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Hoje em dia, a estabilizacao e o rastreamento da linha de visada utilizando

plataformas inerciais continuam a constituir desafiadores problemas de engenharia.

Com a crescente demanda por aplicacoes de alta precisao, técnicas de controle

complexas sao necessarias para atingir melhor desempenho.

Neste trabalho, modelos cinematicos e dinamicos para uma plataforma mecanica
de estabilizacao inercial sao apresentados. Tais modelos se baseiam no formalismo
para sistemas veiculo-manipulator para a modelagem de manipuladores robédticos
operando em uma base movel (veiculo). O modelo dindmico apresentado segue a
formulagao analitica de Euler-Lagrange e é implementado em simulagoes numéricas

através do método iterativo de Newton-Euler.

Duas estratégias de controle distintas para estabilizagao e rastreamento sao pro-
postas: (i) controle por torque-computado e (ii) controle por modos deslizantes uti-
lizando o recente algoritmo Super-Twisting combinado com um observador baseado

em modos deslizantes de alta ordem.

Simulacoes utilizando dados de movimentacao de um navio simulado permitem
comparar o desempenho dos controladores por torque computado em relacao a um
tipo comum de controlador linear utilizado na literatura: o P-PI. Além disso, os
resultados obtidos para o controle por modos deslizantes permitem concluir que o
algoritmo Super-Twisting apresenta rejeicao ideal a perturbagoes provenientes do
movimento do veiculo e também a incertezas paramétricas, resultando em precisao

de estabilizacao de aproximadamente 0,8 mrad.
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Nowadays, line of sight stabilization and tracking using inertially stabilized plat-

forms (ISPs) are still challenging engineering problems.

With a growing demand for high-precision applications, more involved control

techniques are necessary to achieve better performance.

In this work, kinematic and dynamic models for a three degrees-of-freedom ISP
are presented. These models are based in the vehicle-manipulator system (VMS)
framework for modeling of robot manipulators operating in a mobile base (vehicles).
The dynamic model follows the Euler-Lagrange formulation and is implemented by

numeric simulations using the iterative Newton-Euler method.

Two distinct control strategies for both stabilization and tracking are proposed:
(i) computed torque control and (ii) sliding mode control using the recent Super-
Twisting Algorithm (STA) combined with a High-Order Sliding Mode Observer
(HOSMO).

Simulations using data from a simulated vessel allow us to compare the perfor-
mance of the computed torque controllers with respect to the commonly used P-PI
controller. Besides, the results obtained for the sliding mode controllers indicate
that the Super-Twisting algorithm offers ideal robustness to the vehicle motion dis-
turbances and also to parametric uncertainties, resulting in a stabilization precision

of approximately 0,8 mrad.

vil



Contents

List of Figures xi
List of Tables XV
List of Symbols xXvi
List of Abbreviations xvii
1 A Survey on Line Of Sight Stabilization 1
1.1 Design of Inertial Stabilization Systems . . . . . . .. ... ... ... 4
1.1.1 Requirements . . . . . . . . .. .. ... ... ... 4

1.1.2  Platform stabilization and steering stabilization . . . . . . .. )

1.1.3 Direct drive and geared drive . . . . . . ... ... ... ... 7

1.1.4 Direct stabilization and indirect stabilization . . . . . . . . .. 9

1.1.5 Summary on ISP design . . . . . . ... ... ... ... 11

1.2 Literature Overview . . . . . . . . . . . . .. ... 12
1.2.1  Classic Techniques in ISP Modeling and LOS Control . . . . . 12

1.2.2  Modern Techniques in ISP Modeling and LOS Control . . . . 17

1.3 Objectives of this Work . . . . . . .. .. .. ... .. ... ... ... 25

2 Modeling of Inertial Stabilization Platforms 27
2.1 Definitions . . . . . . ... 27
2.2 Kinematics of Inertial Stabilization Systems . . . . .. .. .. .. .. 31
2.2.1 Rigid-body Transformations . . . . . . . ... ... ... ... 31

2.2.2  Velocity Twists and the Adjoint Map . . . . . . ... ... .. 33

2.2.3 Platform Kinematics . . . . . .. .. ... ... ... ..... 38



224 LOS Kinematics. . . . . . . . . . 46

2.3 Dynamic Modeling of Inertial Stabilization Systems . . . . . .. . .. 49
2.3.1 Lagrangian Dynamics of Vehicle-Manipulator Systems. . . . . 50

2.3.2 Newton-Euler Algorithm . . . . . .. ... ... ... ..... 60

3 P-PI and Computed Torque Control 64
3.1 P-PIControl . .. ... .. . . .. .. 65
3.2 Computed-Torque Control . . . . . . . ... ... ... ... ..... 66
3.2.1 Direct Computed-Torque Control . . . . . .. ... ... ... 68

3.2.2  Indirect Computed-Torque Control . . . . . .. .. ... ... 70

3.3 Simulation Results . . . . . . . ... oo 72
331 P-PIResults. .. ... ... ... ... .. ... . ... . 76

3.3.2 Direct Computed-Torque Results . . . . ... ... ... ... 78

3.3.3 Indirect Computed-Torque Results . . . . ... .. ... ... 79

3.3.4 Robustness Analysis . . . . ... .. ... ... L. 82

4 Super-Twisting Control 87
4.1 Sliding Mode Control . . . . . . . . . .. .. . L 87
4.2 Super-Twisting Controller with Quaternion Feedback . . . . . . . .. 91
4.2.1 Super-Twisting Controller with Full State Feedback . . . . . . 93

4.2.2  Super-Twisting Control with HOSM Observer . . . . . . . .. 95

4.3 Simulation Results . . . . . .. .. ... 98
4.3.1 Full State Feedback STC . . . . ... ... ... ... . .... 100

4.3.2 Output Feedback STC + HOSMO . . . ... ... ... ... 105

5 Conclusion and Future Works 113
5.1 Future Works . . . . . . ..o 114
5.2 Publications . . . . . . ... oo 115
Bibliography 116
A Quaternion Algebra 123

1X



B Proofs of Theorems 127

B.1 Proof of Lemma 1. . . . . . . . ... ... ... ... 127
B.2 Proof of Theorem 1 . . . . . . . . ... .. ... ... ... ...... 128
B.3 Proof of Theorem 3 . . . . . . . . .. ... ... ... 128
B.4 Proof of Theorem 4 . . . . . . . .. .. ... ... ... ... .. ... 130
B.5 Proof of Theorem 5 . . . . . . . .. .. ... ... ... ... ... 132
B.6 Proof of Theorem 6 . . . . . . . . ... .. ... ... ... .. ... 133
B.7 Proof of Theorem 7 . . . . . . . . ... ... ... 134
B.8 Proof of Theorem 8 . . . . . . . . .. ... ... ... ... 136



List of Figures

1.1 TIlustration of the vestibulo-ocular reflex, responsible for
the horizontal stabilization of the human eye and the in-
ternal structure of the human eye. Images were down-
loaded from https://upload.wikimedia.org/wikipedia/
commons/5/58/Simple_vestibulo-ocular_reflex.PNG, https:
//medial.britannica.com/eb-media/47/63347-004-92824474.jpg. 2

1.2 Applications of ISPs: image stabilization in UAVs (http://www.
uasmagazine.com/uploads/posts/web/2015/04/AES_DaVinci_
UAS_14292158319778.jpg), military laser LOS stabilization
(http://elbitsystems.com/media/Naval_Laser_800X365. jpg),
sensor stabilization for moving vehicles (http://www.leonardodrs.
com/media/4643/tua-006. jpg?anchor=center&mode=crop&
width=600&height=600&rnd=131387355490000000) and aerospace
telescopes (http://www.spacetelescope.org/static/archives/

images/screen/hubble_earth_spOl.jpg).. . - . . . . . . . . . . .. 3

1.3  Example of a 2DoF stabilization problem, where the target must be
always in the camera FOV, without centering the aimpoint to the

target. Image from [1]. . . . . . ... 4
1.4 1-DoF gimbal mechanism of platform stabilization. Image from [1]. . 6

1.5 Doris Project, a mobile robot for offshore inspection developed by
GSCAR, Petrobras and Statoil. . . . .. ... ... ... ... .... 6

1.6 2-DoF stabilization system with steering mirrors. Image from [1]. .. 7

1.7 Comparison between direct and geared drive for a 1-DoF system.
Note the additional term to be compensated on the control block

diagram of the geared case. Image from [2]. . . ... ... ... ... 8

1.8 1-DoF direct stabilization. The inertial sensor is attached to the

stabilized mass. Image from [3]. . . . . .. ... ... 0oL 9

X1


https://upload.wikimedia.org/wikipedia/commons/5/58/Simple_vestibulo-ocular_reflex.PNG
https://upload.wikimedia.org/wikipedia/commons/5/58/Simple_vestibulo-ocular_reflex.PNG
https://media1.britannica.com/eb-media/47/63347-004-92824474.jpg
https://media1.britannica.com/eb-media/47/63347-004-92824474.jpg
http://www.uasmagazine.com/uploads/posts/web/2015/04/AES_DaVinci_UAS_14292158319778.jpg
http://www.uasmagazine.com/uploads/posts/web/2015/04/AES_DaVinci_UAS_14292158319778.jpg
http://www.uasmagazine.com/uploads/posts/web/2015/04/AES_DaVinci_UAS_14292158319778.jpg
http://elbitsystems.com/media/Naval_Laser_800X365.jpg
http://www.leonardodrs.com/media/4643/tua-006.jpg?anchor=center&mode=crop&width=600&height=600&rnd=131387355490000000
http://www.leonardodrs.com/media/4643/tua-006.jpg?anchor=center&mode=crop&width=600&height=600&rnd=131387355490000000
http://www.leonardodrs.com/media/4643/tua-006.jpg?anchor=center&mode=crop&width=600&height=600&rnd=131387355490000000
http://www.spacetelescope.org/static/archives/images/screen/hubble_earth_sp01.jpg
http://www.spacetelescope.org/static/archives/images/screen/hubble_earth_sp01.jpg

1.9

1.10
1.11
1.12

1.13

1.14
1.15

1.16

1.17

2.1
2.2

2.3
24

2.5

3.1
3.2
3.3

1-DoF indirect stabilization illustration. Image from [3]. . . . . .. . 10

Beam profile around the satellite LOS. Image from [4]. . . .. .. .. 13
Sources of errors in mass-stabilized ISPs, according to [1]. . . . . . . . 14
Typical LOS control architecture: (a) tracking and (b) stabilization
loops. Image from [2]. . . .. ... ... oo oo 14
The elevation and azimuth stabilization loops for a 2-DoF ISP, show-

ing the cross coupling effect due to mobile base motion generating

disturbance torques to the elevation (pitch) and azimuth (yaw) chan-

nels. Image from [5]. . . . ... ..o 16
Tracking of a target at the image using a 2-DoF ISP. Images from [6]. 18
General structure for fuzzy control, and actual PID fuzzy controller
architecture. Image from [7]. . . . . .. ... . oo L 22
Membership functions for arbitrary inputs in the closed inter-
val [—1,1]. They are classified into some element of the set
{NL,NM,NS,ZR,PS,PM,PL}, which stands for negative/positive
large, medium, small and zero. Image from [7]. . . . ... ... ... 23
Rule base for the level selection of the internal control variable U.
Image from [7]. . . . . . ... 23
Frame conventions for a 3-DOF ISP installed on a vessel. . . . . . . . 27

Forward and backward recursion for computing pose, velocities

and accelerations of a serial robot manipulator. Edited from

http://www.matlabinuse.com/Mastering- MATLAB/11349. . . . . . 43
Block diagram of the ISP dynamic and kinematic models. . . . . . . . 54
Simulated joint torque friction. Image from https:

//www.mathworks.com/help/physmod/simscape/ref/

translationalfriction.html. . . . . . . . . . . . . . . .. .. ... 56

[ustration of the two steps of the Newton-Euler algorithm for a serial
robot. Edited from http://www.matlabinuse.com/Mastering MAT-
LAB/11349. . . . . 61

Block diagram for the closed-loop system with P-PI controller. . . . . 66
Feedback connection between two systems H; and H,. Image from [8]. 67

Block diagram for the closed-loop system with CT-PID controller. . . 69

x1i


http://www.matlabinuse.com/Mastering_MATLAB/11349
https://www.mathworks.com/help/physmod/simscape/ref/translationalfriction.html
https://www.mathworks.com/help/physmod/simscape/ref/translationalfriction.html
https://www.mathworks.com/help/physmod/simscape/ref/translationalfriction.html
http://www.matlabinuse.com/Mastering_MATLAB/11349
http://www.matlabinuse.com/Mastering_MATLAB/11349

3.4

3.5

3.6
3.7
3.8

3.9
3.10
3.11

3.12

3.13

3.14

3.15

3.16

3.17

3.18
3.19
3.20

4.1
4.2

Block diagram for the closed-loop system with joint space CT-PID
controller. Notice how the controller does not depend on ¢ in this

configuration. . . . . . . ... 71

Matlab simulator, used for testing all proposed controllers and con-

figurations. . . . . ... Lo 73
Vehicle CG motion data. . . . . . . . ... ... ... ... ...... 74
Simulator developed by Tecgraf in Unity/Gazebo environment. . . . . 75
Video simulator developed in Matlab, for visualization of the tracking
performance. . . . . .. .. 76
Simulation results for the P-PI controller with a fixed target. . . . . . 7
Simulation results for the P-PI controller with a mobile target. . . . . 7
Simulation results for the direct CT-PID controller with a fixed target
and full knowledge on the ISP parameters. . . . . . . ... ... ... 78
Simulation results for the direct CT-PID controller with a mobile
target and full knowledge on the ISP parameters. . . . . . ... ... 79
Simulation results for the direct CT-PID controller with a fixed target
under 20% of error on Il; (I, is known). . . . .. .. ... ... ... 80
Simulation results for the indirect CT-PID controller with a fixed
target and full knowledge on the ISP parameters. . . . . ... .. .. 81
Simulation results for the indirect CT-PID controller with a fixed
target under 20% of error on Il; (II, is known). . . . .. ... .. .. 81
Simulation results for the indirect CT-PID controller with a fixed
target under 20% of error on II; (II; is known). . . . . ... ... .. 82
Simulation results for the indirect CT-PID controller with a fixed
target under 50% of error on II,; (Il; is known). . . . . ... ... .. 83
Jitter and offset on the RPY error for variations on I, (II, is fixed). . 84
Jitter and offset on the RPY error for variations on II, (Il is fixed). . 85
Jitter and offset on the RPY error for variations on both II; and II,. 86
A schematic of the Filippov solution, from [9]. . . . . . . . ... ... 88
Block diagram for the open-loop system with a cascade controller. . . 92

xiil



4.3

4.4

4.5
4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

B.1

Block diagram for the closed-loop system with STC controller and full
state feedback. The stabilization controller implements STC, using
the joint angles ¢ and velocities ¢. The outer controller also imple-
ments STC, generating a continuous output and using the camera
orientation r. and angular velocity w¢. Notice that, unlike the previ-

ous proposed controllers, no feedback linearization is employed. . . . . 95

Block diagram for the closed-loop system with STC controller and
output feedback using HOSMO. . . . . .. ... ... ... ... ... 97

Block for simulation of the proposed STC controllers. . . . . . . . .. 99

Response for state feedback STC controller with perfect knowledge
of the ISP parameters. . . . . . . . . . . ... .. ... ... ..... 101

Response for state feedback STC controller with 50% of parametric

error and 0.5° of axis error. . . . . . . . . ... 103

Response for state feedback STC controller with 50% of parametric

error, 0.5° of axis error and first-order driver dynamics. . . . . . . . . 104

Response for the output feedback STC controller with perfect knowl-

edge of the ISP parameters. . . . . . . ... .. ... .. .. ... 106
HOSMO estimation errors for the output feedback STC controller
with perfect knowledge of the ISP parameters. . . . . . . . .. .. .. 107
Response for the output feedback STC controller with 50% of para-
metric error and 0.5° of axis error. . . . . . .. ... L. 108
HOSMO estimation errors for the output feedback STC controller
with 50% of parametric error and 0.5° of axis error. . . . . . ... .. 109
Response for the output feedback STC controller with 50% of para-
metric error, 0.5° of axis error and first-order driver dynamics. . . . . 110
HOSMO estimation errors for the output feedback STC controller
with 50% of parametric error, 0.5° of axis error and first-order driver
dynamics. . . . . . ... 111
Comparison between equivalent control and joint torque disturbances. 112
Quadratic function of the error norm. . . . . . . .. ... ... ... 129

Xiv



List of Tables

3.1 Kinematic and dynamic model parameters, in

4.1 Chosen coefficients for the joint friction model

XV

ST units. . . .. .. ..



