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2ṙ ≤ −δcQ1 − δ̄ cQ2 r + cDR exp(−λt) .
� ��e �-� �

� 6 I 8 A &��>ACI r ACu�A}I r A7np;7g>=B? q ;7I G>6f6 	)A}uw;{L�e � � h ? G A���A���� 6 L�e � I 6 �(g �CI G ? q A�L,��g 6�G AsR 8 A
q}6 I q =@<>?BE &S<>A

r(t) ≤ [r(0) + cR] exp(−λ1t) ,
� ��e �-� �

6 I G A
c > 0

9 <>u�; qC6 I 8Fr ;7I r A ;xg>E 6 g2E:? ; G ;mA
λ1 < min(λ, δ̄ cQ2/2)

e��(g>=@? q ;xI G>6 R 8 A�; G A 8 ? R
�z<>;7= G ; G A G A
��;i��=BAC? �7J�R$��? r ~ � ��e �-� ��ACu � ��e �-� � n 6 � r�9 uDR 8 A 3KI>;7=@uHACI r A�; G A 8 ? �7<K;7= G ; G A � ��e � �se
��A

δ>0
ACu � ��e � � n G>6 	)ACu�;jL�e � g 6�G AsR 8 A q}6 I q =@<>?BECn r ;7u � 9 u�n�&S<>A ∃t1≥0

r ;7=
&S<>A
r(t)=0

n

∀t≥ t1
n�; 8:8 ?@umn 6 u 6�G26{G A 8 =B?@~C;7I r A(ACu

e=0
qC6 u�A ��;fACu ;x= �z<2u r A}u�g 6 3>I>? r:6

ts
n
0≤ ts≤ t1

e

& �4�
�(')2#�/
)� % ��� � 	 �
� � �.� 
� "!#� % ���
� � !
AM = −γMI � γM > 0 � ! (1���
	*	.� � !���� � � #��
	.��� #
� �



6 � 	 �1	.� ' � �
	��
$������
	 ( � � '?�
	.� +�	-/ ce =0
( # � � (�� �=	%�+!</ 	9��� � #�� �
	����
$��	��$

6 � 	 ( #�� � 6 u AM =−γMI
n
γM >0

n r ACuDR 8 A<&S<>A
λmax(A

T
MP +PAM)=−2γMλmin(P )

A ; G A 8 ? �7<K;7= G ; G A � ��e � � � 9w8 ; r ? 8�l AC? r ; q}6 u
ce = 0

A
δ̄ = 2γMλmin(P )/λmin(Q)

e�� g2E 6 h ;
g 6�G A 8 ACE qC6 uHg>=@A r ; G ; 8 A��z<2?@I G>6 R 8 A 678 gK; 8:8F6z8�G ;Dg>E 6ih ; G ;H'#E 6 g 6z8 ? q ; 6 ��e � e

� � 6 E 6 = � E:? 6 ��e � ;7g>E:A 8 A}I r ;
<>u�; qC6 I G ? � � 6 A}u &S<>A 8 A�g 6�G A�A 8FqC6 =@J>A}E
ce =0

I 6 =@?BuH? r ;xI r A
?BI l ACEF? 6 E G ; l <>I � � 6�G A&u 6�G <>=@;���� 6 � ��e � �sn 6 &S<>A&g 6z8:8 ? �>?B=@? r ; 8 ?@uHg>=@? 3 q ;xE); 8 <K;�?@uHg>=BA}uHACI r ;���� 6 e

d ?@uHg 6 E r ;7I r AmE:A 8F8 ;7= r ;7E%&S<>A ; J>?@g � r A 8 A G A"&S<>A 6 ��;7I2J 6 G AY;7= r ; l EFA9&����CI q ?@;
K

G>6
8 ? 8Fr ACu�; 8 A!�:; �1	 � '0� ' ( #�/ ! (1� ! !���� � ( ! � � −K

8 A$�:; U�<>E � ? r ~-��; 8F8 <>uH? G ;YIK; '#E 6 g 6z8 ? � � 6 ��e � 9
<>u�; q}6 I G ? � � 6 I>A q A 8F8 � EF? ; A 8 <�3 q ?@ACI r AYgK;xE�; ; ;7g2=@? q ;�� � 6 G>6 q}6 I r E 6 =BA h A r:6 E:?@;7=�<>I2? r � E:? 6 n
q}6 I l 6 EFu�A 8 A q}6 I q =B<>? � l E:A}I r A{I>; ��A���� 6 ��e � e��0E:A}=@A h � I q ? ; G A 8Fr ; qC6 I G ? ��� 6w9 ; h ;7=B? ; G ;jIK; 8
��A ����A 8 ��e � Af��e �>e

� ��� ��������� ����� � 	 
 �(�C� 
���	 � � 	 � �>��% ��� 	���
 %�� 
�� � � �C� 
���� �

$ 	 % ��	 � 	 ��
&� � ���C
#��
#�(���
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
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U = −cee(t) − ρd(t)
e
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� ��e|� � �

ρd(t) ≥ δ + (1 + cd)‖dU(t)‖ ,
� ��e|�z���
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ACu � ��e � � n 6 &S<>A�E:A 8 <>= r ;
I>;Mu�; r E:?@~
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ε(t) = M(s) [U + dU(t) + π1(t)] ,
� ��e�� � �
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dU(t) � � � !�	.� � ')( #�' � π1(t)
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π2(t)
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U = −ρ(ε, t)
ε

‖ε‖ ,
� ��e|�x���

ρ(ε, t) ≥ δ + cε‖ε‖ + (1 + cd) ‖dU(t)‖ + cfεf + π2(t) , ∀t ≥ 0 ,
� ��e|� � �
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ε̇f = −γ0εf + ‖ε‖ ,
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‖ε(t)‖ ! ‖xea(t)‖ ≤ [c1‖xea(0)‖ + c2R] exp(−λ1t)
� ��e|� � �

� ��#�� ' � � ! '0� # ∀t ≥ 0 � 	&( �+! xea := [xT
e , εf ]
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!�/ /�# � � # � !�+�� #�� # � �-! ( �
	 xe

	 !���� #��
	 �+!%79� # � 79�"! �'� !$# � '��-#�� �
	 !���� # � ' � '�� � ( ! � !%�+!�� !�+�� � ( ! �
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, . . . ,
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ρ(ε, t) ≥ δ + cε‖ε‖ + (1 + cd) ‖dU(t)‖ + π2(t) , ∀t ≥ 0 .
� ��e|��� �
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˙̂ε(t) = −αε̂(t) + K [U + dU(t)] ,
� ��e � � �

ε(t) = ε̂(t) + π1(t) + β(t) ,

	%79��# � � !�/ � ! � #�� �
	 ! (1� � #�� #�
 ��#��?� # � #�� # �1	 �

ε(t) = L−1(s)K [U + dU(t)] + π1(t) + β(t) ,
� ��e � � �
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$ � �����
/ !�
 �-! 	 +�	&(��"!�+ '0/ ! (1�2	 �+!��
/ /�# � 	 � #�(1� !
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	 dU(t)
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U = −ρ(t)
ε
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� ��e � � �

ρ(t) = ρ̄(t) + π2(t) ,
� ��e ��� �
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ρ̄(t) ≥ (1 + ĉd)d̄U(t) ,
� ��e � � �

ρ̄(t) ≤ (1 + c̃d)d̄U(t) ,
� ��e � � �

∀t≥0 � 	�( � ! ĉd � �
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˙̄y(t) = −γȳ(t) + c1‖u(t)‖ ,
]�j3m £ l

#�+3$,�
ȳ(t)≥‖g(t)∗u(t)‖ , ∀t ≥ 0

�,$,����$,� r:),�
ȳ(0)≥0

m
\*]_^�`���a�bdcfehg�iIj
T0UWVXFQGlkQGSJ�~Z�mT Lyx.G Y.N�VXF�B[T3P*~vNEFon?TpkEIXB

c1/(s+γ)
GS� qqY.N(~vGSFEJ?BhBAk�F�N?rOIXBAYABUq

G[D3B�F
(c1, γ)

q�s��.Jut7j,vYt YAB�J?B�V�FZIxw
Y.N�VXF�B[T3P*~vNEFon?TpkEIXB�NQPEV�FZIKV`B�J[N?T%V NCD>FzyQD>FZIXB N NQPEV|{[r�NEU
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G(s)
PON

