performance of the MPGBP video en-
coder using different overcomplete dictionaries. We have used two strategies in order
to choose the dictionary structures, one adding extra structures in the original Neff and
Zakhor’s dictionary and another using a new vector distribution of the dictionary. The
results obtained by the dictionary formed from rotated versions of the separable Neff and
Zakhor’s dictionary structures are significantly superior to the ones obtained with the sep-
arable dictionary. One should note that an important aspect of the obtained results is that
they corroborate the conjecture, made based on the theoretical analysis in appendix C,
that by reducing the ©(C) and © angles, even at the expense of increased cardinality, we

can obtain better rate xdistortion trade-offs.
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Apéndice G
Conclusions

This Thesis introduces a class of video compression methods based on a general-
ized bit-planes decomposition within a matching pursuits framework.

It begins by presenting, on appendix B, the matching pursuits algorithm and its
main characteristics.

Next, in appendix C, the theory of signal decomposition in generalized bit-planes
was presented and a novel algorithm (MPGBP algorithm) for performing matching pur-
suits decomposition based on this theory was proposed. The proposed algorithm has
the advantage of obviating the need for setting up arbitrary trade-offs between number
of atoms used and coefficient quantization, giving an easy solution for the quantization
problem inherent to the traditional matching pursuits algorithm. In this appendix we also
analyzed the theoretical bounds and the Rate-Distortion characteristics of the proposed
algorithm using parameters of regular lattices as well as of a dictionary formed by the
union of an orthogonal dictionary and its symmetric in relation to the origin. The re-
sults have shown that the reduction of the ®(C) value of a dictionary C can lead to a better
rate x distortion trade-off, and, therefore to a reduction of the bit-rate spentin the encoding
process.

In order to assess the performance of the MPGBP algorithm in video coding, in
appendix D, it was implemented a video coder using the same framework of the Neff
and Zakhor MP in [3, 4]. The MPGBP video encoder was used with different kinds of
sequences and for a large variety of bit-rates, yielding consistent results. These results
indicate a significant improvement over the classical video-MP algorithm [3, 4]. It also

provides a performance comparable to that obtained by more sophisticated algorithms as,
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for example, the onesin [10, 7].

In appendix E, it was proposed two rate-control strategies for improving the per-
formance of the MPGBP video encoder. One used a rate-control procedure that divided
precisely the bit-rate of the sequence equally among all its frames (fixed scheme) and the
other used a rate-control scheme that employed Lagrangean optimization in order to solve
the optimal bit allocation problem (Lagrangean scheme). The fixed scheme can be used
to provide a fair comparison among the performance of video encoders, since one can ob-
tain precisely a desired bit-rate. Its performance is comparable to those obtained using the
state-of-the-art matching pursuits video encoder [7]. The scheme based on Lagrangean
optimization presents just a small improvement in objective performance over the fixed
rate one. Nevertheless it produces a smaller PSNR variation among the video sequence
frames, and therefore yields a better subjective quality for the encoded video sequence.

In appendix F we investigated the performance of the MPGBP video encoder using
different overcomplete dictionaries in order to assess the effect of these dictionaries on the
performance of a video encoder. The results show that using a non-separable dictionary
formed from rotated versions of the separable Neff and Zakhor’s dictionary structures
improves the performance of the MPGBP video encoder and corroborates the conjecture,
that by reducing the ®(C) and © angles of a dictionary C, even at the expense of an
increase in cardinality, we can obtain better rate x distortion trade-offs.

As suggestions for further work, it should be investigated the performance of the
MPGBP algorithm in still images coding. In order to do so, we should investigate alter-
native frameworks [35, 36, 37, 38, 39, 40, 41, 42], to the one of Neff and Zakhor [3, 4].
In this context, we should also investigate dictionaries that give good representations for
still images.