List of Symbols

H* Set of unitary quaternions, p. 124
H, Set of pure quaternions, p. 124
Ny Set of natural numbers, p. 28
Eg Vehicle frame, p. 28
E; Link frame, p. 28
E, Inertial world frame, p. 28
E; Vehicle CG frame, p. 28
E; Link CG frame, p. 28
E. Camera frame, p. 28
E, Inertial sensor frame, p. 28
E; Target frame, p. 28
lo Unitary quaternion, p. 124

Xvi



List of Abbreviations

CG

DoF

FIR

FOSM

FOV

FSM

HOSMO

HOSM

IMU

INS

ISP

LOS

NTSM

RGB

SOSM

VMS

VSAT

Center of Gravity, p. 11
Degrees-Of-Freedom, p. 2

Finite Impulse Response, p. 109

First Order Sliding Mode, p. 88
Field-of-View, p. 1

Fast Steering Mirror, p. 6

High-Order Sliding Mode Observers, p. 24
Higher-Order Sliding Mode, p. 91

Inertial Measurement Unit, p. 9

Inertial Navigation System, p. 9

Inertially Stabilized Platform, p. 2
Line-of-Sight, p. 1

Non-singular Terminal Sliding Mode, p. 24
Red, Green, Blue, p. 3

Second Order Sliding Mode, p. 91
Vehicle-Manipulator System, p. 16

Very Small Aperture Terminal, p. 12

XVvil



Chapter 1

A Survey on Line Of Sight

Stabilization

A common problem in engineering is the design of a pointing system for a field-of-
view (FOV) sensor such as a camera, laser or radar fixed in a mobile platform. The
theory of Line-of-Sight (LOS) control, which has been widely studied over the last
century, provides the appropriate tools for dealing with this particularly challenging
engineering problem. The LOS is defined as an imaginary line drawn between an
observer and an object of interest. The aimpoint is the vector pointing in the
direction in which the observer is actually heading. If a symmetric FOV is defined
for the observer, then the aimpoint would be defined as the vector in the center of
the FOV. The LOS error between the aimpoint of the sensor and a moving target

arises due to both target-to-platform kinematics and platform motion disturbances.

The LOS control problem stands for correctly pointing the aimpoint vector in the
LOS direction, with the lowest error as possible. Under this perspective, the simplest
way of thinking about LOS control is to reduce it to the problem of controlling the
orientation of the observer’s aimpoint. Most pointing systems mounted on a mobile
platform require some form of motion compensation to stabilize the aimpoint along
the LOS. Therefore, the observer (a sensor) is generally installed along with some
kind of electromechanical device with some degrees of freedom, so that the aimpoint

can be controlled independently of the base motion.

Looking into nature, an interesting example on the use of LOS stabilization is
the eye (Fig. 1.1), which is basically a complex sensor device driven by a structure
of muscular actuators. For example, in [10], the influence of visual feedback in the
stabilization of the horizontal, vertical and torsional eye movements is studied, and
n [11], the first complete model of eye-head stabilization based on the coordination
of the vestibulocollic reflex (VCR) and the vestibulo-ocular reflex (VOR) is presented
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Figure 1.1: Tllustration of the vestibulo-ocular reflex, responsible for the horizontal
stabilization of the human eye and the internal structure of the human eye. Images
were downloaded from https://upload.wikimedia.org/wikipedia/commons/5/
58/Simple_vestibulo-ocular_reflex.PNG, https://medial.britannica.com/
eb-media/47/63347-004-92824474. jpg.

and tested on a simulated humanoid robot, replicating torso disturbances acquired
from a human subject performing several locomotion tasks. The VCR and the VOR
reflexes are responsible for the stabilization of the head in space and the visual axis
in the image, respectively, both contributing for the overall image stabilization on

the retina.

The principle of mechanical actuation for achieving a LOS control goal is now
present in several technology applications as well, such as image stabilization for
cameras, long-range laser pointing, vehicle-mounted radars, robotic applications,

precision pointing control for space telescopes and even entertainment industry
(Fig. 1.2).

In all applications shown in Fig. 1.2, an electromechanical device is used for
controlling the orientation of the object to be stabilized. This device is often called
an Inertially Stabilized Platform (ISP), and consists of rotational electromechanical
actuators and a housing for the stabilized payload. The actuators provide the nec-
essary Degrees-Of-Freedom (DoF) for the LOS stabilization, although the number
of actuators in the system is a design requirement strongly dependent on the ap-
plication. Mostly, only two or three rotational actuators are necessary. Figure 1.3
illustrates an example of a stabilization problem, where an ISP is used to track a

mobile target using a camera mounted on a ship.

As an example of application, [12] presents a real-time video image stabilization
system (VISS) primarily developed for aerial robots, combining four independent
stabilization layers for: (i) vibration detection via an inertial measurement unit

(IMU); (ii) vibration damping by means of mechanical devices; (iii) internal optical


https://upload.wikimedia.org/wikipedia/commons/5/58/Simple_vestibulo-ocular_reflex.PNG
https://upload.wikimedia.org/wikipedia/commons/5/58/Simple_vestibulo-ocular_reflex.PNG
https://media1.britannica.com/eb-media/47/63347-004-92824474.jpg
https://media1.britannica.com/eb-media/47/63347-004-92824474.jpg

Figure 1.2:  Applications of ISPs: image stabilization in UAVs (http:
//www.uasmagazine.com/uploads/posts/web/2015/04/AES_DaVinci_UAS_
14292158319778. jpg), military laser LOS stabilization (http://elbitsystems.
com/media/Naval_Laser_800X365.jpg), sensor stabilization for moving ve-
hicles (http://www.leonardodrs.com/media/4643/tua-006. jpg?anchor=
center&mode=crop&width=600&height=600&rnd=131387355490000000) and
aerospace  telescopes  (http://www.spacetelescope.org/static/archives/
images/screen/hubble_earth_spO1l.jpg).

camera image stabilization and (iv) software filters for remaining vibrations. A broad
survey on the topic of pointing/polarization alignment for mobile very small aperture
terminal (VSAT') operations is covered by [4]. In [2], the topic of LOS stabilization
for optical imaging systems (such as thermal, RGB or infrared cameras) is discussed.
Lastly, [1] presents the concepts and design of inertial stabilization platforms for a
wide variety of applications. Although requirements for ISP designs may vary widely,
these all have the common goal of controlling the LOS of some object (usually, a
sensor) with respect to some target. The LOS can be the aimpoint of a beam or
weapon, the center of the field of view (FOV) of a telescope, or simply the direction

to which a sensor must be pointed to.
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Figure 1.3: Example of a 2DoF stabilization problem, where the target must be
always in the camera FOV, without centering the aimpoint to the target. Image
from [1].

This chapter is organized in the following way: Section 1.1 discusses the de-
sign fundamentals for these mechanisms, from the project requirements to the basic
design guidelines. Section 1.2 provides a wide literature review on the theme of me-
chanical inertial stabilization, while Section 1.3 introduces the problem formulation

and the main contributions of this work.

1.1 Design of Inertial Stabilization Systems

Next, we discuss some main topics in ISP design. An ISP must be able to ac-
tively reject or sufficiently attenuate the vehicle motion as well as other types of
disturbances, such as friction and imbalance on the mechanical parts. Furthermore,
generally it must be able to follow a mobile target while rejecting the vehicle motion.
The first steps when designing an inertial stabilization system are: (i) understand
what are the main concepts and principles used; (ii) identify the system require-
ments; (iii) study which are the most common electromechanical components and
control architectures of an ISP. Here, we focus on the design of inertially stabilized

image systems, where the objective is to stabilize the image of a camera.

1.1.1 Requirements

Identifying the stabilization requirements is the first step on LOS control design
and it drives many aspects of the system, such as cost, size and weight. The first
requirement to be determined is how many DoFs must be stabilized by the inertial

platform. In general, these DoF's are referred as roll, pitch and yaw [1]. The majority



of applications require 2-DoFs (azimuth and elevation, or equivalently yaw and
pitch), while the roll stabilization is not necessary for LOS pointing. In imaging
systems, in order to process the acquired image, the DoF related to the roll motion is
usually stabilized or compensated via digital signal processing. However, due to the
large roll motion, sometimes it is also necessary to employ mechanical stabilization

to guarantee a satisfactory stabilized image.

The other main requirement is precision. For example, for commercial stabilized
cameras, stabilization precision is typically in the range of milliradians. Weapon
systems and astronomical telescopes, in turn, require extreme precision (microradi-
ans or even milliarcseconds) and thus demand much more expensive stabilization
systems. The typical performance metric for the precision of the inertial stabiliza-
tion loop is jitter, which is defined as the angular variations of the LOS around a
steady state value. For imaging systems, jitter basically quantifies how much the
camera shakes due to disturbance residuals after stabilization and is generally spec-
ified according to the image blur, which is also related to the camera resolution and

shutter speed, besides stabilization performance [2].

Accuracy, in turn, depends strongly on how much systematic error is present in
the system, which demands high-accuracy sensors and sufficient knowledge regarding
the ISP parameters. A typical performance metric for accuracy is the tracking error

or bias of the tracking control loop, which is the offset of the aimpoint to the LOS.

1.1.2 Platform stabilization and steering stabilization

There are two fundamental approaches for LOS stabilization: platform stabilization
and steering stabilization. Generally, in platform stabilization (or mass stabiliza-
tion), the entire payload rotates within a gimbal' assembly driven by rotational
actuators, enabling the aimpoint to be altered relative to the host vehicle (Fig. 1.4).
The gimbals are usually mounted one inside of the other, so that each gimbal com-

pensates one platform DoF [1].

For a 2-DoF stabilization problem, for example, the outer gimbal can provide
compensation for the yaw orientation, while the inner gimbal provides compensation
for pitch. For a 3-DoF problem, the sequence of outer to inner gimbal is usually yaw,
pitch, and roll. Robot manipulators with sufficient number of DoFs could also be
used for LOS control. In this case, the sensor or payload to be stabilized is generally
placed in the manipulator wrist or end-effector, such as in Fig. 1.5, for example.
The Doris robot is a mobile robot equipped with a 4-DoF robot arm and a camera

in the wrist, for inspection tasks. In this context, it could be used in applications

1A gimbal is a pivoted support that allows the rotation of an object about a single axis.



Stabilized Bearings
Object and Motor Gyro

Aimpoint

Gimbal

Base Rotation

Figure 1.4: 1-DoF gimbal mechanism of platform stabilization. Image from [1].

Figure 1.5: Doris Project, a mobile robot for offshore inspection developed by
GSCAR, Petrobras and Statoil.

that require the image to be stabilized while the robot itself moves on the rail. In
this case, the manipulator should try to cancel out the disturbances generated by

the robot motion.

Another approach of LOS stabilization is named steering stabilization, which
uses fast steering mirrors (FSM). Instead of moving the entire payload through
gimbals to align the aimpoint with the LOS, the sensors are fixed on the host
vehicle and gimbaled mirrors are placed on the optical path between the observer
and the target (Fig. 1.6). This approach is generally used when the payload to
be stabilized is heavy, large or too much expensive to use in a moving platform.

In addition, steering stabilization results in a great reduction of size and weight of



the stabilization system. However, this approach can be much more complex, as
the stabilization system has to deal, for example, with optical phenomena such as

image magnification. Some of these topics can be found in [13].

Two-Axis

Electro-Optical
Sensor
(Attached to
Vehicle)

Figure 1.6: 2-DoF stabilization system with steering mirrors. Image from [1].

1.1.3 Direct drive and geared drive

Some of the main components of an ISP are its actuators. According to the litera-
ture, the ideal mechanical configuration for mass stabilization is a perfectly balanced
mass in gimbals driven by direct drive actuators without friction, cable flexure, or
additional disturbances. In this ideal case, the mass remains oriented in its initial
position as a consequence of Newton’s laws, and the control and dynamic model can

be simplified or neglected [2].

A design using direct drive motors allows free rotation of the stabilized mass
on a bearing interface, so that the mass inertia aids the stabilization, especially at
high frequency disturbance situations. With a direct drive, the load is effectively
decoupled mechanically from the motor (Fig. 1.7a). This advantage is lost with a
geared actuator, as the gears are coupled to the motor and thus inherently couples
the host vehicle motion to the payload, which translates to an additional disturbance
to be compensated, as illustrated in Fig. 1.7b. In this case, the motor actuator must
accelerate to null the associated LOS deviation, and, consequently, even a frictionless
system with gear drives must compensate for LOS motion introduced by the host

vehicle pitch, yaw, and roll motion [1, 2, 14].

To achieve high torques without the use of gears, direct drive motors are designed
with a large number of poles and a high volume of copper to attain a high torque
to power ratio for a relatively low input power. A direct drive motor also provides
the greatest practical torque to inertia ratio at the load, making them well suited

for applications requiring high accelerations but low speeds. These motors have a
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Figure 1.7: Comparison between direct and geared drive for a 1-DoF system. Note
the additional term to be compensated on the control block diagram of the geared
case. Image from [2].

small electrical time constant (less than a millisecond), which allows torque to be
developed rapidly. Furthermore, the torque varies linearly with the input current
and there is almost no magnetic cogging, making these motors very simple to control
[1, 14].

Another great advantage of direct drives over geared drives is that these are geo-
metrically suitable for stabilization systems. They usually have a pancake geometry,
with a large diameter and narrow width, and also a large hollow shaft, which is ap-
propriate for cable routing. Conversely, gear drives normally present backlash and
wear, which are characteristic of gear teeth, and also introduce additional friction
to the system [1, 14].

Finally, it is well known that high torque applications would require large direct
drive motors, which would be quite expensive, heavy, may require custom fabri-
cation, and would be unfeasible when there are size constraints. Geared drives,
however, can provide high torques with a small assembly and have the advantage
that the load torque reflected to the motor drive is reduced by a factor equal to the
gear ratio. Thus, geared drives are more appropriate when one has to reduce size

and weight of the system, particularly when the torque requirements are demanding
(1, 2, 14].



1.1.4 Direct stabilization and indirect stabilization

Generally, an important component of a stabilization system is the inertial sensor,
which measures the kinematic variables of a body relative to an inertial reference,
such as orientation, angular velocity and/or acceleration. Since this sensor provides
the fundamental measurement of LOS, its installation position is of great importance
and may have significant impact on pointing performance. Essentially, there are two
strategies to place the inertial sensor: attached to the stabilized mass or attached
to the host vehicle [1, 2].

When the inertial sensor is attached to the payload, the stabilization problem
is formulated as a direct LOS stabilization problem, as shown in Fig. 1.8. The
sensor directly measures the LOS disturbances relative to an inertial reference and
the stabilization control problem is of nullifying/attenuating the sensor deviations
through a high gain servo loop. In this configuration, the control technique usually
requires only 2 to 3-DoF gyros mounted on the pointing axes (depending on the
number of DoF's to stabilize) [14]. Therefore, feedback control techniques are suitable

for this type of sensor arrangement.

Inertial Sensor

R 7Y

Figure 1.8: 1-DoF direct stabilization. The inertial sensor is attached to the stabi-
lized mass. Image from [3].

The indirect LOS stabilization approach, also referred to as strapdown or feedfor-
ward configuration [1], consists on fixing the inertial sensors on the vehicle (Fig. 1.9).
This requires the measurement of all the three orientations of the vehicle (roll, pitch
and yaw), and usually, an Inertial Measurement Unit (IMU) or even an Inertial
Navigation System (INS) for precision pointing applications is employed. The sys-
tem also requires the measurement of the gimbals angles and angular rates, through
relative motion sensors (encoders and resolvers), to reconstruct the aimpoint orien-

tation using the host vehicle orientations and the gimbals angles [14]. Therefore, it



is common to apply feedforward control techniques for the stabilization.

Inertial Sensor

Figure 1.9: 1-DoF indirect stabilization illustration. Image from [3].

The control strategy is different in the indirect case: it does not try to nullify
the inertial sensor deviations, but guarantee that the gimbals have opposite motion
to these measurements to cancel the vehicle motion effect. Now, the feedback con-
trol loop uses angular information provided by the encoders/resolvers besides the
inertial sensors. A comparison about the two strategies reveal that the loop gain
is equivalent, with the major difference in the noise terms. Whereas the direct ap-
proach contains only the inertial sensor noise, the indirect method is also perturbed
by the encoder/resolvers noise, and also by the propagation of errors due to the
imperfect modeling of the gimbals. Furthermore, phase delay may occur between

the two sensor measurements [1].

While the direct strategy suppresses the disturbances by high gain attenuation,
the indirect approach requires a cancellation of the measured base motion. Besides
the inertial sensors, the encoders/resolvers also must have equally good accuracy
and resolution, raising the cost of the stabilization system. Furthermore, the indirect

method requires more complex algorithms than the direct approach [1].