‖g(t)‖ ≤ c1 exp(−γt) , ∀t≥0 ,
]�jzm } l

GUT>Y.N
g(t)

s�BuF�NQP D%GOPEV BwIKJ�D>�.U�PEI rSB kQGSFZFQNQP D%GUT>Y.N?T%V N � J?B�V�FZIxwfY.N VXF;B[T3P*~vNEFzn?TpkEIXB
G(s)

N
c1, γ>

0
P�x.G0kQGUT3PEV B[T%V NQP BED>F�GQD>FEIXBAYABSP��
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	�GUT3PEIXY.NEFQNCGhPEI6PEV NEJ?B

ẋ(t) = Ax(t) + Bu(t) ,
]�j3m���l

y(t) = Cx(t) ,

GUT>Y.N
y ∈ Rp

q
u ∈ Rm

N
x ∈ Rn

���RN�
 B
γ0

B�J?B�F��.NEJ Y.N�NQPEV`BAk�IKUWIXYABAY.N�YAB�J?B�V�FZIxw Y.N
VXF�B[T3P*~vNEFon?TpkEIXB

G(s) :=C(sI − A)−1B
NuPON�
 B

γ :=γ0 − δ
kQGSJ

δ >0
PONGT>Y.G1�.J?BKkQGUT3PEV`B[T%V N

B�F k�IKVXF�{�FZIXB����RN�
 B
ū(t)

�.J J?B�
vGSF�B[T%V N I T3PEV B[T%V��[T�NQG�Y.N
u(t)

qCI��XN��xq ‖u(t)‖ ≤ ū(t)
q ∀t ≥ 0

�
� T%V`x.G q ∃c1, c2 > 0

V`B�I6P����%NCB[F�NQP D%GOPEV`B1IKJdD>�zU�PEI rSB
g(t)

Y.G|PEI6PEV NEJ?B����������hP�B�VXI6P*~ B�LyB

‖g(t)‖ ≤ c1 exp(−γt) ,
]�j3m �Al

N BSPwPON`���.I T%V NQP Y.NQPEI����3B�U�YABAY.NQPdPON�
 B�J P�B�VXI6P*~vNEIKV`BSP

‖g(t) ∗ u(t)‖ ≤ c1 exp(−γt) ∗ ū(t) ,
]Xj3m��Al

‖y(t)‖ ≤ c1 exp(−γt) ∗ ū(t) + c2 exp[−(λ0 − δ)t]‖x(0)‖ ,
]�j3m��OiAl

∀t ≥0
q�GUT>Y.N

λ0
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g(t) =
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



C exp(At)B
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t > 0 ,

0
�;�

t = 0 .
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exp(At)
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Ajlt
l exp(λjt)
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Gjlt

l exp(λjt)
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j ∈{1, . . . , n} � l∈{0, . . . ,mj − 1} � mj
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λj
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A

�
Ajl ∈Cn×n
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Gjl ∈Cp×m
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r:),� ‖ exp(At)‖≤ c3 exp[−(λ0 − δ)t]
� ‖g(t)‖≤ c1 exp(−γt), ∀t≥0
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‖g(t)∗u(t)‖ ≤ ‖g(t)‖∗‖u(t)‖ ≤ c1 exp(−γt) ∗ ū(t) ,
]�j3m��yg�l
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y(t) = g(t) ∗ u(t) + C exp(At)x(0) , t ≥ 0 ,
]Xj3m8�vjAl
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G(s)
quN?T%V x.G�BSP{J?B�F`�.N?T3P?Y.N NQPEV BAk�IKUWIXYABAY.N[G�kEN;Y.NokQNEF�x.G

λ0 ≤ γ0

� �RN�G�PEI6PEV NEJ?Bh~vGSF kQGUT%V�F�GSUx{[r�NEU�N�G�kEPONEF?rU{[r�NEU q N?T%V`x.G
λ0 = γ0

� vfU sEJ Y�I6PQPOG qdPON�G
PEI6PEV NEJ?B B��.V
�UT�GSJ[G�~vGSF BSPQPEI T%V GSVXI|k�B�J[N?T%V NCNQPEV|{[r�NEU q N?T%V x.G

0<λ0≤γ0
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y(t) = Cx(t) + Du(t)
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G(s)=C(sI − A)−1B + D
N?G

�5NEJ?B �����?PON5r�NEFZI T7k�B BAY�I|kEI`GUT>B[T>Y.G
	`PONCG?V NEFZJ[G
c4ū(t)
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c4≥‖D‖ � B.GOP\J?B�
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��������� � ���uB�VX�.F;B�UWJ[N?T%V NCB[F�NQP D%GOPEV`B1IKJdD>�zU�PEI rSB
g(t)

Y.N?r�N�PONEFuJ[G�Y�I T7k;BAYAB[BAY.N ���3BAYAB�J[N?T%V N��
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Uav
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�W]���� ehg�� 	�GUT3PEIXY.NEFQNCGhPEI6PEV NEJ?B

ẋ(t) = Ax(t) + B[U + d(t)] + Bφφ(x, t) ,
]Xj3m8� ¢ l

τ U̇av(t) = −Uav(t) + U ,
]Xj3m8� £ l

GUT>Y.N
U, d ∈ Rm

P�x.G�GOP�PEI T>B�I6P
Y.N N?T%VXF;BAYABUq
d

s ���zq
τ > 0

s��.J?B kZGUT3PEV`B[T%V N
Y.N�V NEJdD%G
B�F k�IKVXF�{�FZIXBUq

x ∈ Rn
q

Uav ∈ Rm
� v ~Z�mT Lyx.G

φ : Rn × R+ → Rl
s8kQGUT%V � T,�,B�D%GSFhD3B�FEV NQP

NEJ
t
q U6G�k;B�UWJ[N?T%V N � I�D%P k��.IKV w�NEJ

x
N P�B�V�I6P*~ B w ‖φ(x, t)‖ ≤ kx‖x‖ + ϕ(t)

q�GUT>Y.N
kx ≥ 0

s B�U ���zJ NQP k;B�U�B�F N
ϕ : R+ → R+ s kQGUT%V � T%�3B�D%G&F|D3B�FEV NQP��Ev�PQPE�.J[N 	`PON ���%N?D3B�F�B k;BAYAB

kQGUT>Y�I*Lyx.G I T%I|kEIXB�U=B�F k�IKVXF�{�FZIXB
[xT (0), UT

av(0)]
T

G PEI6PEV NEJ?B
Y.N N ���3B�L&MONQP?Y�I ~vNEF�N?TpkEIXB�I6P ��������� ���
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λ0

B�J1B�F��.NEJ Y.N
NQPEV`BAk�IKUWIXYABAY.N YAB�J?B�VXFZIxw

A
� �RN�
 B�J

cφ > 0
N

γ < λ0

V B�I6P ���%N ‖wφ(t)‖ ≤ cφ exp(−γt)
q

∀t ≥ 0
q[GUT>Y.N

wφ(t)
s
B�FQNQP D%GOPEV`B�IKJdD>�.U�PEI rSB<kQGSFEF�NQP D%GUT>Y.N?T%V N � J?B�V�FZIxw Y.N�VXF�B�TzP*~vNEFon?TpkEIXB

(sI − A)−1Bφ

� ��N
γx := γ − cφkx > 0

q�N?T%V`x.G ��������� � s�NQPEV|{[r�NEU T�G�PON?T%VXIXY.G ��+:�;����$,�S}
2876/?7 �Q�&$%�S} � ���Q�&$,#&} 287�/?7 �Q��$3# N ∃ci ≥ 0
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i = 0, . . . , 6

��V`B�I6P����%N
B�PON`���.I T%V N
Y.NQPEI����3B�U�YABAY.N[PON
r�NEFZI T7k;B ∀t≥0

‖x(t)‖ ≤ c2τ‖Uav(t)‖ + exp(−γxt) ∗ [c3ϕ(t) + (c4 + τc5)‖Uav(t)‖ + c6‖d(t)‖]