As another suggestion for further work, the MPGBP algorithm could be applied
in video coding using more sophisticated dictionaries, as ones based on ridgelets [43, 44,
45, 46, 47, 48], curvelets [49, 50, 51], contourlets [52, 53].

Summarizing, one can conclude that the MPGBP algorithm provides an efficient

scheme for video coding, and its characteristics deserve further research.
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Apéndice H
Proof of Theorem 1

In this appendix we present the proof of theorem 1, stated in chapter C, that guar-
antees the convergence of the Matching Pursuits Generalized Bit planes (MPGBP) algo-

rithm. We restate it here for convenience:;

Theorem 1: Be x € RN, ||x|| < 1, such that it is approximated by MPGBP algorithm
using a dictionary C with P steps, generating x'*' as in equation (C.5), and be ©(C) the
largest angle between any signal y € R™ and the closest atom in dictionary C. We have
that ||r'™!|| =[x —x™!|| < BF, where B. = /T — (2a — &%) cos* (©(C)) < 1 for every

0<a<Tand0 <O(C) < 3.

Proof. We can represent the residual signal r'®! in pass P as (see figure H.1)

[P = e 4 g — 2 e )] cos (HD)

(P—11

where 0 is the angle between the residual r' and its closest vector. Since we can

assume to be using complete dictionaries, it can be said that 6 < ©(C) <

1214

Since o < 1 then 9Q € Z such that (see figure H.1)

RF < ||rP7" cos 0 < R (H.2)

Equation (H.2) can be reorganized as

Q-+

x
®C0SO < m < coso (H.3)
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@1

|[rP=D|| cos 6

ot
Figure H.1: Illustration of the signal approximation x.

According to the MPGBP algorithm (see page 62), we choose to t to be R+ In

this case, the residual r'! becomes, from equation (H.1),

[P = D)2 4 (@@*1) = 2 [P o@* coso (H4)

and consequently

[Eskadl : o2\ KR+
(Hr[P—]]H =1+ W -2 W coso (H5)

From equations (H.3) and (H.5) we have that

SR ) o :
izl < 1+ & cos 0 —2xcos 0

= 1— (20c— o) cos™ 0 = B~ (0) (H.6)

o+
The equality occurs for —————
e 7]

Since 0 < o« < 1and |cosB| < 1, we have that the smallest 3~ (8) value (see

= o C0sO.

equation (H.6)) is obtained when o — 1.
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In figure H.2 we plot the value of 3~ (0) against o for0 < o« < 1.

sen2f .

-0.5 0 0.5 1.5 2 2.5

QR

Figure H.2: Plot of 3~ (0) against «.

From equation (H.6), we have that the residual decreases its magnitude by at least
B (0) in each pass. Since 8 < © (C), and, forx € (0,1), (2 — «*) > 0, then we have
that

B (8) < V1 — (20— a®)cos? (B (C)) = B (H.7)

Thus, since ||| < 1, we can say that, after P passes, ||r™)]| < B,

QED

142



Apéndice |

Derivation of © (/)

In this appendix we present the derivation of the relations among the dimension
N(U), the cardinality q(&/) and ©(2/) for the dictionary I/ defined in section C.3.2. This

dictionary was defined as

u - Z/[on’_ U _Z/{ort (Il)

where we have Uy = {1,0,--- ,0}u{0,1,0--- ,0}uU{0,--- ,1,0} U{0,---,0,1}.

Then, the dictionary &/ can be written as
U={£1,0,---,0,U{0,£1,0---,0} U{0,--- ,£1,04U{0,--- ,0,£T} (1.2)

Since the dictionary U/ is formed by the union of two orthogonal dictionaries of
cardinality N, the cardinality of this dictionary is the sum of the cardinalities of both

orthogonal dictionaries, and can be expressed by

q(U) =N+ N =2N (1.3)

Now, in order to obtain a relation for ©®(4/), we will consider a vector
N

V = (vy,vs, -+ ,vn) With [v| = Zv; The largest inner product of the vector v with
i=1

a vector u from the dictionary ¢/ is given by max{< v - u; >} = max{|v;|}. From this we
1 1

can obtain the maximum value of cos(®) given v as (note that [|u;|| = 1)
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max{< v,u; >}  max{lv;|}
cos(@) = — < == (1.4)

[VI[u] N >
i \;3 V7

i kl

ZH ' 2 max{vs |~}

i=1

We have that for the v which gives the maximum ©, then cos(®) is minimum, and

N 5
A% . .
therefore {Z —‘} IS maximum.