Given sensors with equivalent performance specifications, direct LOS stabiliza-
tion is normally recommended for precision pointing applications [15]. Compen-
sation is derived directly from the measured LOS disturbances, while the indirect
approach does not measure disturbances that acts on the ISP, such as air stream

disturbance and gimbal structural flexibility.

Gimbal size is impacted by the direct approach, since a larger payload volume is
required to mount the sensors on the inner axis of the gimbal. However, it will not
always be feasible to place inertial sensors inside the stabilization platform due to

size and weight restrictions, especially for mirror-stabilized mechanisms. In addition,
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indirect LOS stabilization is improving with the advances of inertial rate and angular
position sensor technology in accuracy, bandwidth and data rate, so that direct and

indirect approaches are starting to become equivalent. [1, 14].

An alternative configuration for precision pointing applications is known as
strong stabilization [16]. This method combines direct and indirect stabilization,
with gyros mounted on both the sensor frame and on the vehicle. In general, one
of the gyros acts as a coarse sensor while the other provides fine residual motion
compensation. However, a detailed analysis must be performed to balance the ben-
efits of redundancy and more measurement availability for sensor fusion against the

disadvantages of higher cost, weight and noise introduced into the system.

1.1.5 Summary on ISP design

A state of the art ISP typically has a precision of microradians, depending on the
application and disturbance magnitude [2]. To achieve this performance, the system
has to be carefully designed, including the correct choice of sensors and actuators,
as well as precise definition of stabilization requirements, such as the required per-
formance, how many DoFs must be stabilized, and the conditions of the operation
environment. A summary containing the general recommendations of the literature

regarding ISP design are listed as follows [1, 2, 14]:

e platform (or mass) stabilization should be used instead of steering stabiliza-

tion, when size constraints allow,

e the optimal design specification consists in gimbals with perpendicular pairs of
axes, with a common point passing through the ISP Center of Gravity (CG);
this ideal condition ensures that the system is not affected by gravity torques

and the gimbal dynamics have no cross-coupling effects,

e better accuracy is expected in direct stabilization configurations, since the
LOS angles are directly measured; in indirect stabilization, the LOS variables
usually have to be estimated by propagating the measured variables through

the ISP kinematic chain, an error prone process,

e generally, direct drives are preferred over geared drives, due to the advantages

discussed in Section 1.1.3,

e the gimbal structure must be stiff to avoid bending and low-bandwidth reso-

nance.

11



1.2 Literature Overview

In this section, we provide a review on the current literature about the theme, focus-
ing on novel, relevant works in ISP modeling and LOS control. Since the literature in
the field is scattered among many knowledge areas, we propose a separation between

classic and modern techniques for modeling and control.

1.2.1 Classic Techniques in ISP Modeling and LOS Control

Several works have been done in ISP modeling and control. The topic has been
extensively studied, mainly driven by military needs in the last century. Despite
of possible secrecy issues due to the military nature of this research theme, many
relevant papers were written, specially from 1970s through 1990s, and it is still a
topic of profound relevance in today’s engineering community. In the work of [4],
some first concepts about LOS stabilization for mobile VSAT (Very Small Aper-
ture Terminal) antennas are introduced, such as the idea of mass-stabilization with
a system of gimbals. According to the author, the ideal mass-stabilized system
requires no external torque for stabilization. Here, a clear distinction between sta-
bilization and tracking (or pointing) is made. Stabilization stands for coinciding
the aimpoint with the LOS with the smallest angular error and vibration (jitter) as
possible, while tracking stands for correctly pointing the aimpoint to the LOS, even
in the presence of target or base motion. It introduces the idea of a simple control
strategy for stabilization, which consists in mounting gyroscopic sensors alongside
with the antenna, with their sensitive axes orthogonal to the antenna’s aimpoint
and applying a control law for annulling the measurement of the gyros. The advan-
tages of this strategy are twofold: (i) the direct stabilization configuration provides
direct high-bandwidth measurements of the LOS disturbances and (ii) the gyros op-
erate around their null point, making their scale-factor accuracy a non-critical issue.
Steering stabilization systems are also discussed. Because of the particular applica-
tion, optimization strategies could be used in the design of the tracking or pointing
loop, which aims to maximize the power of the signal received by the antenna. Due
to the beam power profile around the satellite LOS (shown in Fig. 1.10), real-time

extremal seeking optimization could be used as a tracking strategy, for example.

In [2], the principles of ISP-based stabilization for optical imaging systems are
presented. In this type of application, the ISP must not only hold the stabilized
mass in the desired orientation with minimum angular deviation (jitter), but must
also be able to follow the target accurately. Therefore, the tracking error perfor-
mance is another important requirement for this type of application. It addresses

the problems of target motion and operational environment: if image processing
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Figure 1.10: Beam profile around the satellite LOS. Image from [4].

algorithms must be used to track the target in space, factors such as computer sam-
ple time, camera frame-rate/resolution, and target occlusion can significantly affect
the tracking performance. It also introduces the idea of modeling the ISP as an

uncoupled double integrator affected by input torque disturbances:
[iq.i:Tqi—i_lew i:17"'7n7 (11)

where n is the number of DoFs of the ISP mechanism, §; € R represents the i-th
gimbal axis acceleration and I; € R is the corresponding axis inertia, while 7,, and
74, are the joint torque and the total disturbance torque, respectively. The distur-
bance torque 74 accounts for all input disturbances, such as mechanical unbalance,
friction, mechanical coupling (in geared-drive systems), structural flexibility, and
even environmental disturbances such as wind stream and temperature, which in-
fluences friction (indirectly creating an additional torque disturbance). Figure 1.11

illustrates some of the main contributions for the the torque disturbances.

The topology discussed for control is a cascade strategy, based in a high-
bandwidth inner control loop for the LOS rate, followed by an outer, low-bandwidth
loop for the LOS angles (Fig. 1.12). The inner loop tries to compensate the torque
disturbances and track the angular rate reference as accurately as possible, while the
outer loop keeps the sensor aimpoint in the correct LOS. Typical choices for the LOS
rate loop are Proportional (P), Proportional-Integral (PI) or Proportional-Integral-
Derivative (PID) controllers, with crescent disturbance rejection performance. Sim-
ilar choices of controllers may be made for the LOS angle loop, but additional care
regarding the stability of the loop must be taken, due to large time delays generally
introduced by the tracking algorithms providing the LOS reference signal.

A survey about the ISP technology can be found in [1], from where many of
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Figure 1.12: Typical LOS control architecture: (a) tracking and (b) stabilization
loops. Image from [2].

the concepts and guidelines of Section 1.1 were drawn. Although it discusses the
unconstrained dynamics of the multibody systems as an approach for the modeling
of the ISP dynamic equations, it does not focuses on the theoretical aspects of the

models, providing a wide practical view of the main design instead. It also discusses
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the rotational kinematics of the gimbals using the formalism of the Euler angles,
based in elementary rotation matrices. Although it does not discusses explicitly
LOS control algorithms, it gives general guidelines for the design of controllers,

based in the type of stabilization (direct or indirect) chosen.

There three works are basically surveys about LOS stabilization and its applica-
tions at the time. Nowadays, some new works have been proposed, many still relying

on relatively simple models for the description of inertial stabilization systems.

For instance, [17] addresses only the kinematic modeling of ISPs; developing a
controller based on the measurements of a 2-DoF gyro installed in direct configu-
ration. The controller basically uses actual gyro information for the computation
of the correction angles for yaw and pitch, using the Rodrigues formula from ro-
tational kinematics. The computed angles simply provide the references for two
independent Proportional-Proportional Integral (P-PI) controllers for the ISP elec-
tric motors, which are modeled as first-order linear systems. This control strategy
is a simplification over the common cascade structure, since the inner loop is simply

designed to track the desired motor angles.

These works rely on the simple dynamic model of (1.1) for the design of sta-
bilization LOS control loops. More recent works, however, study more complex
mechanical phenomena that occur due to structural imperfections in the gimbals,
such as the cross-coupling effect (the dynamic effect on one axis by the rotation of
another) that arises from the presence of dynamic unbalance. In [5], the effects of
mobile base motion with and without gimbal dynamic unbalance are analyzed for
a 2-DoF ISP. The article uses the Newton-Euler’s equations of motion to derive ex-
plicit formulas for the disturbance torques due to the kinematic coupling between the
moving base and the payload. Figure 1.13 illustrates how the disturbance torques
affect both control stabilization loops, and depend explicitly on the motion of the

base.

Even using a simple argument, it is easy to show how the accelerations of the
moving base play an important role on the ISP dynamics. If the base rotational am-
plitude and angular velocities are small, one can approximate the kinematic relation

between the joint motion, the vehicle motion and the payload motion by:
Tea A 4 + Wy (1.2)

where 7., is some minimum parametrization for the camera orientation and wj, is

the vehicle angular velocity. With this simplification, (1.1) could be rewritten (in
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Figure 1.13: The elevation and azimuth stabilization loops for a 2-DoF ISP, showing
the cross coupling effect due to mobile base motion generating disturbance torques
to the elevation (pitch) and azimuth (yaw) channels. Image from [5].

vector form) in terms of the operational space dynamics as:

Iijey = Ty + g + T, . (1.3)
N———

disturbance

Notice that the vehicle angular acceleration would be considered as part of the

disturbance vector in the payload orientation dynamics.

In high accuracy applications, the unmodeled effects composed in disturbance
torque vector can represent significant contributions, and simple linear controllers
may not suffice. That is why an increasingly number of works have been done in
an attempt to provide more realistic descriptions of the ISP dynamics. After all,
an accurate dynamic model can provide a better understanding of the system and
allow the implementation of more sophisticated control strategies. From the mod-
eling perspective, an ISP can be considered as a robot manipulator with n = 2
revolute joints (n = 3, in the case of roll motion) forming a gimbal structure and
installed in a non-inertial base. Therefore, an adequate mathematical framework
for this type of system is the Vehicle-Manipulator System (VMS) framework, de-
veloped in [18, 19]. Tt consists basically in applying the Euler-Lagrange equations
to systems of interconnected rigid bodies. [19] focuses on the dynamic equations of

robot manipulators installed on a vehicle, such as vessel or ship. These equations

16



can be written compactly as:

Maq G+ Cog 4+ Gy + Moy Vo + Cov Vo +75 = 74, (1.4)

base motion terms

where Vj, Vo € RS are the velocity and acceleration twists of some fixed point in the
vehicle, q, ¢, ¢ € R™ are the vectors of robot joint angles, velocities and accelerations,
and 7, € R" is the vector of joint torques. The term 7; accounts for the general
torque contribution of friction in the gimbal dynamics. From standard texts in
robotics literature such as [20, 21], (1.4) can be recognized as the dynamic equation
for robots, generalized for accounting the motion of the base. Also note that the
last four terms on the left-hand side of (1.4) represent a torque disturbance due to
the nonlinearities of the system and the motion of the vehicle. However, although
the complete model (1.4) may be quite complex, reasonable approximations can
be made. For example, under the assumption that the ISP is perfectly balanced,
Cyqe = 0, G, = 0, and the system resembles a simple double integrator with a torque

input and a disturbance due to the base motion.

It is worth to say that, although (1.4) represents the system dynamics in a sim-
ple matrix differential equation, the internal expressions for the matrices can grow
quite complex depending on the number of simplifying assumptions made. However,
efficient algorithms can be used to compute the model matrices numerically. The
advantage of this approach is that all nonlinear phenomena associated to systems
of interconnected rigid-bodies (such as axes cross-coupling and dynamic unbalance
introduced in [5]) are naturally represented here in this compact form. Even friction

models can be easily introduced as an additional negative joint torque disturbance.

1.2.2 Modern Techniques in ISP Modeling and LOS Control

Other control methods exist besides the decentralized control in inner stabiliza-
tion and outer tracking loops. In some applications, high accuracy/precision must
be achieved and/or the magnitude of the unmodeled dynamics is too high to be
compensated by high gain attenuation. Other limitations may be present as well,
such as the existence of representation singularities in applications where the mobile
vehicle where the ISP is installed requires a wide range of motion, or specific prob-
lems arising from image stabilization applications. Therefore, more involved control

techniques are still being studied for the LOS control problem.

In [22], an Image-Based Visual Servoing (IBVS) scheme is proposed as an ap-
proach to control the LOS of an airborne double-gimbal ISP for image tracking

applications, as shown in Fig. 1.14. The authors provide an analysis of a cascade
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controller composed of an inner stabilization loop and an outer control loop that
tracks a selected target in the image, and demonstrate the robustness of the strategy

to high computation delays due to the image processing algorithms.

Figure 1.14: Tracking of a target at the image using a 2-DoF ISP. Images from [6].

It also introduces the idea that the ISP complete kinematic model is composed of
a combination of its own rotational motion states and an image disturbance caused
by the linear velocity of the mobile base, which cannot be directly compensated
due to the lack of sufficient DoF's in the ISP mechanism. Besides, it criticizes a
common decoupled controller used in literature and commercial products for the
outer tracking loop: basically, it commands only the elevation loop to track the ver-
tical dimension, and the azimuth loop to track the horizontal dimension. However,
the authors claim that this is a naive approach due to the natural coupling that
exists between the image axes and the gimbals due to the perspective projection
model. With high-delay visual tracking algorithms, this technique could lead to a
decrease in performance, since the existing coupling is not properly compensated by

the controller.

Therefore, the authors propose a coupled tracking controller that uses a direct-
placed inertial sensor and image-space information of the target to compensate the
nonlinearities introduced in the system by the camera model, effectively decoupling
the vertical and horizontal dimension dynamics from each other. It also compensates
the translational motion of the vehicle by feeding back to the controller the linear
velocity of the camera. The proposed controller achieves asymptotic convergence
of the image-space errors, supposing perfect knowledge of the system model. This
control strategy consists of computing the ideal angular velocity references to the
yaw and pitch motors using the pseudo-inverse of the system image Jacobian and

the image errors, a common strategy in IBVS control. Experiments made on the real
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system of Fig. 1.14 show a slightly better dynamic response than the one obtained
with the decoupled controller. It is worth noticing that the coupling that arises in
the controller is due to the introduction of image-space coordinates, and not due
to mechanical coupling between the yaw and pitch axes. That is, dynamically, the

model is still given by (1.1).

The same authors propose a feedforward controller for compensating the acceler-
ation of the mobile base in [23]. The 2-DoF gimbal mechanical model is the standard
decoupled dynamic model of (1.1), but the electrical dynamics of the motors were
also considered. The authors claim that friction indeed plays a major role in the
dynamic response of the platform, and use the LuGre model [24] for simulating the
friction response of the system. For the design of the feedforward controller, an ac-
celerometer was placed in the mobile base, and its measurements were propagated
through the gimbal structure, computing the acceleration of the payload. The gim-
bal parameters were identified using least-squares techniques based on the dynamic
response of the gimbal angles to a given voltage command. This work suggests the
adaptation of the kinematic parameters of the structure as an alternative for the
limited accuracy of the parameter identification techniques, which could result in
better acceleration rejection performance. In [25], these techniques were summa-
rized in a doctoral thesis, covering inertial stabilization, ISP parameter estimation

and visual servoing control schemes for aerial surveillance applications.

Regarding the search for accurate mechanical models, a common approach from
robotics is computed torque control, which consists of canceling all the nonlinear
terms in (1.4). If a complete model of the ISP mechanism as in (1.4) is available,

the stabilization loop can be designed as a torque control law of the type:

To(t) = Mygv(t) + Cyy ¢+ Gy + Mgy Vo + Coy Vo + 75 . (1.5)
HH N -~ 7
feedback feedforward

Clearly, substituting (1.5) into (1.4) results in a double integrator with the signal
v(t) as an input. If v(t) is chosen to be a PD control in the joint space, this
strategy guarantees asymptotic stability in the joint space errors, supposing the

perfect knowledge of all dynamic parameters.

This technique is proposed in a recent work [26], where an orientation control
scheme for a 3-DoF gimbaled platform is used for stabilization of film and broad-
cast cameras. In this paper, the ISP dynamics is obtained by the Fuler-Lagrange
formalism for multibody systems in a similar way than in [27], which is studied in
deeper detail in [19]. The quaternion formalism was used to represent body ori-
entation, which prevents the problems of representation singularities arising from

the use of minimum representations, such as some set of Euler angles. The result-
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ing dynamic equation for the system is completely equivalent to (1.5), with base
disturbances represented as the time-derivatives of the base pose represented in R”
constrained space, composing 3D position and 4D orientation in quaternion space.
This reaffirms the obvious equivalence between the ISP model and models of robots
installed in non-inertial platforms. Joint friction torque is also taken into account
by a simple static model composing viscous friction and a continuous approximation
for Coulomb friction using the hyperbolic tangent function. A strong stabilization
technique was proposed, using two inertial sensors (one at the vehicle and other at
the payload). By assuming complete knowledge of the ISP kinematics, the authors
propose a fusion sensor technique using a modified Kalman filter to combine the
direct and indirect measurements obtained by the two sensors, achieving a higher
precision estimation for the camera orientation [28]. The control strategy employed
consists in the sum of two control terms: (i) a feed-forward term for the cancellation
of some of the base disturbance terms and system non-linearities (base linear accel-
eration, gravity and estimated friction); and (ii) a feedback PD term for stabilizing
the error equation in the joint space. Therefore, an additional step for computing
the the joint space errors from the quaternion space errors (given by the desired
LOS angles and velocities) in real time is needed. Both errors are related by means
of the pseudo-inverse of a Jacobian matrix. However, this is not an exact relation,
since the simplifying assumption of small joint space errors was made. Small norm
terms such as Coriolis torques were neglected, and the authors justify the obtained
boundedness of the error signals by invoking robustness properties of the computed
torque control for fixed robot manipulators [29] and boundedness of all uncanceled

terms. Simulations and experiments using a prototype ISP where presented.