+ exp(−γxt) [c0‖x(0)‖ + c1τ‖Uav(0)‖] .
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U =τU̇av + Uav
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ẋ − Bτ U̇av = Ax + B[Uav + d] + Bφφ(x, t) .
]Xj3m8�O��l
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x̄ :=x−BτUav
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˙̄x = Ax̄ + (τA + I)BUav + Bd + Bφφ(x̄ + BτUav, t) .
]�jzm8� ��l
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r(t) = exp(−γt) ∗ [cφkx‖x̄‖ + cφϕ(t) + cuav‖Uav‖ + cu‖d‖] + c0 exp(−γt)‖x̄(0)‖ ,
]�j3m��O�Al
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‖x̄(t)‖ ≤ exp(−γt) ∗ [cφ‖φ(x̄ + BτUav, t)‖ + (cu + τcτ ) ‖Uav‖ + cu‖d‖]

+ c0 exp(−γt)‖x̄(0)‖ ≤ r(t) , ∀t ≥ 0 ,
]�j3m�g�iAl
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(cu, γ)
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(cτ , γ)
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F�X�Y
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(sI − A)−1B
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(sI − A)−1AB
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cuav ≥ cu + τ (cτ + cφkx‖B‖) .
]�jzm�g.�yl
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r : R+ → R+ s\�{�;#�26),!�"�#{$%�{� r.),��!v"&#1$,78'*� �;� +,9�76��2

ṙ = −γr + [cφkx‖x̄‖ + cφϕ(t) + cuav‖Uav‖ + cu‖d‖] , r(0) = c0‖x̄(0)‖ .
]Xj3m�g�g�l
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˙̄r = (cφkx − γ)r̄ + [cφϕ(t) + cuav‖Uav‖ + cu‖d‖] , r̄(0) = r(0) = c0‖x̄(0)‖ ,
]Xj3m�g&jAl
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r̄(t)≥r(t)≥‖x̄(t)‖ � ∀t≥0

m � �
γx =γ− cφkx >0
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q|GUT>Y.N
P = P T > 0
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YAB�N ���,B�Lyx.G

AT P + PA = −2I
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γx = γ−cφkx
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Ĉ1(γi−1, h, kf )

9 #�/
γi >γi−1

m
� � ��������7��Q��/?��+A��#1$,��F�N`��IXx.G[Y.N�kQGUTvT�B[T LyBws 7628),���;����$3#?+%�#
o78��),�;�?j3m�j?<>��26�?9 #�/?<%�����&!v"�#

$%� +,#��;/1� $,� �;����<>#�������76/?<,),28�;7��&� |g2(t)|
9�#�/ $,)%���|'*),+,! -.���?�E�z<>#�+,� +,9�76��78�

ci exp(−γit)
�

9 #�/
γ1 = 0, 499 s−1 � γ2 = 0, 339 s−1 �
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Ŝ(γ, h, kf ) ,
]�j3m £�£ l

9 #�/
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Ŝ
m

} g



0 0.1 0.2 0.3 0.4 0.5
2

3

4

5

6

7

8

���6+,78/1#

Ŝ
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Ŝ(γ2i, h, kf )>Ŝ(γ3i, h, kf )
��+A�Q"&#

γ∗ ∈ [γ2i, γ4i]
��9�#�/?# �;�h<>#.$,�h9�#�+39�26)376�d$3�h'*#��;/1� �&+%��26#��A�[��# 9v�&�;#���+:�;����76#�� mL� ���;#���),��� �;�|#

��28��#���7���/{#h$,����9��;7���#?+,�{� ���>��26�?j3m�gzm

d� ���Z} ���w+,#��Q�&��r:),�w�\�&����74�v����2>$,�d9�#�+:�Q�&����/

i
sd$,� �;+,� 9����;�����;76�C�������S���;76�O��� 76��78+,$,�E�3��$,���

<>#.$,� / �;� ���;),�,�p��7���),�8$%��� <>#��a�&����74�v����78� ����9v��26���;� ��m � 9��;7���s �;78#h$,�w<%�&����$%��]
γ3i−γ1i≤ε2γ1i

l�s
� �;9�#�26b,78$,# <%����� r:),�d#C� �;�;#C����24�S��78��#\+%� � ����78/[�S��78�S�

γ̂∗ �z$,��$,#C<>#�� |γ̂∗−γ∗|/γ∗ �z�;� �;�C/1��+:�;76$,#
$,� +:�;�;#1$,� ),/1�{/1���;��� / ��#�26���;��$%��]

ε2 >0
lEm �d�&�;),���&26/?��+A�����,#1+��,/?����#1$,�\78�;�����&!�-.����9 �;� �;9 �

+%��/?��$376$%��� / r:),� # � �;��#�����26�&��7���#���#�28�����&$,#�$,� 9��;� �;9 � #�) # 78+:��� ���S��26#�$,� �,)3�;9v� 78+,769 74�&2
[δl, γ0−δu]

�;�u�;#��;+,�{/1��78����/?<,26#,m
�f/1�h<,��#�<,�;78��$%�&$,���;��28� �S��+:�;�w$%��k��AP k;B[B�V�F�B[r[sQP\YAB?F;B wOx.G {��.F�N;Bwswr:),�w#|�S��26#�� � ����78/1��$,#

γ̂∗ �;��/?<,��� 9 #�+:��� �;��� <%�&���f#����;76/?#
γ∗ +%�d/?��$,78$%�fr:),�

i → +∞ ��$,����$,� r.)3�
Ŝ
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i = i + 1
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�	��� � ��� � � � γ̂∗

ĉ∗ = γ̂∗Ŝ(γ̂∗, h, kf )
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u∗ = θ∗T ω − Wd(s) ∗ d(t) ,
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Wd(s) = I − θ∗T1 A(s)Λ−1(s) .
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DR(s) −

[
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D∗(s) := [θ∗T2 A(s) + θ∗T3 Λ(s)] ∈ Rm×m[s]
m�no�&����789�)324����/?��+:�;���>���

νi = ν , ∀i
� � +:�Q"&#

θ∗

s �,+3769 #,�,),/[�C����@\r:),�
ν = maxi(νi)

] � �����;� ��c �a#.$,��#�+��O������lEm
� � r.),��!v"&#d$,78#�'X��+A��78+%�u] ¢ m����yl�<>#.$,���������;� ���;9 �;7��Q��9 #�/?#�),/^�;78����� /[��$,����r:)%�&!�-.��� 2678+,�v�&�;���

�z�



��28��s �,�;789v���0� / r:),�d�\78+,9%����+,78���ws
θ∗

�.9�#�+3'*#��;/?������� r:)%��!�-.� �w] } m�j3m��yg�l ��] } m�j3m�� £ lo$3�h]�� #A�&+,+,#�)
c � )3+��O��� } �(<Rm5j�j £ ld$,� �;� +:��#�2��z78$%���u<%������#�9����;# � � � �hm@� )3+,769 76$%�&$,�|$%����#�26),!�"�#

θ∗
+%"�#

s�����r:),� �;76$,��+3����������������m��f/1� <%�&����/?� �;�;76@���!�"�# r:),���;�&��78��'X��!�� � 9 #�+,$,78!v"�# $,��),+3769�78$%��$,�
] ¢ m8�Og�l ������),28��� � / �%2����;#��h$,��#���$,��/ /1�8+,78/1��<,����� ��� �����h#��h�;78+%��76�

ω1
�

ω2
�0+,# ��+A�Q��+A��#,�

78����# ����r:),���w#�9 #�+,b,� 9�78/1� +:��# B|D>FZI`GSFEI($,�h�;#.$,#���#����8+,$,769 ���d$,�|#��3�;���p�&���3762678$%��$,� $%� <,26��+:���3m

d#����O�S��+:�;���

θ∗
$,� +,#����?�[POGSUW�3Lyx.G1YAB�N ���3B�Lyx.G{UWI T�N;B�F\Y.N k;BSP�B�J[N?T%V G[G�k�V�IXYABuD%NEU6G{J sEV G�Y.G1Y.N

J � T%IKJ[GOP ���3BAY�F;BAY.GOPE�,�h�%/�$,�u�;�w'*#���/|)324���a<,����9 76���&/1� +:�;�\���t26� 76� $,�u9�#�+A����#�26�&m