— miax{lva\l}
Since
v
't < .
max{lv;|*} — ] (1.5)
We have that
N Vl
— L <N 1.6
2 imax(i ] < (18)

From equations (1.4) and (1.6) we have that

1
cos(@) > — 1.7
(©) > N (1.7)
Since, forv; ={1,--- , 1} we have that
cos(®) = 1 (1.8)
VN '

Then, cos(O(U)) =

5~

QED
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Apéndice J

Measure of Non-Separability S

We have that any separable matrix Xpn «a formed fromthe vectors an .1 and bag

can be written as

Cl]bT
I_ ol -‘ T
L a:b
X = ab = | | |: b-l PN b:VL = . (Jl)
. :
|_ N J aNbT
Using X defined by equation (J.1), we have
[ a1bT |
T ang
XXT = _ ab ab - anb | (1.2)
aNbT
[ @b @ab™ - aanb’d
a-a, bTb a%bTb SR ¢ ;YO T N bTb
= . . : . (J.3)
ana;b™b anasb™ .- agb’b
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ajllbll -+ ajanllbl]
a;as|blF -+ a-anlbl]*
_ ] _.H | | > '\TH | 0.4)
| ajanlbl? - ailbl? |
_ [k]a kNa] (J.5)
where k; = a;||b|*.
If we normalize each column of XX we obtain
T & a o a
(XX o = { Rl Tal Al } (26)
In similar way, noting that X = ab™ = [ b,a b-a --- bma ] and normalizing
each line of X™ X, we have
— L —
bl
b
-
(X X)Norm - Hb” (J.?)
b
L [[bl]

From equations (J.6) and (J.7) we can obtain the normalized a and b that form
the separable matrix X. Note that if X is separable, the rows and the columns in equa-
tions (J.6) and (J.7) are equal, respectively. Otherwise, if X is non-separable, we have at
least two rows and columns of these equations with different values, respectively. For a

non-separable X, these equations can be written as

(X ) o = | & - | (18)
51

X X) o = | (1.9)
6.‘\»‘1

where &; and b; are the values obtained in each rows and columns of equations (J.6)
and (J.7), respectively.

Also, we have that
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T
(XXT)Norm (XXT> Norm

— (J.10)

b |

T . ~ ~
(XTX) Norm (XTX) Norm - : ! [ bT ’ b-[":-‘L

| B

= (J.12)

The separability of X can be evaluated computing the mean of the square for all
coefficients abovethe main diagonal of the matrices showed in equations (J.10)and (J.11).

It is the desired measure of non-separability S, and can be computed by

N—-1 N V=1 M
D (ala)?+ > > (bd])?

i=1 j=i+1 i=1 j=i+l
S = J.12
(N—1)N+(M—1)M (.12)

2

Since a separable matrix has its them vectors &, = @ = --- = ay and 61 =
5 = ... = bay, we have all values above the main diagonal equal to one (éfé]- = 1and

1 O O

{5}' = 1). This produces S = 1. A non-separable matrix does not have all &; and/or all
b;. It produces for some vectors &] & < 1 and/or Bif);" < 1, and consequently, S varying

in the range [0, 1).
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Apéndice K
Original Sequences

In this appendix we show the luminance of frames 000, 020, 040, 060, 080,
100, 120, 140, 160, 180, 200, 220, 240, 260, 280 and 299 of the original sequences:
Coast-guard, Container, Foreman, Hall-monitor, Mother-and-daughter, Silent-voice and