The computed torque technique relies in a troublesome assumption. To achieve
exact cancellation, all parameter-dependent terms used in (1.5) (the model dynam-
ics parameters) must be exactly known. Otherwise, torque disturbances due to
imperfect cancellation will occur. Therefore, the performance obtained by using
this strategy may not be significantly better than that obtained by a simple model
with linear controllers presented in Section 1.2.1 if a high-accuracy parameter iden-
tification technique is not used. Fortunately, there are many available techniques
to deal with the problem of model parametric uncertainty. Adaptive control is one
of them, and was widely studied in the robotics literature during the 80’s. It con-
sists in designing a time-varying, model-based controller that ensures stability and
convergence of the tracking errors even in the presence of parametric uncertainty,
by applying some method for the online estimation of the controller parameters

(usually based in some prediction error metric).

The problem of adaptive attitude control invokes back to the seminal work [30]
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by John T. Wen in the 90’s. It discusses the theoretical problem of dynamic attitude
control for a single rigid-body using the unit quaternion representation. In this work,
the problem was tackled by using the same structure as in [26]: a quaternion/angular
velocity PD feedback term plus a feed-forward compensation for the system dynamic
nonlinearities. The global asymptotic stability of an adaptive scheme accounting for
uncertainty in the body mass matrix is also proposed, using quaternion and angular
velocity errors. Although it does not address the problem of attitude control for
multibody systems, it was the first work to address the problem of adaptive control
of rigid-body orientation using the unit quaternion formalism. A latter work by
F. Lizarralde and John T. Wen [31] proposes an attitude control scheme using the
unit quaternion representation without the need for angular velocity measurements.
The passivity properties of the closed-loop system are explored in order to prove the
global asymptotic stability of a control law that is based only in the quaternion error
and on a SPR linear filter. The results are also applied for the task-space control of
a non-redundant robot manipulator on a fized base using a control law based on a
PD-like plus a gravity compensation term, where only the end-effector pose and the
robot joint angles where measured. However, the problem of parameter uncertainty

is not tackled here.

Recently, Cabarbaye [32] developed an alternate adaptive control for an inertially
stabilized payload with unknown inertia matrix, using the unit quaternion formalism
and quaternion/angular velocity feedback errors. Since the payload is mounted
on an ISP, the control method consists in projecting the computed torque control
signals into the ISP axes and using them as reference signals to the ISP motor
drivers. Therefore, it does not take into account the dynamic disturbances caused
by the ISP dynamics itself (only of the payload), as in [26]. The work makes many
assumptions about the ISP construction that may be unrealistic, depending on the
system: (i) mechanically balanced system; (ii) symmetrically distributed mass and
(iii) negligible joint friction. Furthermore, the stability analysis is incomplete and
misleading, and only simulation results are available. As far as I am concerned, no
other works tackled the mass-stabilization LOS control problem with unknown or
uncertain system dynamic parameters using adaptive controllers. Also, it appears to
have no works on the adaptive control of uncertain robot manipulators in a moving

platform as well.

Other recent works use different kinds of modern techniques to tackle the LOS
rate stabilization control problem. For example, [7] proposes a self-tunning PID-
type fuzzy controller as an alternative to the common PID control used in the ISP
stabilization loop for both azimuth and elevation gimbals. The authors use their

previous model of a two axes gimbal system developed in [5] to compare the per-
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formance between the two control methods. The fuzzy feedback controller consists
of four main components: (i) a fuzzyfication interface, (ii) a knowledge base, (iii) an

inference mechanism and (iv) a defuzzyfication interface, as seem in Fig. 1.15.
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Figure 1.15: General structure for fuzzy control, and actual PID fuzzy controller
architecture. Image from [7].

The fuzzyfication interface consists of a set of empirical rules for the selection of
the output activation levels based on the input magnitudes, based in some knowledge
base. In other words, it typically converts the input data into some suitable linguistic
values. A typical approach consists in defining membership functions for classifying
the degree of membership of the input variables into some type in a linguistic set, as

seem in Fig. 1.16.

The rule base applied for the level selection of the internal control variable U is
given by table (Fig. 1.17) representing the knowledge base used for the problem. It
selects the fuzzy value of the output U based on the fuzzy values of the rate error

and its approximate derivative, obtained from the membership functions.

The defuzzyfication interface stands for the inverse of the map showed in
Fig. 1.16, and is responsible for selecting numerical values for the output U, given
its linguistic value computed from the knowledge base in Fig. 1.17. This process
computes the actual numeric value for U, while the actual current control law is

given by a PI controller with the numeric value of U as its input.

Also, [7] used an empiric adaptation process for the online adjustment of the
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Figure 1.16: Membership functions for arbitrary inputs in the closed interval [—1, 1].
They are classified into some element of the set {NL ,NM,NS,ZR,PS,PM,PL}, which
stands for negative/positive large, medium, small and zero. Image from [7].

Fuzzy PID type rule base.

e/e NL NM NS ZR PS PM PL
NL LN LN LN LN MN SN ZE
NM LN LN LN MN SN ZE SP
NS LN LN MN SN ZE SP MP
ZR LN MN SN ZE SP MP LP
PS MN SN ZE SP MP LP LP
PM SN ZE SP MP LP LP LP
PL ZE SP MP LP LP LP LP

Figure 1.17: Rule base for the level selection of the internal control variable U.
Image from [7].

proportional and integral gains of the fuzzy PID controllers, based on the yaw and
pitch angular velocity components of the base motion. Simulation results appear to
demonstrate the higher performance of the this method in terms of rate overshoot

and settling time, when compared to simple PID controllers.

Other variable structure approach for LOS control was proposed by [33], which
consists of a sliding mode control strategy for the stabilization loop of a 2-DoF ISP
with unknown disturbances. The ISP system is modeled in a similar way than in
[7], but the resulting space-state equations comprise the pitch/yaw rates and motor
currents as its first and second state, respectively. Since the control uses only one
rate sensor in a direct configuration, and no yaw and pitch encoders or Hall sensors,
the resulting dynamic equations depend on unmeasured variables (the ISP joint ve-
locities and the motor currents), as long as all other dynamic disturbances, such
as the base motion coupled terms and gimbal friction. Therefore, both dynamic
equations have disturbances that sum to their respective state equations. Since the

control inputs are the motor driver voltages, it only affects the second state equation
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(the motor current dynamics). In the context of robust control, a matched distur-
bance is a disturbance that appears in the same dynamic equation as the control
input. Therefore, the whole system is affected by matched and unmatched distur-
bances. The authors propose two high-order sliding mode observers (HOSMO), one
for the estimation of the second unmeasured state (the motor current) and its time
derivative, and another for the estimation of a composite disturbance, consisting in
a combination of the matched and unmatched system disturbances. Next, the pro-
posed controller for the motor driver voltage is based on the Non-singular Terminal
Sliding Mode (NTSM) control design [34], and uses an estimated NTSM-type slid-
ing surface constructed from the measured inner gimbal attitude and the estimated
motor current state. The authors prove by the direct method of Lyapunov that,
under the assumption of boundedness of the second derivative of the motor currents
and the composite disturbance, the proposed controller guarantees that the angular
rates converge to their desired values in finite time, which is a desirable character-
istic of the sliding mode approach. Computer simulations seem to demonstrate the

superior performance of this method when compared to a PI controller.

The works of [7] and [33] only deal with the stabilization control problem. They
consider the stabilization of the angular rates as the head part of the LOS control
design, and propose that simple control techniques can be used in the outer control
loop, for the tracking of the LOS angles. This is not entirely true, as it is evident from
[6], which deals directly with complications that may arise in the design of the outer
loop due to the image-space transformation. Therefore, the tracking loop design can
also be a challenging problem. While the stabilization loop is highly affected by the
dynamic disturbances of the platform, the tracking loop can be mainly dependent
on the ISP kinematics. For example, in indirect configurations, the LOS angles
are computed by combining the measured base orientation with the gimbal joint
angles to estimate the payload orientation. If the ISP kinematics is uncertain, the
deviation to the real LOS angles could be very high, resulting in a persistent bias
that cannot be simply eliminated by the controller; instead, a calibration technique
must be used to identify the ISP kinematic deviations (such as axes misalignment)

with acceptable accuracy.

Another possible solution to the problem of kinematic uncertainty lies again on
adaptive control. If enough sensors are present in the system, information about
the its kinematic structure could be retrieved online, adapting the parameters of
the tracking loop for a better tracking performance. Although no works have been
done specifically on the adaptive control of ISPs with uncertain kinematics, the
adaptive control problem for robot manipulators with uncertain kinematics gave

rise to a very active and promising field of study, with important recent works such
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as [35, 36]. These works addressed the problem of robot control in the task space
with uncertain dynamics and kinematics. Although not immediately applicable to
LOS control (which involves the kinematics of the vehicle as well as of the ISP), their
approach seen to be directly extensible to robot manipulators in a moving base, and

therefore, to ISP systems.

A last remark must be made in the use of complex control strategies. Although
tempting at first sight, their use must be studied with care. When complexity arises,
generally the difficulty in setting the controller parameters (gains) also arises, and
thus the difficulty in setting those parameters in a way that results in an acceptable
control performance. Once more, we reaffirm the importance in establishing the
performance requirements for the LOS control problem: one of the main reasons
why classic control methods where used for so long is probably because they provide

enough performance for a wide range of applications.

1.3 Objectives of this Work

As it can be seen, in high precision/accuracy applications, complex control strategies
may be necessary. Model-based control such as well-known feedback-linearization
techniques can be used if an accurate dynamic model of the system is available. If
this is not the case, robust control techniques must be employed. This seems to be
the modern approach that most researchers are taking to deal with the problem of
LOS control.

Since LOS control can be reduced to an orientation control problem, a critical
issue in its formulation regards the appropriate representation for the camera ori-
entation in space. In applications where the amplitude of the angular motion of
the vehicle is small, such as in wheeled vehicles, ships and marine vessels, minimum
representations for the camera orientation such as RPY or Euler angles may suf-
fice, because the small amplitude of the base motion generally avoids the camera

orientation to get near singular configurations.

However, in applications with large angular motion amplitudes, such as in UAVs,
quadrirotors and satellites, it is very difficult to avoid representation singularities
when using minimal representations for orientation. The unit quaternion formalism
is a non-minimal angular representation for rigid-body rotations that provides an

adequate framework for describing the kinematic model for rotation.

The general objectives of this work are:

1. The development of an appropriate mathematical model for an ISP mounted

on a mobile vehicle,
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2. The development of model-based control strategies for the inertial stabilization
of a sensor and the LOS tracking of a moving target considering any kind of

vehicle,

3. To evaluate the performance of the proposed strategies with respect to para-

metric uncertainties on the ISP model,

4. To provide realistic simulation results for the proposed controllers, and to

compare their performance with respect to commonly used techniques.

Particularly, feedback linearization controllers are proposed for both indirect and
direct configurations of the ISP, and their robustness against parametric uncertainty
is studied and validated. Additionally, two sliding mode controllers based on the
super-twisting algorithm are proposed as a powerful alternative to the feedback liner-
ization controllers, providing ideal disturbance rejection and robustness properties
against parametric uncertainties. Besides, since the proposed solutions are based on

the quaternion formalism, they do not suffer from representation singularities.
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Chapter 2

Modeling of Inertial Stabilization

Platforms

In this chapter, we introduce a modeling framework based on rigid-body dynamics,
allowing an accurate mechanical model for the ISP the dynamic disturbances acting
on its base. We cover the mechanism and LOS kinematics in the first section, and
then describe in detail the theory of rigid-body dynamics, used to derive the ISP

equations of motion.

2.1 Definitions

Figure 2.1: Frame conventions for a 3-DOF ISP installed on a vessel.

In the following, we introduce the definition of the main variables that will be
used to derive the dynamic and kinematic models used in this chapter. First, we

need to define some useful reference frames, illustrated in Fig. 2.1.
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e E,: world (inertial) frame, arbitrarily located;

e E,: vehicle base frame, arbitrarily located on the vehicle;

e Ej: vehicle frame located on its Center of Gravity (CG);

e E;: frame attached to link i (i = 1,2, 3) located on joint j axis;

e E;: frame attached to i (i = 1,2, 3) located on the link CG;

e E. . frame located in the camera’s optical focus, attached to the last link;
e E,: target frame, located on an arbitrary position;

e E.: inertial sensor frame. Can be attached to the camera or to the vehicle.

The dynamic formulation will be derived according to the base frame Eg, at-
tached to the vehicle. If the INS is installed on the vehicle (indirect stabilization
method), then the base frame is equivalent to the INS frame (Ey = E;). In the case
of direct stabilization, the base frame is equivalent to the first joint frame (Eq = E;),
and the IMU frame E; is fixed to the last link of the ISP, in an arbitrary position.

In order to express relations of motion (pose, velocity and acceleration) between
one frame relative to another, subscript indexes are used to represent the origin

and destination of the vector. Superscript symbols denote in which coordinate

7
system this vector is represented. For example, [xo Yo zo] is the position of the
vehicle frame Eg relative to the inertial frame E,, represented in the inertial frame
coordinates, while V is the vehicle velocity twist (linear and angular velocities)

relative to the inertial frame represented in the local coordinates.

Define the infinite set Ny = {0,1,2,...}. In the following, unless otherwise
stated, the indexes 7, j, k € NyUNygU{c, s,t}, where Ny is the set of natural numbers.

Define the following matrices, vectors and scalars:

e X;,V;,z; € R? are the canonical unit vectors of E;;

e R;; € SO(3): rotation matrix describing the orientation of E; relative to E;;
e S(v) € s50(3): cross-product operator acting on a 3D vector v € R3;

e se(v) € se(3): twist operator acting on a 6D vector v € R° of twist coordinates.

e |[v]*: R® — R™, where its elements are given by |v;|* sgn(v;), with v; € R
being the elements of v € R"” and a € R;

° pfj € R?: position vector from the origin of E; to the origin of E;, written in
Eg;

28



. vfj € R3: linear velocity vector from E; to E;, written in Ey;
. wfj € R3: angular velocity vector from E; to E;, written in Ej;

o V¥ € R%: velocity twist (linear and angular velocities) from E; to E;, written

in Eyg;
e g;; € SE(3): homogeneous transformation matrix from frame E; to frame E;;
° hg € R3: unit vector defining the rotation axis of joint i, represented in E;;
e m; € R: mass of body i (i € Np);
o I/ € R¥3: inertia tensor of body i represented in E; (i, j € Ny);

iy m; | -m; S g
o I = 5 .(p”) : generalized inertia matrix of body ¢ repre-
my S(p;'i) ]ij

sented in E; (4,7 € Ny);

Recall that the inertia tensors and the generalized inertia matrices are constant if
represented on local frames. Without loosing generality, instead of choosing the CG
frames aligned with the principal axes of inertia (where the inertia tensor is diago-
nal), we choose frames E; and E; to be aligned (i € Ny), for simplicity. Therefore,

off-diagonal terms have to be introduced the inertia tensor:

Ii = | (Ley)i (Lyy)i (Ly2)i

If the inertia tensor [l-Z of any rigid-body represented on its CG is known, it is easy
to calculate the inertia tensor represented on any E; using Steiner’s theorem [37]:
¢ I A v ST S I S
[i - Iz m; <pjjpj,{ pj’j pjjl > ) (21)
given that E; and E; are aligned and located on the same rigid body. Nevertheless,

the vehicle generalized inertia matrix does not appear in the manipulator dynamic

equations, and thus does not need to be known for the ISP control.

Note that IE is a constant matrix since it is fixed to rigid body i. Define E?
as another frame located on the body CG, but aligned with the principal axis of
inertia of the body. With respect to this frame, the inertia matrix is not only
constant but also diagonal, and is denoted by If* Its diagonal terms are known

as the main components of inertia of the body. If R denotes an arbitrary rotation

29



matrix from E? to E;, then the relation between IE* and If is given by the similarity

transformation:

I'=RI*RT.