�*"�� ����� 354�� B.N;A*+ � )�),+

����+3$,#�� / �.76�p�Q��#�$,� �;��+A��#�28�.78/1� +:�;#��{���&+%��2876�;�C$,#��u9 #�+:�;�;#�26��$,#�������+,#�� _ ��<3�8��)326#�� £ � } �
��� �.76�;�S} ���d+3�������C�;� !v"&#h#C$,������+A��#�28�.78/1� +:�;#C$%������r:)%��! -.��� $%�\$,76+ �&/1789��u$,#C�����;#,�.r:),�d�;� ��),���
���>#��;$%������/ )3�;)%��2���<,26789v�&$%�?�&# � �.�f_ � � � � 9 #�/?#1s ��<,�����;� +:����$%�1<>#����E�z� /1<,28#1� / ]�e��;)
�E����2`mz�v��� ¢ � � #A��+3+,#�)?c � )3+��O��� } lZm ���=��76+%�&76� �%28�;����$,#��q$%�w� +:�;����$%����$%�w�;���6$,�{] ¢ m £ l <>#.$,� /
�����t�����;��$,#��t<>� 26#�� �%28�;�;#��

ω̇1 = Φω1 + Γu , ω̇2 = Φω2 + Γy ,
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
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

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
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

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
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
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
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


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u = unom + SpU ,
] £ m ¢ l

U = −ρ
e

‖e‖ ,
] £ m £ l

unom = θnomT ω ,
] £ m } l

#�+3$,�
Sp ∈ Rm×m

s ),/[��/[�S���;78@
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unom s )3��782678@���$,#?<%�&���

<>� �;/?78��78���C����$,)3!v"�#h$%�h��/?<,287���),$3��$,#C��� �;/?#C9Zb,�O������$,#|$,#C�;76+,��2>$,�d9�#�+A����#�26�f���w� 76+,9 ���p����@��
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d74�&������/1�a$,���,28#.9�#��5$,#f�  f} � �X��_�<%�&����<,24��+A�Q���($,�0���;��)\����26�&��7���#t)3+,78'*#��;/?�
�0),+378�Q�&�;76#3m����(�%2�����#��($3�0���p�Q��$3#��������6+A�������0$%� '*),+,!�"�#t$,�0/?#.$,),26��!v"�#

ρ
'*#�����/

#�/?78��7�$,#�� <,�����|�;78/1<,287��%9����a#?$,76�������&/1�3m


��{n0��#�<>#���76!v"&#1gzm��w�;��/|} �;��r:),�\�|9�#�+:��������� +,9�76�{�E�z<>#�+,� +,9�76��2($,#{� �;��#{$,�u�;���6$,��]
e
la�;� ���

#��z��76$,�|���\#?��76+%�&2R$,�u/1#.$,)324��!�"�#
ρ

���&�;76�p�%@�� �f�|$,� �;76��)%��26$,��$,�

ρ ≥ δ + ce‖e‖ + (1 + cd)
∥
∥
∥S−1

p

[

(θnom − θ∗)T ω + Wd(s) ∗ d(t)
]∥
∥
∥ ,
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ρ = δ + c1‖ω‖ + c2‖e‖ + c3d̂(t) ,
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d̂(t) = d̄(t) +
c4

s + γd

∗ d̄(t) ≥
∥
∥
[
I − θ∗T1 A(s)Λ−1(s)

]
∗ d(t)

∥
∥ .
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ν
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ω1
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N
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VXF�BAYzGOP[YAB�P�B��XYAB

y
B�VXF�B[r[sQP[YzNtT0UWVXFQGOP�NQPEV�{[r�NEI6P�N*k;B��:P�B�I6Poq9kQGUTv~vGSFEJ[N0s�~vNEIKV G NEJ � �OG�B[T T�GS�

� � ��T � � ��
 q�N � � � 
 � � ��� ��� ��D3B�F;B�GJk;BSPOG � � ��j � � T%V`x.GuD%G�Y.N 	`PON\J?B�
vGSF�B�F ‖ω1‖
N ‖ω2‖

D%NEU6G
PEI T>B�U

ρy

���%NwP�B�VXI6P*~ B w

ρy =
c5s + c6

s + c7

‖y‖ ,
] £ m8�Oi�l
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 ��� � 	���� � � �RN BSP �.I�D ySV NQPONQP
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V B�I6P ��� N ‖Xe(t)‖ ≤
k exp(−λt)‖Xe(0)‖

q ∀t≥0
�.vfU sEJ Y�I6PQPOG qqPON

δ>0
q�N?T%V x.G G�NEFZFQG1Y.NwP�B��XYAB

e(t)
PON\V GSFGT>B�F�{
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





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Ā11 Ā12 0 0
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0 Ā42 0 Ā44
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
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
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



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

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[u − u∗] ,

e =
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C̄1 C̄2 0 0
]

X̄e ,
] £ m����yl
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e =

C̄1(sI − Ā11)
−1B̄1[u − u∗]
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Kp = C̄1B̄1
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

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,
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ė

ẋ2
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

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
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




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



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




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

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


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






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
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[u − u∗] .
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e=(sI−A11)

−1Kp[u−u∗]
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K = KpSp

�
π1(t) = K−1A12 exp(A22t)x2(0)

�
π2(t) ≡ 0

�
dU(t)=S−1

p [unom − u∗]
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‖e(t)‖ ≤ (k1‖e(0)‖ + k2‖x2(0)‖) exp(−λ1t) ,
] £ m8� ¢ l

∀t≥0
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δ>0
�%��+A�Q"�#?#{/1#.$,#{$3���;2876@���+:�;�u+,#?<>#�+A��#

e=0
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ts≥0

m0�f/1�h��� @\r.)3�

x2(t) = exp(A22t)x2(0) ,
] £ m8� £ l

x3(t) = exp(A33t)x3(0) + exp(A33t) ∗ [A31e(t) + A32x2(t) + A34x4(t)] ,
] £ m8� } l

x4(t) = exp(A44t)x4(0) + exp(A44t) ∗ [A42x2(t)] ,
] £ m8�O��l

∀t ≥ 0
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Aii
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e(t)

9�#�+A�����;���[�E�z<>#�+,� +,9 74��28/1� +:�;�1<%���;��@�����#,�
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‖xi(t)‖ ≤ k3 exp(−λ5t)‖Xe(0)‖ , (i = 2, 3, 4) ,
] £ m8� ��l

∀t ≥ 0
��#�+3$,�

0 < λ5 < min{λ1, λ2, λ3, λ4}
�

λi = minj{Re(−λij)} > 0
� {λij}

s�#���� }
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ū1

�
ū2
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∥
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ẋe = AMxe + BM

Kp

KM

[
u − θ∗T ω + Wd(s) ∗ d(t) + πe(t)

]
,

8h[ 
$#�q N

e = CMxe ,
8h[ 
$# �=N

���7�*, ./� �*��� ( 021*� ( � (��2(/. � xe(0)
,9�!5 ( � . � ,�5 �6. � . � , � � ���*,'� �2(/. �m >,2� 2 ,6� , � � ,�5 � ,2�?2-, πe(t)

5�1��
. � , ^ � . �5��5 � . � . � , ��� , 5-,2� 2 . � ��5 , # , ( 2���5 � . 5 � �*��� ( 0'S
,�5 ( � (��2(/.*( 5 ����5  "�1����5b���*57, � , x ,�, ( 5R . 5
�e1���3 � ���?2 � ��� x ,�, ( 5 � . , ^ � . 0v1*�8�5�>, � � ��8 [ 
 Y q N
	�8h[ 
 Y �=N 
 M 5 ( � . � πe(t)

5 . 2 ( 5 ##.�)

|πe(t)| ≤ ke exp(−λet)‖Xe(0)‖ , ∀t ≥ 0 ,
8 [ 
$# \�N

� �� . ��.��� . � ���*572 . �?2-, . ��� � ��� (/. � . ke ≥ 0
,

λ̄e > λe > 0
pX�*���*,

λ̄e P .  . � .�,2 �*,
, 572 . � ( � ( � . �*, � .  . 2 � (m) Ac


 o ML�*57, � , . 0v1�� [ 
1� � . g ,2021*� [ 
 � 
 Y ���*5 2 (~{e�6. . ( � � �m� 5�1*� ���
5 ( � . � πe(t)