Weather. These sequences have 300 QCIF frames (176 x 144) with 8bit/pixel.
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Coast 000 Coast 020

Coast 080 Coast 100

Figure K.1: Frames 000, 020, 040, 060, 080 and 100 of the original Coast-guard se-

quence.
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Coast 120

Coast 160 Coast 180

Coast 200 Coast 220

Figure K.2: Frames 120, 140, 160, 180, 200 and 220 of the original Coast-guard se-

quence.
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Coast 240 Coast 260

Coast 280 Coast 299

Figure K.3: Frames 240, 260, 280 and 299 of the original Coast-guard sequence.
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Container 080 Container 100

Figure K.4: Frames 000, 020, 040, 060, 080 and 100 of the original Container sequence.
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—

Container 120

= : E : —

Container 160 Container 180

Container 200 Container 220

Figure K.5: Frames 120, 140, 160, 180, 200 and 220 of the original Container sequence.
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[ .

Container 240

.

Container 280 Container 299

Figure K.6: Frames 240, 260, 280 and 299 of the original Container sequence.
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Foreman 000 Foreman 020

Foreman 040 Foreman 060

Foreman 080 Foreman 100

Figure K.7: Frames 000, 020, 040, 060, 080 and 100 of the original Foreman sequence.
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Foreman 120 Foreman 140

Foreman 160 Foreman 180

Foreman 200 Foreman 220

Figure K.8: Frames 120, 140, 160, 180, 200 and 220 of the original Foreman sequence.
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Foreman 280 Foreman 299

Figure K.9: Frames 240, 260, 280 and 299 of the original Foreman sequence.
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Hall 000 Hall 020

Hall 040 Hall 060

Hall 080 Hall 100

Figure K.10: Frames 000, 020, 040, 060, 080 and 100 of the original Hall-monitor se-

quence.
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Hall 120 Hall 140

Hall 160 Hall 180

Hall 200 Hall 220

Figure K.11: Frames 120, 140, 160, 180, 200 and 220 of the original Hall-monitor se-

quence.
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Hall 240 Hall 260

Hall 280 Hall 299

Figure K.12: Frames 240, 260, 280 and 299 of the original Hall-monitor sequence.
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A\ O

Mother 000 Mother 020

Mother 040 Mother 060

A\

Mother 080 Mother 100

Figure K.13: Frames 000, 020, 040, 060, 080 and 100 of the original Mother-and-

daughter sequence.
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Mother 120 Mother 140

Mother 160 Mother 180

£ N

Mother 200 Mother 220

Figure K.14: Frames 120, 140, 160, 180, 200 and 220 of the original Mother-and-

daughter sequence.
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Mother 240 Mother 260

:"h =
al 1%

Mother 280 Mother 299

Figure K.15: Frames 240, 260, 280 and 299 of the original Mother-and-daughter se-

quence.
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Silent 000 Silent 020

Silent 040 Silent 060

Silent 080 Silent 100

Figure K.16: Frames 000, 020, 040, 060, 080 and 100 of the original Silent-voice se-

quence.
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Silent 120 Silent 140

Silent 160 Silent 180

Silent 200 Silent 220

Figure K.17: Frames 120, 140, 160, 180, 200 and 220 of the original Silent-voice se-

quence.
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Silent 240 Silent 260

Silent 280 Silent 299

Figure K.18: Frames 240, 260, 280 and 299 of the original Silent-voice sequence.
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Weather 080 Weather 100

Figure K.19: Frames 000, 020, 040, 060, 080 and 100 of the original Weather sequence.
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Weather 200 Weather 220

Figure K.20: Frames 120, 140, 160, 180, 200 and 220 of the original Weather sequence.
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Weather 280 Weather 299

Figure K.21: Frames 240, 260, 280 and 299 of the original Weather sequence.
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