The representation of vectors in the inertial frame E; will herein have the super-
script index omitted for a more compactness. Next, we define the following linear

and angular positions:

T
o = [(h e Qn] is a R™ vector representing the n joint angles.

T T T
° = [%Tl ng} = [plT nZTQ] = [x, vi oz ¢ 0 %} is the R® pose vector
of E; relative to the inertial frame represented in inertial coordinates, where
no, € R? is the inertial position and 7o, € R? is some minimal parametrization

for orientation.

N
I [mT qT} are the RO6*" generalized coordinates of the vehicle-

1 associated to frame E;, where 7; € R% stands for

manipulator system.
the frame inertial pose in minimal coordinates and ¢ € R™ stands for the

manipulator (ISP) joint angles.

Besides the position states, it is also needed to define velocity states:
T
o (= [ql . qn] is a R™ vector representing the n joint angular velocities.

o V= [UZ?T sz] is the body velocity twist of frame E;, composed of its body
linear and angular velocities (vi € R3 and w! € R3) relative to the inertial

frame.

-
o (= [V;ZT qT] € RS*" are the quasi-velocities [19] of the vehicle-manipulator
system with respect to the frame E;, composed of the frame body twist V!

and the manipulator joint velocities ¢ € R"™.

With these notations and quantities defined, we are able to proceed with the

derivation of kinematic and dynamic models for the system.

"'We will sometimes refer the ISP as a manipulator in this text due to the robotics approach we
are using.
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2.2 Kinematics of Inertial Stabilization Systems

In this section, we get into the details of the mechanism kinematics, which establishes
the relations of the admissible configurations and velocities of the system, without
concerning the causes of motion (forces and torques). First, we cover the general
aspects of ISP kinematics, such as forward and differential kinematics. Then, the

kinematics of the LOS is derived, both in RPY and quaternion form.

2.2.1 Rigid-body Transformations

To uniquely specify the rigid body pose relative to some reference frame (eg. inertial
space), one needs to know its position and orientation relative to this frame. This
can be characterized by a homogeneous transformation g;; containing a translation

vector pj; and a rotation matrix R;; [21]:

gij =

; Xz
R pt. , ij
0] plw ] , Pﬁj = y;] € jo Rij S 50(3) y  Gij € SE(3), (22)

)

where E; is the rigid body frame and E; the reference frame. Define the following

elementary rotation matrices:

1 0 0 Cop 0 S C¢ —Sw 0
Rw(gb) = 0 Cy —S¢ ,Ry<9) = 0 1 0 ,Rz(?/)) = Sy Cy 0 5
0 s¢ ¢4 —s9 0 cp 0 0 1

where s, and c, represent the sine and cosine functions of the subscript. These
matrices represent rotations around the canonical axes of any orthogonal reference

frame.

Remark 1. Recall that any rotation matriz can be parametrized by some Euler angle
convention [19], as for example the Roll, Pitch and Yaw (RPY) angles. Furthermore,
since SO(3) is diffeomorphic to the set of unit quaternions H* [38], any rotation

matriz can also be parametrized by two elements of H*, as explained in Appendiz A.

One way to represent a rotation matrix is using the Roll (¢), Pitch (6) and Yaw
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(¢) (RPY) angles convention, which is a minimal representation for orientation:

Rrpy (9,0,9) = R=(¢) Ry(0) Ra(9)
CpCo Cop S Se — Cp Sy S¢p Sop T Cop Cyp Sg
= [CoSy CyCp+ S5SpSe CpSySo— CypSe| - (2.3)
—Sg CoSe Ce Ch

Note that we can also obtain the inverse mapping, that is, find the Euler angles

¢,0,1} given a rotation matrix R,,, through the following relations:
Py

Cy Co *x * 11 Ti2 T13
Rrpy = | ¢ Sqp * * = | To1 T22 T23 |,
—Sp CogSy CyCo 31 T32 T33

where

_1 (732 -1 —T31 —1{ T21

o =tg (7“_33> , 0=tg (ﬁ) , Y =tg (E) ) (2.4)
Remark 2. Note that the positive sign on the square root in the pitch equation gives
a pitch angle 0 € [—m/2,m7/2), and not the complete interval 0 € [—m, 7). Also, when
0 = +m/2 we have the singularity of the RPY representation, also known as gimbal
lock or nadir/zenith configuration in the inertial stabilization literature. While this
singularity can cause computational issues, it can be neglected depending on the
application. For example, in applications of of low motion amplitude, where neither

the vehicle nor the camera will achieve £90° or values close to this (camera and/or

vehicle pointing up or down).

Finally, it is also useful to have the time derivative of the rotation matrix (2.3),
which is given by:
ai; Qi2 ais
Rrpy = | ao1 axn axs | (2.5)
az1 az2 ass
where:
® (11 = —890¢é — CQSQN/'J s
o a1y = (SgSy + CoSoCy) @ + secocyl — (Cocy + S9505y) Y
o ai3 = (CySy — 8pS0Cy) @ + Cococyld + (Spcy — CoS054) Y

® (91 = —SQSwé + C@Cwlb s
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o = (Cs5p5y — 55Cp) @ + 55Casy0 + (5459Cy — CoSy) U

o ys = — (CoCy + S9595y) O + CoCosud + (555 + Coscy) U
o a3 = —cyb |

® (3 = c¢09g25 — s¢899 ,

® (33 = —sd,c@gb — c¢899 .

Let R € GL(n). An interesting relation that shall be useful in the following formu-

lations and holds for all invertible matrices is
R'=—-R'RR', VReGL(n). (2.6)
In particular, if R € SO(3), then R~! = RT and therefore

R"=—-R"RR", VRe SO(3). (2.7)

The homogeneous transformation between frame E; and the inertial frame, which
gives the frame position and orientation in inertial space, is given by

R; pi

9i(ni) = € SE(3), (2.8)

where 7; € R is a vector representing the local frame configuration (or pose) in
SE(3). Suppose that some local parametrization for SO(3) used to represent the
frame orientation, such as the RPY Euler angles. In this case, 1y can be defined as
U _ T 6
ni = =z Y z ¢ O Y| €R, (2.9)
Mig

-
where 7;, = p; € R? is the vehicle inertial position and 7;, = [@ 0; wl} is the

vector of Euler angles associated to the rotation matrix R; € SO(3).

2.2.2 Velocity Twists and the Adjoint Map

A very useful concept when deriving kinematics and dynamics of single or multibody
systems is the concept of velocity twists. Physically, twists represent the velocities of
a rigid body and can be written as an RS vector with the linear and angular velocities

of a rigid body. However, we need to specify the frame in which the velocities are
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represented. In robotics, there are three main ways to represent twists: in body,

spatial or inertial coordinates.

Let 7;; and &;; be the physical linear and angular velocities of an arbitrary moving
frame E; with respect to E;. They are represented by v;; € R? w;; € R® when
written in the world frame E,, and by v}; € R® (v/; € R%), wi, € R? (w}; € R®) when
written in the origin frame E; (in its own body frame E;). Obviously, vfj = Ry; Ufj
and w; = R;jwl,.

. ) AT

The body velocity twist V;; = |(v};)T (w];)T| represents the linear and angular
velocity of a rigid body with a frame E; relative to another frame E; as seen for an
observer on the body frame E;. The matrix representation se(Vi;) € se(3) of the
body twist V7 is:

;rj Dij

S~YR] Ryj)

= , (2.10)

ij

S(w) v, ] Vi

se(V) = g;;' gij = [

where se(3) is the Lie algebra of SE(3) [21] and S(wi]) € so(3) represents the

R3 — R3*3 skew-symmetric operator:

Wy 0 —Wy Wy
= lwy |, SW=] w. 0 —w |- (2.11)
Wz —Wy Wy 0
-
The spatial velocity twist VUS = (vfj)T (wg)T] represents the linear and angu-

lar velocities of a local frame E; attached to a rigid body with respect to frame E; in
qu
observed from E;, and vfj is the linear velocity of a point located at an extension of

spatial coordinates. The vector w;, = w;fj is the angular velocity of E; relative to E;
the rigid body when this point travels through the origin of E;. This non-intuitive

interpretation for the linear part of the spatial twist was introduced in [21].

It can be shown that the matrix representation se(V;;) € se(3) of the spatial

twist Vg is given by:

B PT
Fij B pij + Piy (2.12)
S (R R};)

S(wfj) Ufj VS _
0 0|’ Y

se(‘/;f) = Gij gi}l = [

T T
ij Wij

with a frame E; relative to another frame E;, but represented in inertial coordinates

-
The inertial velocity twist V;; = [v ] is the velocity twist of the rigid body
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(seen from the world frame). It can be easily found by:

Rij 0
0 Rij

pij
Ry S™H(R]; Ryj)

Vi Vij =

ij )

(2.13)

ij

Note that this is not the same as the spatial velocity twist, although it has a

more intuitive interpretation than the spatial velocity twist.

With (2.10) and (2.12) we can establish an important kinematic relation between
the velocities expressed in body and spatial coordinates. This relation is given by
the Adjoint map Ad;; as follows [21]:

R;; S<p§j> Ry;

2.14
s (2.14)

sz = Adgij V;; ) Adgw‘ =

We can also get the inverse of the adjoint map:

, Rl —RIS(pt)
_ —1y/8 i i i
VZ; = Adg,-j Vij , o5 OJ ;%lT] J

-1
Ady! = Ady 1 = Ady,, =

] . (215)

The two absolute body velocity twists (with respect to the world frame E,)
associated to different frames E;, E; located in the same rigid-body are also related
through the constant adjoint map Ad, € R%*® by

V7= Ad, 'V} (2.16)

On the other hand, if E; and E; are fixed to different rigid-bodies, their absolute

body twists are related by the relative body twist velocity Vé between the bodies,
yielding

i v —11/i
ij = Vlg + Adgij | (2.17)
and the inverse relation

Vi= Ad,, (V] - V7). (2.18)

ij

Another useful quantity is the acceleration twist, which here is defined simply as
the time derivative of any velocity twist. Differentiating (2.17) with respect to time,

we get:

e IFEITE
Vi=Vi+ Adg; Vi + Ady, Vi (2.19)
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where the time derivative of the adjoint matrix and its inverse are given by:

: [ R, S(p°.) Ry ny:»
Adgi_: R] S(pZ])R]+S(pz]) J ’ <220)
! i 0 Rij
. [ RT _RTS(pi) — RTS(p.
Adg-l- — RU RZJ S(pl_]) RZ] (pz]) ) <221)
! 0 RZTJ.

Note that if E; and E; are located in the same rigid body, Vzg = VZ; = 0 and
Adgji = Ad;”l is a null matrix, resulting simply in the time derivative of (2.16) with

a constant adjoint matrix:
7I— AJ-Ly/d
Vi= Adgij V. (2.22)

It is useful to represent the frame velocities in inertial space. So, we have to
derive a velocity mapping between the frame velocity twist V' € R® with the time
derivatives 7; € RS of the frame position and orientation (represented by Euler

angles) defined in (2.9). For linear velocities, the relation is trivial:
U Ri(ni2)vg7 (2'23)

where R;(n;,) is given by (2.3), in the case of RPY angles.

The relation between the body angular velocities w! and the time derivative 7,
of the RPY Euler angles is given by the representation Jacobian Tj(n;,) € R3*3.
It is derived accounting that S(w!) = R} R;. For the particular case of the RPY
representation, R; and R; are represented by (2.3) and (2.5), and thus

@ — Sg, % 1 0 —Se; ¢z
wf = Sil(RZT Rl) == Cgl. S¢i ¢z + C(m Qi == O ngi Cgi ngi 9z
Co; Cop; % — S¢; 01 0 —S¢;  Co; Co, 1/Jz
NS ~~ /v
Tl(nlz) 7;]02

The inverse of this mapping is given by:

q& 1 S¢; 50;  Co; S0;
¢ co; €o;

) _ 7
91' - 0 Co, —S¢; Wi

H St Cqh.
WUy 0 Ciz 200

0; Cei
NG ~~ >
1
Tz (771'2)

36



ﬁiQ - T;l_l(nlé) wzl" : (225)

Remark 3. FEquation (2.24) is valid for any local representation of SO(3), not
only the RPY angles. However, the particular form of the Representation Jacobian
matriz is dependent on the choice of Euler angles. Besides, (2.25) may not be valid
in certain configurations, due to the presence of singularities in T;(n;,). In the

particular case of the RPY angles, these singularities occur at 0; = £7.
Grouping (2.23) and (2.25) into a single relation gives:

77i1 _ RZ (772‘2) 0 UZ:
ﬁiQ 0 iri_l (7722) WZ" ’

~~
1

J; (771'2)

7.72' - Ji_l(mé) ‘/zz ) (2'26)

where J; ' (n;,) € R%*6 is the Jacobian matrix that maps the body velocity twist to

the time derivative of the pose. It is also possible to write the inverse mapping as

_ R;r (772'2 ) 0 7.72'1
0 TZ (77@2) 7.7i2 7

J/

-~

Ji(niy)

Vi = Ji(1i3) 7 - (2.27)

Moreover, taking the time derivatives of T, *(n;,) and T;(n;,) given in (2.24) and
(2.25):
0 cotod + 50 —soted + 50
T (igs i) = | O =546 —cp , (2.28)
0 26+ —2o+ %00

0 0 —col
Ti(Miy, Miy) = | 0 =540 cpCod — Spcal | - (2.29)
0 —ced —5pCo0 + Ccpsel

Note that, in (2.28), we take the inverse of T; first and then derive it. A useful

relation to be applied for (2.28) is, for any invertible matrix 7":

Tl =—-77'TT7!, (2.30)

Now, it is easy to also find the time derivative of J; '(15;,) grouping (2.5) with
(2.28), and the time derivative of and J;(7;,) grouping the transpose of (2.5) with
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(2.29):

L (R0
T i) = | 0| (2.31)

. CRT 0

0

Additionally, we need the relations between the vehicle body accelerations Vf and
the second time derivative of the vehicle pose 7j;. It is straightforward to derive this
relation through the derivation in time of (2.26) and also get the inverse mappings,

as follows:

77@ = ji_1<77i2’ 77%2)‘/7 + Ji_l(niz)“/z’i : (234)

2.2.3 Platform Kinematics

The proposed inertial stabilization platform (a 3DOF gimbaled structure) mounted
on a mobile base, such as a vehicle, can be characterized as a vehicle-manipulator
system. A robotic manipulator is composed of a collection of rigid bodies, or links,
whose relative motion is constrained by the admissible velocities of the joint con-

necting two consecutive rigid bodies.

Remark 4. The links of the 3-DOF platform are rigid, each joint only allow 1DOF
(Euclidean joints) to the link that follows it, and the manipulator structure is of

open-chain (serial) type.

The ISP can be seen as a manipulator with 3 links and 3 joints, which pro-
vide relative motion between adjacent links. The last link has the pointing sensor
(camera) attached to it. The i’ link is coupled to the (i + 1) link by the 1DOF
revolution joint ¢ + 1 coupled to a motor with its stator fixed on link ¢ and rotor
on link 7 + 1, ¢« = 0,1, 2. Using this notation, link 0 actually represents the vehicle
where the manipulator is mounted, which is a free rigid body with 6DOF, 3DOF

for translation and 3DOF for rotation.

2.2.3.1 Forward Kinematics

In robotic manipulator systems, it is important to know the relation between the

joint position configuration and the end-effector pose, which is given by forward
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kinematics map. The forward kinematics on the i-th link frame E; with respect to

the vehicle frame Ej consists on the homogeneous transformation
90i(¢, 1g) = go1 12 - - Gi—1,i - (2.35)

One way to derive an explicit expression for the forward kinematics map is using
the concept of joint twists. The body joint twist describes the allowed joint motion

as seen from the frame attached to it.

For a prismatic joint, the body joint twist describes the admissible linear ve-
locities, i.e., the direction for which motion is allowed. Similarly, for a revolution
joint, the body joint twist describes the admissible direction of angular motion p,

represented in the body frame E;.

Remark 5. As the stabilization platform does not have prismatic joints, we will be
addressing only the case of revolution joints in the following. However, it is very
straightforward to derive the same equations for the prismatic joint case and these

derivations can be found in [19].

The body joint twist of the (i + 1)-th revolution joint (i = 0,1,2) is given by
(XHT = [OT (hi +1)T]. The corresponding spatial joint twists are given by X7 =
Ad,,, X}:

s
s | Y .

where h;i1 = Ry; hi,; and [; € R? is any point on this axis represented in frame E.

Ry, S (pOi) Ry,

0 Ry; i hita

0 ] _ [ —S(hi1) l; ] 7 (2.36)

This point is generally chosen to be the origin of E;.