� . , ^ � . 021*�0� ( �D%* (m��. ,2 ,�, ) �*, 5-, .�� � , 5 � ,2�?2 . � �� 5 ( � . � , � � ��� ,2� �'(4. �� =,'�?2-,
�*, � � ,�5 � ,2�?2 ,w� . , ^ � . 021*� �*, 5 . � � . � . � . � , ��� ,�5-,'�?2 . � ��5 , # , ( 2&��5�� . 5 � �*��� ( 0'S
,�5 ( � (��2(/.*( 5 ���05
 "�1����5 ��� 5-, � , x ,�, ( 5k . 5 �e1���3 � ���?2 � ��� x ,�, ( 52p � �� "� � �1�*, � (4. � . � , � , �  .�( 5 � . 2�� � . � 


Y �=q



� � ��5-5 � ,�,'� ��� ���7, 2 . � �5 .  . 2 � (m) S ∈R1×pm ^ �*,��*, { �*, . 5&� � , � # � �'( ,<� , � 7 . ,�, .  >,2� 2��
( �*, . � σ(xe)=0

p����7�*,
σ(xe) :=Sxe

p � . � .Z^ �*, {AM , BM , S} 5-, � . �� . � , . � (m)�. 021*� � .d# ����0v1��
�*,!2 � . � 5 # , � %2� �'(4. giz � WM(s)L(s)


 z . � . � �6. 5&� ,2 ^ �*, 5-, ,�5 � ����7*, NM(s) = 1
pb� ^ �*,

(  � � (~�6.6^ �*, . � � �*,' ���Z "�1�*,2��� �*, � , # , � %2� �'(4.dP � . � . � � � pm =n∗ , BM =[0, . . . , 0, KM ]T
p

2-,2 w3 5-,"8hW .*( � . 2&7 YC[ u � p �7� 
 ��[ 	 �=q N

ST =















0 · · · 0 0 1

0 · · · 0 1 apm−1


 � � �
1 apm−1 apm−2

0
� � � � � � 




1 apm−1 apm−2 · · · a1















−1 












1

lN−1




l1

l0














,
8h[ 
$#*u N

���7�*,
li
5�1*�L��5 � �
, {e�2( ,2� 2 ,�5 �5� � ��� ( �*;* ( � L(s)=sN +lN−1s

N−1+· · ·+l1s+l0
,
N =n∗−1




o 5-5��� ( �����43 5-, ^ � , �� . ,�572 (  . 2 ( , . x̂e

�*,
xe

,�572-, � . � ( 5 � �*� � ,�,'�Up ,'�?2�1*� �� . �/, ( �*,
� ���?2 � ��� , P

u = unom + U , U = −ρ sgn(Sx̂e) ,
8h[ 
 # [�N

���7�*,d� � ��� 2 � �*�/,6���� ( � . � unom P � . �5� � � � 8h[ 
 # � N 
 g , x̂e(t)≡xe(t)
, .O# ����021*�6�*,d "�1����� . 3

021*�
ρ
5 . 2 ( 5 {e) , � 8h[ 
$# YnNFp�,2�?2�1*�d� ,�572 . ��� xe

,t� , ��� � �*, 5 . � � . e � ���=,�, � .�,2 , � � ���*,'� �2(/. �m >,'�?2 ,
� . � .w) , � ��p � �� �� 57, � �1�*, � ��� � �m� ( � . 2 � . , P 5;� .>. � � (m��. 0v1������ �(,' .  �
 Y 


����� � � � 	�� � ������� � 	�� � 
M� � ����� �

]  . ,�, )X^ � ,O� ,�5 2 . ��� xe

�e1*� P � ( 5 � �*� � ,�,'�Up , 572 , 57, � x 5&��� 572 ( 2�� � ���9� . �/, ( �*, � ��� 2 � �*�/, � ,2���
, 572 . ���=, 572 (  . ��� x̂e

��� 2 ( ��� � ,2���"�*�*5-, � , . ��� � � , . � 2��w. . ��7��

˙̂xe = AM x̂e + BM

Knom
p

KM

U −
[
α(ε−1) − aM

]
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ẽ = CM x̂e − e ,
8h[ 
 �5YCN

Y � �



���7�*,
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KnomŪ − Kπe(t)

]
,

8h[ 
1� �=N

Y � [



� �� 
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y{zm|~}������������ h
r(t)

� � h �������	�m� ����� h 
 hL�,hg� � � 
 � � h �,� � ����� � � �Z� � �Phg� � �q��� �/������� � �
r(t)����� h ���m� � ��� h ����� h �B� � ��� � � �Ph�� � �

r>0
� h ���d� �"h �qh

ṙ ≤ −δ − γr + R exp(−λt) ,
XZ�]9xwqk

� � �m�
δ, γ, λ,R

� �m� � � � �
� h�� ����� ���m� � ��� h ����� h � �¡  � � �m��¢���� �m�/����� h � � � hL� � � �0£

¤�¥g¦
r(t) § 
¨������� h � �©���ª�

r(t) ≤ [r(0) + cR] exp(−λ1t) , ∀t≥0 ,
X��]9«fLk

� � �m�
c § � � h � � � �
� h�� ��� ��� �/������� h�h/�s�����s� � h � h � λ1 <min(λ, γ) ¬

¤®­q¦ ���
δ>0

� � � �m� ∃t1≥0
� h 
¯� � �

r(t)=0
¢ ∀t≥ t1

�
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r̄(t)
*6�����

r(t)
QX�2�oOLWdUTt0uLO2�6�2��OmU��LtvueOA�TK	�L�����"S
�0K��LW

˙̄r = −γr̄ + R exp(−λt) , r̄(0) = r(0) , t ≥ 0 .

I �oOLWdUTt0uLO2�6�2��OmU��LtvuLOA���0KnV��  �0V ����O��[V��M8

r̄(t) = r̄(0) exp(−γt) + exp(−γt) ∗ R exp(−λt) , t ≥ 0 .

I ���[KdV5\

r(t) ≤ [r(0) + cR] exp(−λ1t) , ∀t ≥ 0 ,

O2OlU��X*��oO�p��0�7*��oKnVA�"K���� *6���  �a�TO0G`�"V��M9 I
� O����P\)���
δ>0
\6�2�"OlU6�etvuLO0�����0O V0*6�����LtvueOHQ

˙̄r = −δ − γr̄ + R exp(−λt) , r̄(0) = r(0) , t ≥ 0 ,
XZ�]9 igk

�7OlU6�LW�KdV0*TWnK	�"�3OlU��a�0S�OlU6�LS  O��7���"�[K � U��LW��������
r(t)>0

��O�� ���  K?���L�0K  �  �"V�� ���

r(t) ≤
[

r(0) +
δ

γ
+ cR

]

exp(−λ1t) −
δ

γ
.

XZ�]9 � k

']����SPKdS��TO�� ���

t1 :=
1

λ1

ln

[
γ(r(0) + δ/γ + cR)

δ

]

< +∞ ,
XZ�]9�� k

STO  ��� ��� OlU��'O2W����TO@�TK?���"K  O[���a�)�"�oK � U6�eW��6���)�FX��]9 � k6Q¡S�� � �  Kxp O ∀t>t1
9 I �.�oKnV�\ UTV�� p��"c;OlU��

r(t)
Q��"O S  �� SlUTOR�

r(t)≥ 0
\��"O S
�"WdUTK�� ��� OlU��

r(t)
 O��oS6��� ��� K?���"S  K	�4�LV0�"S  �BSlUTWdO�*6�����

t≥ t1
9
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�0K��LW
π2(t)

S6���!��UTSTt 5 �"�]���?VjOF�PUTW^�Lt0uLO0����O K`�.�"pmK������6���A*)�oOqpS�A�TO�G�� �
VA�RfM9 i)9

��������� 	�

�����������������������

]_OLS��oK?���"�.�FUTVA�7���"�LWdKnc4�Lt0uLO7���  � J KdWnKdc � p��"W �a���  ���  �� p��0W`���jX�fM9 fLigk

ẋ = Ax + B (U + d + π1) ,
XZ�]9 �gk

ε = Cx ,

O S)���
M(s)=C(sI−A)−1B

9 I VA�  �[Kdce��� � �LSP`TO]�)� �LW  � �L����O���+0S
�"K^�<Q
K =CB

9�� �[K��  �0VA�
X��]9�� k *sOF���a�.�"�P���"�������oK  ORS6� �v�ª� � hj� ��� � 
 hL�©X�pmK����RX! O UPS � �  �LW 9^w�± ���a\#"  %$ KdS w�± ± f kok

ẋ1 = A11x1 + A12ε ,
XZ�]9�� k

ε̇ = A21x1 + A22ε + K (U + d + π1) .
XZ�]9 °gk

� p��  O��R���N���  ���TO �����  � ���4�eWdKdc"�Lt0uLO Q
xe := [xT

1 , εT ]T
9 I �PKdS#&LVRK	�4���PO���c��"�oO��-���

X��]9 �Lk�'^X��]9 ° k_Qa�6�����2*sO��

ẋ1 =A11x1 .
XZ�]9 ±gk

]_O VRO(�.�R���.�oUTVRKdU�OlU��
M(s)

Q���� �Z���.�,V � STKnVA�a\ �0S  uLO
A11

Q,UTVA��V��  �oKncjY<U���('K  c�9
�M� \��

λ0

��VA��� � �"V ���/���  � J KdWnK��6�����C�6��V��  �oKnc
A11

�
0 < γ0 < λ0

9 V S  ueOT\ ���(���0O����TO
�"O V�O(G��"V���iM9nw���*PWdK#�"���TOC�LO1�oU J �oK?�  �"V��~XZ�]9�� k �"O V VA�  �oKdc7���  ���LS)���L�"�.+0S
�"K^�C�6���6�C*sO��
x1 =(sI − A11)

−1A12ε
\�O J  Q0V�� �.�2OHVA�S\[O����LS  �

‖x1(t)‖ ≤ c1

[
|εf (t)| + |ε0

f (t)|
]
+ ‖x0

1(t)‖ ,
XZ�]9xw Igk

�"O V

εf (t) = exp(−γ0t) ∗ ‖ε(t)‖ ,
XZ�U9nw w�k

O S)���
ε0

f

�
x0

1

�®uLO  �"�[VjO��@� MM*sO S��0S �0K^�eWdV0�0S  �7�)� �"�.�"���"�0S  �"�TOlU��2�ouLO-���/pmK��TO��Xb�� �0O S)�TKdt 5 �"�
KnSTK#�"K^�eK?��96r:O�� O U  �oO=W^���TOT\LUTV��<p��0cPOlU�� −K

Q'Y U��)('K  c �e\ �0O S��.�"O����0S  �0V0�0S  �L\mS�uLO�� �oKnS � UPW^���"\
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�7�"OlU6�Lt0uLO X��]9 °gk *sOF�)�X�.�"�P���"�������oK  ���0OLVjO

ε̇ = A22ε + K
[
U1 + d + K−1A21(sI−A11)

−1A12 ∗ ε + π3(t)
]

,
XZ�U9nwqfLk

O S)���

U1 = −ρ1
ε

‖ε‖ ,
XZ�U9nw�i k

ρ1 ≥ δ + (1 + cd)‖d(t)‖ + cε‖ε‖ + cf exp(−γ0t) ∗ ‖ε‖ + π4(t) .
X��]9xw � k

�  �"�[VjO
π3

KnS
�0WnUTK O��  �"�[VjO��
π1

�
x0

1

9 �  �"�[VjO
π4

KnS
�0WnUTK�O��  �"�[VjO��
π2

�
ε0

f

9 I V J O��
O��  �"�[VjO��P���  K?���Z�Lc��0V

‖π3(t)‖ e ‖π4(t)‖ ≤ [c1‖xea(0)‖ + R] exp(−λ1t) ,
X��]9nw � k

O S)���
xea := [xT

1 , εT , εf ]
T
Q O�p��  O��[���3�"�  ���PO �0OLVA*PW��  O��POR�oK��  �"V����"V VA�LWn`6� �L��� `����6���

λ1 <min(γ0, λ)
9 I �.�oKnV�\)�6�Hre�[O�*sO��[KdtvueOjfM9xw��0OLS
�0WnUTK � ���[OmU)�T�7�����oK � U6�LW?�6�����HX�fM9 f��Lk_Q@���  K�� �

�L�"K  �X*6����� ‖ε‖ \M���"�.���@OlU��@��� �"O S��  �LS  �"� cd, cε, cf ≥0
�.�Q\��LV �"���0O Wn`TK?�6��� �����"OlU6���6�LV0�0S  ��9

" V��=p��"c]OlU�� ‖x1‖
� ‖εf‖

���  K?���Z�Lt"�LV UTVA�X�)�"�oK � U6�eW��6���)�;�[KdVRKdW?���"\ �"S  uLO ‖xea(t)‖
 �eV J Q0V

���  K?���Z�LcRX�fF9«f�� kJ9
'[� rW�oO�*sO��oKntvuLO fF9nwL\;*sOF��� � ��� �0OLS
�0WnUTK��"\  �LV J Q0V5\POlU��&���

δ > 0
�0V X�fM9 f�� k \;�"S  uLO

ε
 O��oS6��� ���=K��)�0S  K#�"�LV0�0S  �=SlUTWdO0�7*6���  K?� �)�T�eW � UTV  �0V0*sO��TSTK  O

ts≥0
9
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r������X�[KdV0*TWdK�� �4���e�a*��oO�p��P\F�����[UTVA��� �.�UOlU��]�a���"�LWdKnc4�Lt0uLOa���
M(s)

Q �0O S  �oOLW � p��0W 9	�U���  � �4���[OT\
�.�j` � �"�  ���TO��BKnSTO J �.�"� p � p��"K��"\6O1�"W��0V0�"S  O

A21

�6� ��O��[V��R��� � UTW^���jXZ�]9�� k�' XZ�]9 °gk©QjK?���"S  K	�4���
V0�0S  � SmUPWdOT\mK 9 ��9x\

A21 = 0
9eV S  uLOP\PO3�����oUTW  ���PO3��� � U��@�TK?���  �LV0�0S  �U�6� *��oO�p�� �TO2G��"V�� fM9 fM9

� O �4���[O �)�<UTVA�a���"�LWdKnc4�etvuLO2S�ueO � V � STKnV0�@OlU��U�.�Q\��FS�uLO � �0O S  �[O W � p��0W���
ªO UjS�uLO � O J �����[p � p��0WZ\M�
*��[OqpS�[*sOF��� �.�"�W�)�"���"Slp O WxpmK��6�[���EUTVA� ��O��oVA�U�oKdVRKnW����¯U  KdWnKnc4�LS)�TO � ��� � �m��� � � ��� �/� �	�m� �m�
� h 
¨�
� h�� X�paK?���jX��]�  ��� V b�� K  . �0SPV���� $ w�± ± �m\�*�* 9�w IPw 'sw4Igf k[k �6����O��oVA�7�.� � UPW^���2XZ�]9�� k�'^XZ�]9 °gk 9
�M�

γj = γ > 0
\
(∀j ∈ {1, . . . ,m}) \B�0S  uLO&�/��*TWdK	�4�etvuLO1�TO ]_O��oO W � �oKnO fM9xw�S��(*)�oOqpS�/�TO

G��"V��RfM9 f7*,���oVRK  � �"O S
�0WnUTK�� OlU��X�.�X*sOF���a�"���0O Wn`��"�
cε =0

S6����UTSPtvuLO0�)�FVROF�TUTW��LtvueO5X�fM9 fL±gk 9
w�± f
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�����������������������

I ORWnO S � O7�6�7*��oO�p��HO2� � V J O WnO
ki

X
i∈N
k ���0SPO  � � � � �
� h�� ��� ��� �/������� h�h/�s�®� �s� � h � h�9

"<VA��p��"c&OlU�� −K
Q@Y U��)('K  ce\;� MaK��  �0V VA�  �[Kdc��"�

P = P T > 0
�

Q = QT > 0
OmU)�

���  K?���Z�Lc��0V �2�"OlU6�etvuLO0���XG "���*TUTSTO�p

KT P + PK = Q .
XZ�]9xw �gk

V{S  ueOT\ �7���"�[Knp����6�2�6� ��O��oVA�3OlU6����� �� K	�4�

V (ε) = ε̂T P ε̂
X��]9nw � k

Qa�6���6�2*sO��

V̇ = −2αε̂T P ε̂ + [ε̂T PKU + UT KT P ε̂] + 2ε̂T PKdU .
XZ�U9nw�° k

"  KnWdKxc4�LS��PO � �.�@�HW?�0K �����0OLS  �[O W?�RX�fM9 igf k  �0V�� �.�aOlU��

V̇ = −2αV − ρ
ε̂T PKε + εT KT P ε̂

‖ε‖ + 2ε̂T PKdU .
XZ�U9nw�± k

I
� O����P\LK?�oO W��LS��TO � ��� O  �"�[VjO]�/MM*sO S��"S
�0K��LW
π2(t)
S��
��UPSTtvuLO[���EVROF�TUTW��LtvueO�XZfM9 iLigk O J  Q"V��

�.�

V̇ ≤ −2αV + 2‖PK‖ |π2| ‖ε̂‖ − ρ̄
ε̂T PKε + εT KT P ε̂

‖ε‖ + 2ε̂T PKdU ,
XZ�U9«f�I k

OlU��X*sOF�)�X�.�"�'V�� \[O������TO7*sO��

V̇ ≤ −2αV + 2‖PK‖ |π2| ‖ε̂‖ − ρ̄
εT PKε + εT KT Pε

‖ε‖

+ ρ̄
(π1 + β)T PKε + εT KT P (π1 + β)

‖ε‖ + 2εT PKdU − 2(π1 + β)T PKdU

≤ −2αV + 2‖PK‖ |π2| ‖ε̂‖ − ρ̄λmin(Q)‖ε‖

+ 2ρ̄‖PK‖‖π1 + β‖ + 2‖PK‖‖ε‖‖dU‖ + 2‖PK‖‖π1 + β‖‖dU‖ .
X��]9«fmwqk

w�±Li



�M�Q\��HUPV�� ��UTSPtvuLO0�)�FVROF�TUTW��LtvueO
ρ̄
 �LW OlU��

(1 + c̄d)(1 + cd)d̄U(t) ≤ ρ̄(t) ≤ (1 + c̃d)d̄U(t) ,
X��]9 f f k

∀t≥0
\ �"O V

cd ≥ 2
‖PK‖

λmin(Q)
− 1 ≥ 0 , ĉd = (1 + c̄d)(1 + cd) − 1 ,

X��]9 fLigk

�AOlU6�LK��.OlU��"�
c̄d > 0

\
c̃d ≥ ĉd

X�paK?��� X�fM9 i � ka� X�fM9 i �LkokJ9 "  KnWdKnc"�LS��TO � ���HO V�� \[O����LS  �
d̄U(t) ≥

‖dU(t)‖ \ ∀t≥0
\TO J  Q0V�� ���a�2*����  K�� ���jXZ�]9 fawqk

V̇ ≤ −2αV + 2‖PK‖ |π2| ‖ε̂‖ − 2(1 + c̄d)‖PK‖‖ε‖d̄U

+ 2(1 + c̃d)‖PK‖‖π1 + β‖d̄U + 2‖PK‖‖ε‖d̄U + 2‖PK‖‖π1 + β‖d̄U

= −2αV + 2‖PK‖ |π2| ‖ε̂‖ − 2c̄d‖PK‖‖ε‖d̄U + 2(2 + c̃d)‖PK‖‖π1 + β‖d̄U

= −2αV + 2‖PK‖ |π2| ‖ε̂‖ + 2‖PK‖ [(2 + c̃d)‖π1 + β‖ − c̄d‖ε‖] d̄U .
XZ�U9«f � k

]_O VRO
ε= ε̂+π1+β

 �0V�� �.�aOlU�� ‖ε‖≥‖ε̂‖−‖π1+β‖ �L\ ���.�oKnV �.�0S��TOP\

V̇ ≤ −2αV + 2‖PK‖ |π2| ‖ε̂‖ + 2‖PK‖ [(2 + c̃d + c̄d)‖π1 + β‖ − c̄d‖ε̂‖] d̄U .
XZ�U9«f��Lk

V{S  ueOT\6�"S�OlU6�LS  OjO2�oKdS��LW
ε̂(t)

���  Kxp��"� ��O����3�6� J O W��7��� ��STK?�6�2*sO��

‖ε̂(t)‖ ≤ 2 + c̃d + c̄d

c̄d

‖π1(t) + β(t)‖ ,
XZ�U9«f�� k

�7��� � UTKdS  �a�����oK � U6�LW?�6�����@�.�"� � p � WdK����

V̇ ≤ −2αV + 2‖PK‖ |π2| ‖ε̂‖ ≤ −2αV + 2‖PK‖‖ε̂‖R exp(−λt) .
X��]9«f�� k

I
� O����P\  O VA�LS��TO � ���@�2�����oK � U6�LW?�6�����@��� > � "mW��"K � `"� > K  c

λmin(P ) ‖ε̂‖2 ≤ V (ε̂) ≤ λmax(P ) ‖ε̂‖2 ,
XZ�U9«fL° k

w�± �



��� ��S���� ���
r :=

√
V
�

cD :=‖PK‖/
√

λmin(P )
\�*6�����2�.�FO J  �"�

ṙ ≤ −αr + cDR exp(−λt) .
XZ�]9 fL±gk

]_O S�����O����0S  �0VA�"S  �L\a�.� � UTKnS��TO�� ��� O �)�"���"Slp O WxpmKdV0�0S  O �6� *)�oOqpS� �TO G��0VA� �]9nw�X�pmK����
�M�"tvueO,�]9xwqk *sOF��� � �����0O S
�"WdUTK?� OlU��

r(t) ≤ r(0) exp(−αt) + k1R exp(−λ1t) ,
X��]9 i�Igk

O S)���
λ1 <min(λ, α)

9 I *TWnK#�"�LS��TO � ���T�A�)�"�oK � U6�LW?�6���)�T��� > � "mW��"K � ` � > K  cjXZ�]9 fL°gk �0V X��]9 i�Igk/\
O J  Q0V�� ���a�2�����oK � U6�LW��������

‖ε̂(t)‖ ≤ k2‖ε̂(0)‖ exp(−αt) + k3R exp(−λ1t) ,
X��]9 iawqk

OlU��HQ2���  K����L�"K  �R�"S�OlU6�LS  O�O-�oKnS6�LW
ε̂(t)

�"�  Knp���� ��O����R�6� J O W^���"�  � J �"W����0K����-*sO��RXZ�]9 f��gk 9 �
VA� \[O����LS  �

‖ε̂(t)‖ ≤ k4 [R exp(−λ1t) + ‖βt‖∞] ,
X��]9 i f k

��� ��S��?UTVA� J O W^�7OmU)� �0O S  Q0V � J OLW^��X��]9«f �gk/\
��O����2�6�2OmU��LW%�0���"�[KnpS���6�
V̇
QFV�� \[O������6�7*sO��

X��]9«f�� kJ9 I �.�oKdV5\ ���7� �0OLS��TKntvuLO�KdSTK	�0K��LW
ε̂(0)

�"�  Knp��"� ��O������6� J OLW^�@X��]9 igf k/\ �  ��� \.�  E��oK��
ε̂(t)

�.�"� � WnKdVRK  ���6�0* O��HX��]9 iPwqkU�  Q3OlU��2� J O W^� XZ�U9 igfLk;���Q\��R�  KdS � K��6�M9©r:O��©OLU  �[O�W����TOT\dOlU6�eS��TO
���"O S��TKntvuLOHKnSTK#�"K^�eWd���  Kxp��"�P���"S  �oO0�6� J O W���XZ�]9 igf k \TO UC�7*6���  K�� �PORKnS��  �LS  �

t1
�"V OlU��

ε̂(t)
�"S  ����� S6� J O W^��XZ�]9 igf k \ �0S  uLOX�  ���S\.�  E��[K^�

ε̂(t)
*,�"�[V��LS)� ���"� � �)�0S  �oOa���"�  � J O W^� ∀t≥ t1≥0

\
*sO K?� ��O����2���"W^�

V̇
QFV�� \[O������TO2*sO��BX��]9 f�� k �T*sOF�)� � �.�?VjO��  �����POlU�� � J OLW^��X��]9 iawqk �0O Sgp��"� � �

*6�����'O KdS  �"�[KdO�� �6� J O W^�FXZ�]9 igf k � S��0W��P*,�"�[V��eS�� ��� �P*6���  K����)�
t1
9 I ���oKnV �.�0S��POT\LO V�� \[O����LS  �

‖ε̂(t)‖ ≤ max {k2‖ε̂(0)‖ exp(−αt) + k3R exp(−λ1t) , k4 [R exp(−λ1t) + ‖βt‖∞]} ,XZ�U9 i i k
Q p � WdK��PO ∀t ≥ 0

9  KnS6�LWnV0�"S  �L\¡W��"V J ���LS��PO � �.�/OlU�� ‖ε‖ ≤ ‖ε̂‖+‖π1‖+‖β‖ O J  Q"V�� ���(�
�����oK � U6�LW?�6�����RXZfM9 i��gk OlU��2QFUPV VA�S\[O����LS  �[*6������X��]9 iLigkJ9

w�±��
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�� � � ��� � � � ����� � ��	 
 � � �
� � 
 ��� � � �����

�;�"�  � I *,+0S��PK#�"�X�ouLO���*��������"S  ���TO��U�TOLK��'W?�0VA��� OlU��X�®uLOA��*PWdK#�"���TO��¡STO0���"�.�0Sgp O WnpmKnVA�"S  O0�TO
: � � </> I ] *6����� �oK?�  �"V���� �	� � � XZY;�oUR�  �LW 9sw�± ± �Lk �[OlU��@�ouLO2��*PWdK	�4���TO�� STOR] ��* �! UTWnO ±)9 �
G��"V�� ]]9nw_Q U  KnWdKnc"���TO'S6�U���/paK?�®uLOU�TO : � � </> I ]�*6�����;�oK?�  �"V���� �"O V � ���eU ���"W^�  Knp O UTSPK  �� �oKdO)9
� G��"V��©]]9 f<Q ��*TWdK	�4���PO<S6�]*��[OqpS�]��� �"�  � J KnWdK?�6����� �PO : � � </> I ] J �����"���TO©SmUPV�O J �����[pS���TO��
���X�LW  O � �eST`TO�9

�<OAOmU)� �.� � U��e\ O  �"�[VjO
π1(t)

Q?UTV �oKnS6�LW`�����"�LW^���U� MM*sO S��0S �0K��LWdV0�0S  �X��� ���������"�0S  �L\^K 9 ��9x\
|π1(t)|≤R exp(−λt)

\ ∀t≥0
\6*������2�LW � UTVA��� �0OLS��  �LS  �"�;���"�LK��

R≥0
�

λ>0
9

y{zm|~}�
j���
� � � �/� �m� � � � �/�d�
���
� h �	�����

e(t) = M(s) [U + dU(t) + π1(t)] ,
X�]]9xwqk

� � �m�
M(s)∈R1×1(s) § � � h ��� ���	�m� �m�!� �[h�� � � � ���
� �/� h �
��� ��� ��� � �,�/�����2� � � � �/� �sh 


dU(t)

§�� ��� � �/� �sh 
 π1(t) §�� � ��� � ��� � � � �/� h 
��j� � � � �m��� � ������� � ��� � ���

U = −ρ(t) sgn(e) ,
XZ]]9«fLk

ρ(t) ≥ δ + |dU(t)| , ∀t ≥ 0 ,
X�]U9 igk

� � �m�
ρ §�� ��� δ ≥ 0 § � � h � � � �
� h�� ��� hL�"� ��� ���L� � hª¢ � � � �m� ∃ c1, c2, λ1 > 0

� h �d�j� � � h �m���/���
w�±��



� �Ph 
�� h �m�

|e(t)| � ‖xe(t)‖ ≤ [c1‖xe(0)‖ + c2R] exp(−λ1t)
XZ]]9 � k

§ � h �Z�d� � �/��� h ∀t ≥ 0
¢ � � �m�

xe § � ���
� h � � �m��� �Th 
x� � � �,� � h 
¨��� h �	�m� ���
� hg� ��
¨��� � �L�

_� �m�
� � �
� � �
�L�

 �m����� ����� � ��� ���/���L�

��,� � � � ���m� � ��� � ��� h��L� � 
 § � �L�d��� ��¢ ���

δ > 0
¢ � � � �m�

e(t)
��� � �ª���sh

� �m� � ����� h �,� � ��� � � 
 �,h/��� � h 
 � � � ���
� ��� � � ��� �
ts≥0
�

� �®� � h £ I *��[OqpS�������  �7G��0VA�A��� � U��BO�OmU)� Q3��*��������0S  ���TOR�"V X�YU�oU@b ]_O��  ��w�± ° ± kJ9
VW�  �2G��0VA��*sOF���3�����=KnS  ����*��.�  ���TO �0O VRO�UTV ]_O��oOLW � �[KdOA�TORG`�"V���fF9«fA�����  �[K  OR���[K��  �0VA���
�	� � �79
y{zm|~}�
j�
	 � � � �/� �m� � � � �/�d�
���
� h �	����� � � � � �
� � �

 h �	�m� � � � �[h � h ��� h � � h � h � h2���ª�

σ(t) =
Kp

(s + γ)
[U + dU(t)] + π1(t) + β(t) ,

X�]]9�� k

� � �/� �sh 


σ̂(t) = σ(t) − π1(t) − β(t) ,
X�]]9 �gk

� � �m�
Kp, γ >0

� �m� � � � �
� h�� � ��������� h 
 hL� ��� ¢
σ̂, σ, U, dU , β, π1∈R

¢
dU(t) § � � ¢ π1(t) § � � ��� �

� � � �/� h 
��,� � � � �m��� � ������� � � �B� � �=�/� �sh �d�
π1(t)

�
β(t)
� �m�,hg� � � 
 � � h �,� � � � � � � �Z� � ��� � ¢ ∀t≥0

�
���

U = −ρ(t) sgn(σ) ,
XZ]]9 �Lk

ρ(t) ≥ |dU(t)| , ∀t ≥ 0 ,
X�]U9 °gk

� � �m�
ρ §�� � ¢ � � � �m��� �=�/� �sh �d� σ(t)

�
σ̂(t)
� �m� 
¨������� h � � � ���ª�

|σ(t)| � |σ̂(t)| ≤ |σ̂(0)| exp(−γt) + 2 [R exp(−λ1t) + ‖βt‖∞] ,
XZ]]9 ± k

� � �m�
λ1 <min(γ, λ)

�
� �®� � h £ : K���� *��oO�p����TO-G��"V���f��0V X�YU�oU&�  �LW 9¯w�± ±�� kJ9aVW�  �2G`�"V���*sOF���3�����=KdS  ��� �

*��.�  ���TO �"O VjO�UTV ]_O��[O W � �oKnO7�POAG��0VA�RfM9 i7�����  �oK  O0�2�[K��  �0VA���!�	� �
�39
w�±L°
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��VjQ  OF�TO]��� �.�"�[O WdUTt0uLO©SlUTVjQ��oK	�4�UOlU��  �0V *6���.� �"K��TO©O©VA�LK?��������OlU6���TOa�]��OmU��Lt 5 ���e�PK	�L�����0S �
�"K^�LK?� �0O V �[KdS6�eK��;�)�"���"O S  � SlUTO��<QBO � § � � � � �m�   � 
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I ���[KdV5\ � �����LWnVA�"S  � �.�U��*TWdK	�0O U S��"�  �a# ����� O � § � � � � �m�   � 
d� � �0O V *6���.�oOX���'KdS  � � ���Lt0uLO
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U  KdWnKnc4����������*)�oO�MaKnV��Lt 5 �"�A�oU6�vp��"�R*6�����$�����)�"���"O S  KdSlUTK��������"� X�pmK?��� �M�"tvueO �)9��M9 igk0*6���������
�/paK  ���,O$�[U�� � KnVA�"S  O����(�����[O������/�����  ���"�LV0�0S  O$OlU��(*sOF�����oK��LV ���"� �4�LU������TO���*sO��A�"�������
��*)�oOvMPKnV��et 5 �"��9
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