Having defined the ISP joint twists, we can obtain the forward kinematics

through the product of exponentials formula [21]:

90i(q) = E1 Ey ... E; g0, (0), (2.37)
where E; = e=(X7)a ¢ SE(3) is the exponential map of joint 7, given by ?

b-|© (I3 — &) S(w?) v@-jﬂvf W) ola | (2.38)

where e; = 3@ u ¢ § O(3) is simply the exponential representation of the rotation

matrix of joint 7 by ¢; radians on axis w? € R3. This exponential can be computed

2For revolution joints only. For prismatic joints, the rotation matrix is identity and the trans-
lation vector is given by v;q;.
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using the Rodrigues’ formula:

e; = I3+ s, S(w)) + (1 —¢,,) s0*(w?) . (2.39)

)

Using (2.36) and (2.39) in (2.38), we simplify the exponential map expression to:

g | Tt s S@) + (1 =) s0%(wf) (=80, Ts + (cq = 1) S(wy)) S(wi)ls
[ OT 1 ?

(2.40)

considering that each joint 7 if of revolution type.

Using (2.35), the forward kinematics of the camera with respect to the vehicle

can be expressed by

gOC<q’ Hg) = 901(%, h?,pgl) 912(612, h;P%Q) 923((137 hi,pgs) 93¢ s (2-41)

where go1, 912, 923 € SE(3) are functions of the three joint angles ¢, q2, g3 € [—7, 7]
and of the joint axes hf,, and joint displacements p{, ; from g;;41 (1 = 0,1,2). The
components of these parameters forms IT, € R, the vector of geometric parameters
of the ISP. Lastly, gs. € SE(3) is a constant transformation from the third frame

E; to the camera frame E..

The absolute pose of the camera (with respect to the world frame) can then be

expressed by
gc(pOa ROa Q) = gO<R07p0) gOC(Q? HQ) ) (242)

where py € R?, Ry € SO(3) are the position and rotation of the vehicle, respectively.

2.2.3.2 Differential Kinematics

The other main important problem in the kinematics of robotic manipulators is to
find the mapping between the end-effector velocity with the joint velocities. This
is the differential kinematics problem and the relation between these velocities is
given by the Geometric Jacobian matrix, which is derived in this section using

the concepts of joint twists.

In this case, the body geometric Jacobian J§;, € R®*™ associated to link ¢ maps

the ISP joint velocities ¢ to the body twist coordinates V. by a linear relation

0 = Joi(a:Ty) G - (2.43)
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The body geometric Jacobian expression can be derived by observing that:

; _ . . " (0go: .
se(‘/()li) = gOil(qa Hg) gOi(Qa Hg) ) gOi(Q> Hg) - Z ( agqo q]) .
J

Jj=1

Then, the body geometric Jacobian is found by collecting in its columns the joint
twists XZ-T (q) observed from the local frame E;. Each column maps the contribution

of each joint velocity to the velocities of E;, in body coordinates:

Jéi(qang) = [XI Xg Xj 06><(3—i) (2'44)

= [AdIXT AdEXE e AIXT Ogeg| o (249)

Similarly, we can find the spatial geometric Jacobian, which maps joint velocities
to the spatial link velocity twist. The Jacobian columns correspond to the joint

twists written in spatial coordinates with respect to the base frame E,.
Vor = Joi(a,11y) g, (2.46)
and the spatial link Jacobian can be computed by

) = | X5 X5 o X7 (2.47)

= [Adyy, X! Adgy X3 o Adyy XI Opuay| - (248)

go1 902

Note that X! is the twist of joint i seen from Ej and depends only on the position
of the previous joints (g1, ..., gi—1). So, the the adjoint map Ad,,, depends only on
(q1,-..,qi—1) in this case

Xz, = Adg()i<q17 ey i, Hg) )(ZZ .

Due to (2.43), (2.46) and (2.14), the relation between the body and spatial link

Jacobians is given by
Jo = Ady,, J§; . (2.49)

Sometimes, only the linear or angular parts of the geometric Jacobians are

needed. Therefore, they can be partitioned as

[ s
w=| | - | ) 250)
072

Oio

i i s 718 3xn
where Jml, J0i2> J0i1> JOZ-2 € R>*",
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Using (2.17) and (2.43), the absolute body velocity twist V' € RS associated to
the 2-th link of the ISP can be expressed by

Vi = Jyi(a, 1) 4 + Adg,(q,11,) Vg (2.51)

where V) € R® is the base body velocity twist. The acceleration twists can also be

computed by means of

i i L : _ : o
Vi = Joi(q, 1y) G+ Jii(q, 4. 1) ¢ + Ad (g, 1) V' + Ad,, (q,4.11,) Vg, (2.52)

i

where V) € RS is the base body acceleration twist.

Note that, when applied to the camera frame E. on the ISP last link, the angular
parts of (2.51) and (2.52) are

e = Joey (0, 1Lg) ¢ + wyp, (2.53)
W = JG., (0. 1g) G + J&, (0, G, T1g) G + &0 (2.54)

Note how the vehicle angular velocity and acceleration wl,w) € R?® expressed on

E( emerges from the last two terms of (2.51) and (2.52), respectively. The camera

body geometric Jacobian is expressed by

Jila 1) = | X[ x] x] | (2.55)

= |Ad, X] Ad2 X3 Adyl X3, (2.56)

T T T
Due to the ISP structure, X| = [OT zﬂ , X2 = [OT yﬂ and X3 = [OT x(ﬂ ,

representing the twists associated to each joint of the ISP.

An important algebraic property is the linearity of (2.53) and (2.54) with respect
to the geometric parameters of the ISP [20]:

wy = We(q, 4, wp) I, (2.57)
g = Wil 4, G, w, ) Ty (2.58)

where W,, € R**Ns is a kinematic regressor.

Next, applying (2.34) to E. and taking the angular part yields
7.’)02 - Tc_l(nCQ) wg + Tc_l(ncm 7762) wg . (259)

Substituting (2.53) and (2.54) in (2.59), it is possible to write it with respect to
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the ISP variables and the ship motion as:

ew = T ey i+ (T ey + T ) 4 T R, )+ 07 B of), (2:60)
\"__/ R ', W—/ H/_/

Jq Z; Jw L,

where matrices J, and J, are dependent on ¢, 7., and I1I,, while L,, L, are also

dependent on ¢ and 7., .

In the same way than in (2.58), (2.60) is also linear with respect to the geometric

parameters:
7702 = Wn(Q7Q7dv 7]02,7702,W8,w8) Hg ) (261)

where W, € R¥s is a kinematic regressor, and N, is the number of geometric

parameters.

2.2.3.3 Kinematic Algorithms

Forward
Recursion

Velocity, Acceleration

Backward
Recursion

Velocity, Acceleration

Figure 2.2: Forward and backward recursion for computing pose, ve-
locities and accelerations of a serial robot manipulator. Edited from
http://www.matlabinuse.com/Mastering MATLAB/11349.

Next, given the pose of frame E; g; € SFE(3) and the frame velocity and ac-
celeration twists V', Vj, it is possible to compute all other poses gy, velocities Vi
and accelerations ka of to each other frame Ej (k # i) by means of an iterative
algorithm. It consists in propagating the poses and/or body velocity/acceleration
twists of each link frame E; through the system, obtaining all g, V}*, V,f (k=1,2,3)
associated to all rigid bodies of the ISP.

Figure 2.2 illustrates Algorithm 1 and Algorithm 2 for a robot manipulator,
which in this case, is the ISP itself.

43


http://www.matlabinuse.com/Mastering_MATLAB/11349

Algorithm 1 (Pose Propagation). The algorithm is initialized with the configuration
of the i-th frame E;, p; € R and r; € H*. The propagation algorithm is carried out

mn two steps:

1. Upward propagation: starting from index k = 1 till k = n, the configuration

of each frame can be computed by

Pr+1 = Pr + By, Pi,kﬂ )

k
Tk+1:TkOTk+1.

2. Backward propagation: starting from index k =1 till k = 0, the configura-

tion of each frame can be computed by

_ k1
Pe—1 =Dk — Rk Dy 1

Tk—1 =T O 7“]]:_1 .
Here, Ry, is computed from ry in (A.12) (k=1,2,...n). The camera pose is

De = Pn + Rnpzca

Te=TpoOT, .

If the inertial pose of any frame Eg rigidly attached to the vehicle and the joint
angles ¢ € R™ are fully known, Algorithm 1 can be used to compute all homogeneous
transformations g; € SE(3) for each coordinate system E; (i = 1,2, 3) associated to
the ISP links and for the ISP camera frame E..

The next algorithm is able to compute all velocity and acceleration twists as-
sociated to each one of the ISP coordinate systems, given that the velocity and
acceleration twists of any frame E; and the joint angle, velocities and accelerations

q,q,qd € R™ are known.

Algorithm 2 (Propagation of Velocities and Accelerations). The algorithm is ini-
tialized with the motion variables of the i-th link frame E;. Given that the mechanism

contains only 1DOF rotational joints, the algorithm can be described in two steps:

1. Upward propagation: starting from index k =1 til k = n — 1, the velocities

and accelerations of the links can be computed by

kafll = Q;—,kﬂ (Prr1,k ka + Hyi1 Grt1)

kaﬁl = Q;—,k—&-l (Prt1,k ka + Hii1 Gerr + A1 Grr) -
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2. Backward propagation: starting from index k = i til k = 0, the velocities

and accelerations of the links can be computed by

Vi = @y (o1 Vi — Hi i)
Vil = q),;lk_l (U1 ViF — Hy i — Ak Gi) -

with matrices given by

o B I3 _5°<p§,k+1) p-1 _ I3 SO(P’;?,M)
k+1)k_ ? k+1,k - ?
0 |3 0 |3
I -Rk,k+1 0 |
H;—Jrl = OT(hgﬂ)T] ;v Qg = )
. | 0 Ryt
A B So(v{i + So(wf) pi,kJrl) hllz+1
k+1 — kY 1k ’
so(wy) P sq

where Ry 41 € SO(3) are computed from r,’jH = {cos (%qkﬂ) ,h’,jH sin (%qkﬂ)} €

H* using (A.12). The camera twists can be computed by

‘/CC = Adgcn Vn?,l )
‘760 - Adgcn v:7

where ge, € SE(3) is a constant homogeneous transformation.

This algorithm can be used to compute not only every velocity and acceleration
twist of the ISP, but also the geometric Jacobian matrices and some other useful

terms.

Algorithm 3 (Computation of Jacobian Matrices). The j-th column of the body
Jacobian matriz Ji;(q) (0 < j < i) is equal to ij, the wvelocity twist obtained by
executing Algorithm 2 starting from Eq with Vi) = Vi’ =0, ¢; = 1 and all remaining
joint velocities equal to zero. Therefore, Ji, € RS*™ can be fully computed (column

by column) by executing Algorithm 2 n times, where n is the number of ISP joints.

Algorithm 4 (Computation of term Ji,(q,qd)q). The term Ji,(q,q) ¢ € R® is equal
to VZ“, the acceleration twist obtained by executing Algorithm 2 starting from Eqy with
VO=V02=0,4=0.

Remark 6. Note that the time derivative of the body link geometric Jacobian
jél-(q,q') € R5™ cannot be computed by the same method of Algorithm 3, because
it 15 also dependent on ¢ € R™.
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2.2.4 LOS Kinematics

In order to obtain the desired camera orientation, we must derive the relations be-
tween the target frame E; motion and the camera frame E, motion. These geometric
relations are also known as the LOS kinematics. They are needed to compute the
camera orientation, angular velocities and angular accelerations that guarantee that

it remains always pointing in the direction of the target.

Suppose that the position vector of the target frame E; and its first and second

time derivatives are given by

T

T T
bt = [ﬂﬁt Yt Zt] N S [St't Yt Z"t} , Dt = [flft Ut ét] . (2-62)

Moreover, define the inertial LOS errors for position, velocity and acceleration as

. [z — .
Pet = Pt — Pe = |:5Bct Yet th] = | v—v |, (2.63)
| Zt — Ze¢
O & S B
Pet = Pt — Pe = |:5(7ct Vet th] = | %—9 |, (2.64)
| 215 - ZOC
A S S B
Pet = Pt — Pe = [xct Giet th] =1 i —de | - (2.65)
| 5 -3,

Consider that the camera is correctly pointing into the target direction, and
recall that the homogeneous transformation between the target frame E; and the

inertial frame is given by ¢; = g. g € SFE(3). Taking only the translation part:

Pt = Pc + Rcd pgta Rcd = [ LTeg Yeq Zeq | (266>

where R., € SO(3) is the desired camera rotation matrix. Given that the z-axis
direction of the camera frame E, is aligned with the camera optical axis, the relation

that ensures the correct aimpoint is given by

§
v = lpall 2, ag=11 0 o . (2.67)

The interpretation is very straightforward: to ensure that the LOS coincides with
the aimpoint, the translational LOS error (p¢, € R?) must point in the same direction

of the camera optical axis. Then, substituting (2.67) into (2.66), we get the pointing
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condition

Det
Le, =

= . (2.68)
“ [lpel]

Note that the pointing condition (2.68) only ensures the correct aimpoint, but
it does not restrict the camera tilt with respect to the horizon. Although aligned to
the LOS pointing vector, E. still have an infinite possible number of configurations,

since it can rotate freely around the camera axis.

The desired camera roll orientation or tilt is actually a project requirement.
Specially in the case of imaging systems, it must be aligned to the horizon to guar-
antee a satisfactory performance. Therefore, the camera roll orientation and its
time derivatives must be zero (¢, = (bc = éc = 0). This condition can be ensured by
guaranteeing that the y-axis direction of E. is perpendicular to both the pointing

vector p. and to the vertical z-axis direction. From this, we conclude that

20 X Pet
oy = ——————. 2.69
Finally, the third and last column of R., can be computed by
Zey = Tey X Yoy - (2.70)

Then, the mapping from R., € SO(3) to r., € H* is relatively straightforward. For

instance, in [20],

For mobile target tracking, the angular velocity and acceleration references for

the camera are

S(we,) = Rl R, (2.71)

S(we,) =R} Re, + Rl R, , (2.72)

where R.,, R., can be computed from the time derivatives of z,, ¥e,, and z,, which

are dependent on p.; and p.;. These derivatives can be computed from the formulas:

% (H%I) — A) i, (2.73)

& [ x L
y (W) =A(x) i+ Az, ) (2.74)
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=T 3
(3

T .
(2 oTily —dx’ —xi’ — BHx HxA(;E)> ,
T

= 3
B4l

which are obviously not defined for z = 0. Using (2.73) and (2.74), the first and

second time derivatives of the the first and second columns of R, are given by

g P
“dt \lall ) le=pe 7T dt? \ |2

. d [ x . &
Yoo = at \ Nzl ) locsoxne” Y0~ a2 2]

Additionally, due to (2.70), the time derivatives of the the third column of R, is

)
T =Pct

T =20 XPct

Zeg = Teyg X Yey + Tey X Yey

Zeg = Teg X Yeqg + 20y X Yeg + Teg X Yoy -

Remark 7. In fact, due to (2.73) and (2.71), the desired angular velocity wg, € R3

is linear with respect to ps € R3:

we, = Z(pet) Det (2.75)

where Z(pet) € R3*3 is a regressor matriz. The desired angular acceleration we, can

be written as

c

wcd = Z(pct> p.ct + Z(pctapct)pct . (276)

Next, suppose that the RPY angles are chosen as a minimum representation for

orientation. Then, by (2.66), (2.67) and using (2.3) for R., = Rrpy (¢c,, Ocys Vey):

Tet = ||pet| cos(ee,) cos(b.,) (2.77)
Yer = ||petl sin(ie,) cos(0.,) (2.78)
Zet = — ||pet|] si1(6c,) - (2.79)

We have already shown that the condition (2.69) for the camera roll results in ¢., =

¢cy = ¢, = 0. The pitch and yaw references can be computed after manipulating
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equations (2.77), (2.78), (2.79) and their time-derivatives:

(¢ tg~! (_th)
[ =19 N )
d /tO

et lo — th lo

6, =420
’ Vit (2.80)
é _ (th to — Zet tQ) (3 toto + zc2t to + 210 2e 2(:1&) N .
o to /o t2
Zet (xct :i'ct + Yet yct + xgt + ygt) - 'éct tO - zct t2 X
\ C. \/%tl ;
( — Yet
@Dcd = tg ! (_ )
Lt
. ts
Yey = i (2.81)
772)' _ (xct gct — Yet fl}ct) tO - 2t2 t3
L t2 ’
.2 2 L . .
to = Ty + Yet 5 t2 = Tt Lt + Yet Yet
ty = x?t + yft + th ) 13 = Tet Yot — Yot Tet -

Notice that the configuration known in the literature as the gimbal lock, or the
RPY representation singularity happens in (2.80) when ¢y = 0, which means that
the pitch angle 0., reached £90°.

Lastly, consider the that the camera absolute orientation R., € SO(3) is ex-
pressed in terms of unit quaternions. This non-minimal representation is advanta-
geous, since it does not suffer from representation singularities as the RPY angles,
for example. In this case, the corresponding quaternion reference r., € H* can be
directly computed using (A.14). If necessary, the first and second time derivatives
of the quaternion reference r., can be related to the body angular velocity and

acceleration by the lower part of (A.18).

2.3 Dynamic Modeling of Inertial Stabilization
Systems
In this section, we develop the dynamic model for the ISP mechanism mounted

on a general mobile base using the vehicle-manipulator system (VMS) framework,

developed in [19], [39] and [40]. The dynamic modeling takes into account the forces
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and torques that act on its structure, such as driver motor torques, static/dynamic
friction and the coupling forces among the links, and the effects of these efforts in

the system motion.

The dynamic model is basically a differential equation that drives the tempo-
ral evolution of the ISP and vehicle motion. As a mechanical structure, it must
follow the general laws of classical mechanics, that can be expressed by the Newton-
Fuler, Lagrangian or Hamiltonian framework. In this work, the Newton-Euler and

Lagrangian formulation are covered.

The ISP structure can be modeled as a robot manipulator composed of rotational
1DOF joints and rigid links installed on a rigid, moving, non-inertial base (vehicle)
that is free to move in SE(3). Electrical motors are the main source of motion effort,

providing the necessary joint torques for the ISP operation.

In this work, the electrical model associated to the motors is neglected. We
focus on the mechanical modeling of the ISP only, due to the availability of high
performance motors and motor drivers in the market. These drivers often allow
the effects associated to the electrical model of the motors to be negligible, such as

motor response time and magnetic cogging.

2.3.1 Lagrangian Dynamics of Vehicle-Manipulator Sys-

tems

The Euler-Lagrange equations of motion for a mechanical system with N generalized
coordinates (expressed by z € RY), total kinetic energy K(x, i) and potential energy

U(x) are given in vector form by

d (0L oL

=)= =7 2.82

dt <ax') T (2.82)
where £ = K — U is the system Lagrangian function and 7 € RY is the vector of
generalized forces collocated with & € RV,

In [40], a procedure to develop an expression for the equations of motion of a
general multibody system with quasi-velocities is presented. The quasi-velocities are
variables that uniquely describe the system velocity, but are not necessarily obtained
by the time derivative of the position variables. Instead, they are expressed by the

linear relation
vi=2_8(x)%. (2.83)
Remark 8. Notice that, in general, the generalized forces collocated to the quasi-
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velocities v € RY are going to be different than the 7 € RN, due to (2.83).

Then, we present the following procedure to find 7 € RY, the generalized forces
collocated to the quasi-velocities v € RY | instead of # € R™. The infinitesimal work

done in the system is
dW = (7T &) dt = (7 v) dt, (2.84)
Then, from (2.83) and (2.84), 7 and 7 are related by

7=S"(z)r. (2.85)

If the quasi-velocity v € RY represents a physical velocity, then the kinetic energy

of the system K(x,v) is given by a quadratic function
L
K(z,v) = 3V M(x)wv, (2.86)

where M(z) € R¥N is a symmetric, positive-definite inertia matrix, which is
configuration-dependent. Then, the Lagrangian of a multibody system with quasi-
velocities v € RY given by (2.83) be

L(x,v) = %UT M(z)v—U(x). (2.87)

Lemma 1. The equations of motion of a multibody system with quasi-velocities
v € RY defined in (2.83), generalized forces T € RN and Lagrangian function (2.87)

are given by

M) o+ M@)o — b 57T (w) T, .
Ty . 2.88
57T(a) (87@) - 55 ) M@+ 57w T =

A sketch of the proof is presented in [40]. However, the constant 1/2 on the
fourth term of the left-hand side of (2.88) is missing in [40]. This was caused by
a differentiation error of a quadratic form in Equation (17) of [40]. A complete

demonstration can be found in Section B.1.

Theorem 1 follows from Lemma 1 and provides the basis in which the equations

of motion for a vehicle-manipulator system are derived.

Theorem 1. The equations of motion given by (2.88) can be rewritten as follows
M(z)o+ C(z,v)v+G(x) =T, (2.89)
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where

o M(x) € RN*N s a symmetric and positive-definite inertia matriz;

e The Coriolis matriz C(z,v) € RVN s given by

C(z,v) =

NE

Oék(l’) U, + Z ﬁk(l’) UV, (290)
k=1

k=1

with the components of matrices ay, B, € RNV given by

N
oMy . 1 . OM,;
l
N S, oS
—1 sl sm -1
o ‘ _ M. - 2.92
(Be)ii limj (Sh ( o~ B )Smk) (292)

o The potential vector G(x) € RN is simply given by

oU(x)
ox

G(z) =S "(x) (2.93)

A sketch of the proof focused on the derivation of (2.91) and (2.92) is presented
in [40]. It performs the component-wise expansion of the terms in (2.88). Although
the final expressions for (ay);; and (Bg)i; are correct in [40], some details on the
presented demonstration need additional comments. First, there is a mistake in Eq.
(32) of [40]: an additional term is missing because of the dependance of v € RY
on z € RY. However, it happens to be the same value as the term with 1/2
multiplication pointed out on the sketch of proof of Theorem 1, as a result of the
previous mistake. These two terms sum up and the final expression for (8);; is
indeed correct in (37) of [40]. There is also a summation over k£ that should not
exist in Eq. (36) of [40] and was corrected here, in (2.91). A correct proof of

Theorem 1 is available in Section B.2.
Using the generalized coordinates of the vehicle-manipulator system = = §; =
T T
[ nd q" ] € R and the quasi-velocities v = (; = [ (VHT 47 } € R with

respect to any frame E;, as defined in Section 2.1, they are clearly related through

vy _ | Jilnis) 0O M
q 0 I3 q
—_—
Si (&)
G=Si&) &, (2.94)
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due to (2.27), which is equivalent to (2.83).

In the same way as in [19], the ISP is a vehicle-manipulator system with general-
ized coordinates x = &, and quasi-velocities v = (y with respect to the vehicle frame
E; and related through (2.94), with ¢ = 0. This way, Theorem 1 can be directly
applied for the ISP model, and (2.89) becomes

Mpy Mp' | [ Oy Oy | GV | B
Mo o | ° co oo |07 ] o ’
qV qq qV qq q Tq
My (&) Co + Coléo, o) Co + Gol(éo) = 7o - (2.95)

where we have explicitly separated the vehicle and the manipulator dynamics. The
generalized force acting on the system is 77 = [FgT T, } € R where F{ € RS
is the vector of generalized forces (wrenches) acting on the vehicle (collocated with
V) and 7, € R™ is the vector of generalized forces acting on the manipulator joints

(collocated with ¢ € R™).

Remark 9. In (2.95), it is clear that the vehicle motion affects the manipulator
dynamics. The opposite is also true, however, the influence of the manipulator
motion in the vehicle dynamics is expected to be small or even negligible in the case

where the vehicle is much larger/massive than the manipulator.

Thus, the lower part of (2.95) gives us the dynamic equation for the ISP:

q

Mgy G+ Coqq+ Gq+ Mgy Vi + C Vg = 7, (2.96)

vehicle motion terms

as previously seem in (1.4). Comparing (2.96) with the usual dynamics of robotic
systems, the vehicle motion introduces two additional contributions on the joint
torques, which depend on the vehicle velocities and accelerations. This is illustrated
in Fig. 2.3. These torques can be compensated by a controller if V) and VOO are
measured by inertial sensors or estimated, and suppose that the system parameters
that define the matrices in (2.96) are known. It is worth noting that, while M,
and M,y depend only on ¢, Cy, and C,y depend on the joint angles ¢ and on the

quasi-velocities ¢y, and G4 depends on the generalized coordinates &.

Particularly, in the case of the ISP mounted on a vehicle, we do not have control
over the vehicle motion, which is determined by unknown external wrenches 7, € RS.
These wrenches are determined by the vehicle thrusters and external environmental
forces and torques, such as sea waves in the case of ships and wind, in the case
of aerial vehicles. However, we do have control over the ISP motion, because its

dynamics are determined by the joint torques 7, € R".
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Figure 2.3: Block diagram of the ISP dynamic and kinematic models.

Using (2.94), we can also write the dynamic equation (2.95) in terms of the

generalized coordinates &, and the time derivatives fo and éo [19]

Mo(&) & + Col€o,€0) €0 + Gol&) = T (2.97)

where

o Mo(&) = ST (&) Mo(q) Sol&o)

o Col6o,&0) = ST(€) (Color &) Sol&) — Mo(a) Sol&) 55(€) So(&) )

e 7o = S{ (&) 1o, collocated with &o.

Remark 10. Note that, since To(no,) appears in the kinematics as a part of So(&o) in
(2.94), singularities can arise in (2.97). In our case, using the RPY representation
for orientation, we have singularities when 6y = +m /2, that is, when the pitch angle
is £90° (nadir or zenith). Although singularities typically lead to computational
problems and should receive special attention, for a wide range of applicatios, we
don’t need to worry about them because it is virtually tmpossible to achieve regions
near the singularities (in the case where the vehicle is a ship, it would have to be

pointed upwards or downwards).

In a similar way, one could apply Theorem 1 to the same vehicle manipulator
system, but with generalized coordinates defined as ©* = &. and quasi-velocities
v = (. with respect to the camera frame E,, also related through (2.94), with ¢ = c.

This alternate representation for the VMS states can be linked to the previous one
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through the quasi-velocity representation transformation

Adt TS,
C=Jdc(a) G,  Jelq) = 09“ |° ] : (2.98)
Transforming (2.95) according to (2.98), yields
Me(&) G+ Col6er Co) o + Gel&e) = I T 7o, (2.99)
Further simplifying (2.99), the dynamic equations get

Me< Me T . ce e Ge Fe
[ A ] G| TV Vel TV = 0 (2.100)

MqV qu CqV qu Gq Tq

where in this case, the generalized force acting on the VM system is 7] =

[FCCT T, } € R®™ where F¢ € RS is the vector of generalized forces (wrenches)

acting directly on the camera frame (collocated with V%), related to Fy by [21]
F¢ = Adj, F?.

Remark 11. Since 7. # JQTT To, the submatrices in (2.100) are not equal to the
submatrices of M.(&.), Ce(&e, () and G(&.) in (2.99).

The upper part of (2.99) gives us the dynamic equations of the camera itself:
MGy VE+Coy VE+ G5+ MG T G+ C g = FF (2.101)

On the other hand, the lower part of (2.99) also gives us the dynamic equation for
the ISP, but with the base motion variables given in terms of the camera motion,

instead of the vehicle motion:
Mgy G+ Cogd+ Go+ Mg, VE+ Coy Ve =1, (2.102)

Remark 12. Equations (2.95) and (2.99) equally represent the dynamics of the
VMS, but in opposite ways. Equation (2.95) considers the vehicle as the base of the
VMS, while (2.99) considers the last link (camera) as the base of the VMS.

It is worth mentioning that, in a similar way than in (2.61), (2.95) and (2.99) are

also linear with respect to the dynamic parameters II; € RY¢, which are composed

by combinations of the links masses m;, inertia tensor components and p!. € R?
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components [20]:

_ v -

)/0(507 CO) g, Hg) Hd = Y‘g Hd =T, (2103)
q |
t Y‘g z

}/C(é'C? CC) g, Hg) Hd = ye Hd = Tc- (2104)
L ~a |

The matrices Yy, Y, € RETM*Na are known as dynamic regressors, and are fully
configuration dependent. Linearity on the dynamic parameters is a key property
for robust/adaptive control schemes, and for robustness analysis of control laws for

mechanical systems as well.

Of course, the dynamic model of a 3 DOF ISP with revolution joints can be
found by applying the methodology of Section 2.3.1 for the case of n = 3. However,
note that non-conservative forces such as friction were not taken into account in the
Lagrange model developed in the previous section. These forces might induce non-
negligible effects in the ISP dynamics, and therefore, must be taken into account by
the model. They are represented by an additional disturbance on the joint torques

7; € R" affecting the ISP dynamic equation.

Joint friction torques can be represented as the sum of Stribeck, Coulomb and

viscous friction components [41]. The Stribeck friction Fj is the negatively sloped

F, Stribedk friction
f Vistous friction
| i \‘\
|

brk I 7

| S v
1 Coulomb fricion

0 v

T

Figure 2.4: Simulated joint torque friction. Image from https://www.mathworks.
com/help/physmod/simscape/ref/translationalfriction.html.

characteristics taking place at low velocities, as illustrated in Fig. 2.4. The Coulomb
friction F, results in a constant force at any velocity. The viscous friction F, opposes
motion with a force that is directly proportional to the joint velocity. The sum of

the Coulomb and Stribeck frictions at the vicinity of zero velocity is often referred
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to as the breakaway friction, Fj,,. Therefore, an expression for the friction simulated
in the i-th joint of the ISP is given by [42]

Tf =V 2€(Fbrki - Fm) exXp (_x2i) <x21) +Fci tanh <x21) +Fvi L2, (21O5>

We;

where wg, = V2w, is the Stribeck velocity threshold, with wy,;, being the break-
away friction velocity. Here, w,, is the Coulomb velocity threshold, and is generally

considered to be 10 times lower than wyx, [42].

Besides friction, cables passing through the internal ISP structure can store
potential energy, leading to non-negligible spring-like effects [1]. Although elastic
forces are conservative and thus can be derived from a potential function, they were
not taken into account on the system Lagrangian function. Instead, they can be

directly introduced into the joint torques as a linear function of the joint angles:

Ts = —Ksq, K;>0. (2.106)

With these effects, the ISP equations of motion can be expressed by

M, i+ Copq+ Gy + My Ve +Cp Vi + 75+ 7o =14, (2.107)

Mg+ Chag+ G+ My Ve+CL Vit T+ 75 =14 (2.108)

Next, for the sake of completeness, we develop explicit expressions for the matri-
ces in (2.95), following the same methodology found in [19] to compute M, Cy and
Go. The matrices M., C. and G, of (2.99) are not going to be computed explicitly,

since they can be computed using numerical algorithms.

2.3.1.1 Computation of the Mass Matrix

The mass matrix My(&p) can be computed directly from (2.86), by simply deriving
the total kinetic energy of the system.

The kinetic energy of each rigid body on the kinematic chain is given by

1

(VHTLV (2.100)

Summing up for the n + 1 bodies (the n links and the vehicle) and the vehicle and
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using (2.51), the total kinetic energy of the system is

= 3K = 5 & M) G, (2.110)
1=0

where the VMS mass matrix My(&y) € R(O+FM*(6+1) a5 defined in Theorem 1 is

Mo(&) = 0 . +ZM° &), (2.111)
e _<J3i>szAd;; T LT |

Remark 13. Since M depends only on q € R™, My is actually a function of the

joint angles ¢ € R™ only, and will be referred this way hereafter.

Using (2.98), it is also possible to write the VMS kinetic energy with respect to

the camera generalized velocities, as
K= Z/c —< Me(€e) G (2.112)

where the alternative VMS mass matrix M,(£.) € R6+m)x6+n) jg
Adl 1" Ad 0
gne “n e ] , (2.113)

n—1
= ; Mf(&:) + 0 0

AdT TP Ad,, ~Ady, I Ady, ]

Gic ’c

ME(E,) = i

where the Jacobian matrix J¢, € R" is defined by V¢ = J£ ¢

As My(q), M.(&.) is also dependent on the joint angles only. Using the represen-
tation transformation in (2.98) and the expressions for the system kinetic energy in
(2.110) and (2.112), the two mass matrices can be related through

Mo(q) = J[ (q) Me(q) Je(q) - (2.114)

It is also worth noticing that both My(q) and M.(q) are symmetric and positive-

definite, which is evident from the expressions of the link mass matrices M?, M¢.
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2.3.1.2 Computation of the Coriolis Matrix

The form of the Coriolis matrix is actually not unique [20]. The expression for (2.90)
in the case of a vehicle-manipulator system in SFE(3) with quasi-velocities given by

(2.94) can actually be further simplified using the following theorem.

Theorem 2. The Coriolis matriz for a vehicle-manipulator system with quasi-

velocities given by (2.94), equations of motion given by (2.89) and whose vehicle
is a free rigid-body in SE(3) is

0(¢; Go) = Z 8M0 'k %CO<QJ Co) 5 (2.115)
— —2ad 0 o T O
C(q,g):[T (M MG TG ]
T o gy 0TI T (MY MY 1G)

T —
For an arbitrary vector p = [pf p;} € RS (p1,p2 € R?), the operator ad, is

c RGXG

! :_[ 03 S(p1)
g S(p1) S(p2)

A proof can be found in [19, Section 8.3.3.2]. It uses (2.90), (2.91), (2.92) and
the structural properties of My(q) and S(&) to expand (2.90) into (2.115). Note
that, in order to make the final expression of the Coriolis matrix consistent with the
definitions in [19, Section 6.4.3.2], we have corrected the signal of the ZLE[ BEYORIT
term in Cp of (2.115).

2.3.1.3 Computation of the Potential Vector

In the case of gravitational energy only, the potential vector (2.93) for (2.95) can be
rewritten using an approach based on energy conservation. Note that 7; = Go(&o) is
the generalized force vector needed to cancel out Gy(&p) in (2.89). The infinitesimal
work done by 75 is

AW, =77 Codt .

The generalized gravitational force acting on body 7 is

. RT
F; =-—mg - 0
S(p;;) RiTZo

€ R, (2.116)

where ¢ is the gravitational acceleration constant. The infinitesimal work done by
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the gravitational forces is given by

AW, =Y (F)TV/dt.
=0

Then, if only gravitational forces are present, by conservation of energy:
dWs +dW, =0. (2.117)

Finally, expanding (2.117) and comparing its terms, we can use (2.51) to compute

G() as

n

Go(&o) ==Y {Adg—og Jgi]T Fi. (2.118)
=0

-1

700 = l6, Dy definition. It is worth commenting that a

where here J§ is zero and Ad
similar approach to compute (2.118) is used in [19], but the final expression obtained

for Gy(&p) in [19] is incorrect.

Of course, this method for computing Gy(&p) in the case of a gravitational po-
tential is equivalent to (2.93), but simpler. If other conservative forces need to be
taken into account, such as spring-like effects, Gy(&y) must be solved directly by
using (2.93).

2.3.2 Newton-Euler Algorithm

The Newton Fuler method is a computationally efficient algorithm that can be used
to numerically solve the inverse dynamics problem for the VMS dynamic equation
(2.89). Given &, ¢, éj € R%™ associated to an arbitrary frame E; rigidly attached
to the i-th body of the kinematic chain, g € R and the all system parameters, the
inverse dynamics problem consists in computing the forces/torques (or wrenches)
needed to perform a given input motion in the VM system. On its most general

form, it can be expressed algebraically by

T = anDyn(§j7Cjaéj7g7H)a (2119)

where 7] = [FJJT TqT] € RO with FJJ € RS being the vector of generalized
forces (wrenches) acting directly on E; (collocated with ij ). The parameter vector

" = [Hg Hg] contains combinations of the geometric and dynamic parameters.

The Newton-Euler algorithm is composed of two steps. The first one is the
propagation of velocities and accelerations upwards the kinematic chain, summarized

in Algorithm 2. The second one consists in solving the dynamic equations of motion
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for each rigid body in the system, starting from the n-th link and ending up on the

vehicle frame Eg.

Kinematic
Recursion ~
Velocity, Acceleration N
73 .
Dynamic
Recursion

Coupling forces and moments.
Ty Joint Torque

Figure 2.5: Illustration of the two steps of the Newton-Euler algorithm for a serial
robot. Edited from http://www.matlabinuse.com/Mastering- MATLAB/11349.

Algorithm 5 (Backward Propagation of Wrenches). The Newton-FEuler equations
for the contact body wrenches Fff € R® between the bodies of the vehicle-manipulator

system (links and vehicle) are

Flf:ll = <I>Z,k_1 Qp—1k F;f + My ka:f + By_1, (2.120)
M, — mp 13 — My S(pzk>
k= )
|k S(py) I

By =

mi S(wy) (S(wy) Py + i)
| S(pj) S(wp) vff + S(wp) If wi |

where the parameters p’,j,—c, my and IF compose Ty in (2.119). These equations must
be solved from k =n =3 to k =0, using the velocity and acceleration twists V¥ and
ka previously computed in Algorithm 2. Also, we set here n + 1 = ¢ and we do not

consider external wrenches acting on the camera frame E,, so that F'H} = 0.

Algorithm 6 (Newton-Euler Algorithm). Let E; be any frame rigidly attached
to the i-th body of the kinematic chain, with known transformation g;; € SE(3).
Supposing known geometric and dynamic parameters, pose g; € SE(3), velocities
V}j and accelerations V;] of E; and joint angles q, velocities ¢ and accelerations ¢,
the Newton-Euler algorithm is described by the steps below:
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1. Compute V;' and VL’ associated to the i-th body frame E;, using g;;, (2.16) and
(2.22);

2. Compute all velocity and acceleration twists V¥ and Vi¥ associated to each link

of the kinematic chain using Algorithm 2;

3. Compute all body contact wrenches Ff associated to each link of the kinematic
chain from k = n to k = 0 using Algorithm 5. The effect of gravity (in —z

direction) can be introduced by modifying V,f for each link according to:

T
Rk 20

VE—VE—g ) (2.121)

where g € R 1s the gravitational acceleration on Earth;

4. Compute the joint torques by projecting the wrenches acting on frames Ey, into

their rotation aris:

T = HI Qe n FF. k=1,..,n. (2.122)

The wrenches Fj € R® acting on frame E; fized to the i-th rigid-body are simply
F! = Adj F/ €R°.

Note that (2.122) on Algorithm 6 can be used to compute the joint torques 7,
in (2.96) or (2.102) needed to perform a given motion on the ISP. If E; = E,,
then these torques are equivalent to (2.96), while if E; = E., they are equivalent to
(2.102).

Summarizing, the Newton-Euler algorithm can be used to solve the inverse dy-
namics problem for both (2.95) and (2.99) just by initializing the algorithm with
the appropriate inputs. This can be seem by rewriting (2.119) as

0O = InvDyn(ﬁo,CO,éo,g,H) ) (2123>
7. = InvDyn(&,, ¢, (., g, 1), (2.124)

from where the relation with (2.95) and (2.99) can be easily seem.

Algorithm 6 can also be used to compute matrices and terms of (2.95) and (2.99)

separately.

Algorithm 7 (Computation of the Mass Matrices). The j-th column of the system

mass matriz My(q) € ROEFMX6+1) in (2.95) is equal to Tj € R the generalized
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force obtained by executing Algorithm 6 with (; = 0, g = 0 and éo equal to a
generalized acceleration whose j-th component is 1 and all remaining components
are 0. Therefore, My(q) can be fully computed (column by column) by executing
Algorithm 6 6 + n times, where n is the number of ISP joints.

Algorithm 8 (Computation of the Coriolis Term). The Coriolis term Cy(&o, (o) Co €
RS in (2.95) can be obtained by executing Algorithm 6 with {y =0 and g = 0.

Algorithm 9 (Computation of the Gravity Vector). The gravity vector Go(&) €
RS in (2.95) can be obtained by executing Algorithm 6 with (= (o = 0.

A similar version of these algorithms can be used to compute the terms of (2.99)
as well, just by replacing &, Co, o, Mo(q), Co, Go by &, Cer Cer Me(g), Ce and G,

respectively.

Using Algorithms 7, 8 and 9 and separating the matrices and terms the same
way as in (2.95), the mass matrices M, My, the gravity vector G) and the Coriolis
term C7, ¢ + Cpy, Vi for the ISP dynamics can be extracted. The same is valid for
matrices Mg, , Mg, gravity vector Gy and Coriolis term Cf, ¢ + Cgy, V2. This is
important because, in our future developments, we will not be interested in the base

dynamics; only in the ISP dynamics, given by (2.96) or (2.102).

Finally, the Newton-Euler algorithm can also solve the forward dynamics prob-
lem of (2.95). It consists in the computation of ¢, € R%*" given the system com-
plete states of motion &, (y € R®™ and the system generalized forces (or wrenches)

70 € R Algorithmically, the forward dynamics problem can be expressed by

(o = ForDyn(7o, &0, Co, 9, 1) . (2.125)

Algebraically, the solution is computed by solving (2.95) for ¢o:

Co= Myt (o —70), 7 =Colo+Gy. (2.126)

This solution always exists, since the mass matrix My(q) is of full rank. To
compute it numerically, note that Algorithm 7 can be used to compute My(gq) and
75 is simply the Coriolis term summed to the gravity vector, which can be computed
using Algorithms 8 and 9. Therefore, given an input generalized force 7, € R%*™, éo
can be computed by (2.126).

Integrating the generalized accelerations ¢, twice and using the inverse of (2.94),
one can compute the current system states & and (y, for a given initial condition.
This is why the forward dynamics problem can be used for the simulation of the

vehicle-manipulator system [43].
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Chapter 3

P-PI and Computed Torque

Control

In this section, we formulate the control laws of two different approaches for LOS
stabilization: the commonly used P-PI control and our proposed Computed Torque-
PID (CT-PID) control. These techniques could be referred to as classic techniques,

since despite of their differences, both are profoundly based in linear control.

As previously mentioned, the P-PI control law is widely used in literature for LOS
stabilization. It is a simple linear controller that provides a satisfactory performance
for most stabilization applications, which explains why it is still being employed in
real applications despite of the existence of more involved control techniques. On
the other hand, we have CT-PID control, which is a feedback-linearization-based
technique, used mostly in robotics. It takes advantage of the complex dynamic model
developed in the last chapter, and could (in principle) provide better performance
for the LOS stabilization problem, provided that the ISP model is well known.

A fundamental assumption carried out not only in this chapter but in this en-
tire work is torque control. It assumes that the ISP joint torques can be directly
controlled by means of a high-performance motor driver, which is a reasonable as-
sumption due to the availability of such drivers in industry nowadays. We also
assume that the torque delivered by the motor axis is the same as the torque de-
livered in the joint axis; which is also reasonable in the case of ISPs, which are

generally driven by direct drive motors, as explained in Section 1.1.

Torque control can be expressed analytically as
u(t) == 1,. (3.1)

where u(t) € R? is the system control variable.
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3.1 P-PI Control

The P-PI controller is widely used in LOS stabilization due to its simplicity, ease
of tuning and acceptable performance for most applications. To obtain tuned P-PI
gains according to a reasonable criteria, we develop an analogy between the dynamic
model in (2.96) with the simpler dynamic model considered in several works, as
1, 2, 14].

From (2.102), let Mg, = Mg, Mg, |, with Mg, , Mg, € R¥. Using the

representation Jacobian in (2.24), (2.102) can be rewritten as
M, fie, + 75 =14, (3.2)

where M, = My, T, is an operational space mass matrix and 77 € R3 is a distur-

bance given by
TS = MS,G+ Cog+ GS+ CoViE+ MGy, 08 — M, T 'we (3.3)

where, for the first time, (2.30) was used in the last term of (3.3). Consider that
M, in (3.2) can be written as M, = M, + AM,(q), where M, denotes the constant
and antidiagonal part of M,. In the ISP configuration, we use ¢ to act in YPR (not
RPY) in home position, hence the antidiagonal and not the diagonal part is taken.

Then, we can rewrite (3.2) as

Myhe, +Tg =1Tg, (3.4)

where 7§ = 75+ AM,, ij.,. Equation (3.4) is the simple dynamic model usually con-
sidered in the literature: a double-integrator with an inertia gain for each decoupled

orientation DOF with a disturbance 7, to be attenuated by the control.

Define the RPY error as

€n = MNdy = Neg > (35)

where 7y, € R3 is a RPY reference, whose expression in derived in Section 2.2.4.

The P-PI control law can be explicitly written as:
Z(t) = Kpl €n — f]62 ) (36)

t
u(t) = K, () + K / S(t) dt, (3.7)

0

where K.

1, Kp, and Ky are R3*3 diagonal matrices. Let M,, be the i-th antidiagonal
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element of M, € R¥3. With (3.6) and (3.7) in (3.4), the characteristic polynomial
of the closed loop system for the ¢-th orientation DOF is

Mm o~ + KPQi N + (KPM' KPQi + KL;) At KPM KIi =0. (38)

For each of the i = 1,2, 3 equations in (3.4), the gain tuning procedure consists
in choosing one of the roots in (3.8) to be stable and sufficiently distant from the
origin. The other two are chosen to match the poles of a second order characteristic

polynomial to meet a given transient or bandwidth requirement.

Figure 3.1 illustrates the block diagram of the closed-loop system with the P-PI

controller.

Ship Disturbances

70
Vo

0
Vo

PI
Controller

Stabilizer
Kinematics

Stabilizer
Dynamics

Proportional

Controller ®

2(t)

=
8

v Vi

Tley

e, RPY
~ Transformation e

Te.

Figure 3.1: Block diagram for the closed-loop system with P-PI controller.

Remark 14. This controller requires careful gain adjustment to provide a satisfac-
tory performance. Even so, if the magnitude of the state-dependent disturbance Tgis
excessive, it may be impossible to achieve the required level of performance, specially

for high accuracy applications.

3.2 Computed-Torque Control

Computed torque control is usually used in robotics for joint or operational space
control. It takes full advantage of the ISP dynamic model and is a more sophisti-
cated alternative to the P-PI and other simple linear control methods. The basic
idea is to cancel the system nonlinear disturbances using feedback, linearizing the
system with an inner control loop. Since, in practice, perfect knowledge of system

parameters is impossible, a state dependent disturbance will inevitably appear in the
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dynamics. However, if the nominal and real system parameters are close enough, the

stabilization /tracking performance of the system can still meets the requirements.

Before introducing the two computed torque schemes proposed for the stabiliza-
tion and tracking problem, we present an useful result that will be used to demon-
strate the stability of these controllers. It is a generalized version of the Small Gain
Theorem [8] that gives the conditions for the BIBO stability of a feedback connection
between two BIBO stable systems.

y+

Y2 H2 €2 ij 4+ Uz

Figure 3.2: Feedback connection between two systems H; and H,. Image from [8].

Theorem 3 (Generalized Small Gain Theorem). Consider two BIBO stable systems
Hy and Hy from Fig. 3.2, satisfying the following BIBO stability conditions:

lyall < v lledll + 3, (3.9)
lyall < Alleal|” + B lea]| + C, (3.10)

Suppose further that the feedback system is well defined in the sense that for every
pair of inputs uy and us, there exist unique outputs y; and ys. Define the input,

output and error of the feedback system as
u=| " y=" =], (3.11)
Uz Y2 €3

Dy = |lu|| + A |Jus||” + (248 + B) |jus|| + AB% + BS + C', (3.12)
Dy = |Jug|| + 7 [Jur|| ++C + . (3.13)

and

Then, under the following assumptions
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(i) YB+27A (B + |luz) <1,
(i) 4v*A Dy < (1 = 2yA(|luz| + 8) —vB)?,

(iii) 4yA Dy < (1 —vB)?,

there exist bounds €; and €y such that, if ||e1(0)|| < €1 and |le2(0)]] < € fort =0,
the feedback connection of Fig. 3.2 is BIBO stable.

The demonstration is presented in Section B.3. Next, we present a corollary that

links Theorem 3 to the usual small gain theorem, as considered in [§].

Corollary 3.1. Considering A = 0 in Theorem 3, the stability conditions reduce to

the usual form of the small gain theorem [8]:
vB < 1.

Proof. The proof is straightforward, since for A = 0, the BIBO stability conditions

of Theorem 3 reduce to
(i) vB <1,
(i) 0 < (1— fyB)Q.

The second condition is always satisfied. Then, the condition for the BIBO stability
of the feedback connection is simply vB < 1. O]

3.2.1 Direct Computed-Torque Control

The first proposed computed torque scheme considers that the inertial sensors are
placed in the direct configuration, allowing the camera disturbances to be directly
measured. It tries to cancel the nonlinear disturbance 75 in (3.2) directly, which
can be estimated since the model is known and the camera pose, velocities and

accelerations are directly measured.

The direct CT-PID control law can be written as:

t
Z(t):ﬁdQ—f—ern—f—K]/ en(t)dt+KDén, (314)
0

u(t) = M, z(t) + 75, (3.15)

where Kp, K;, Kp € R?**3 are diagonal gain matrices and M,

0 Tg in (3.2) are

computed by the methods described in Section 2.3.2, but using nominal parameters
ﬁg and ﬁd.
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Figure 3.3 illustrates the block diagram of the closed-loop system with the pro-
posed CT-PID controller.

Ship Disturbances
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L VEVE g g g

-
N —

e RPY Ve

T Transformation R.

Figure 3.3: Block diagram for the closed-loop system with CT-PID controller.

The following theorem states the boundedness property of the RPY orientation

error under the proposed control scheme and some basic assumptions.

Theorem 4. Consider the plant dynamics is given by (3.2). The error on the
dynamic parameters is defined as ﬁd =1II; — ﬁd, where 11, and ﬁd are real and

nominal dynamic parameters, respectively. If the following assumptions hold:

(i) Te(ney) is non-singular for all t > 0,
(ii) the geometric parameters 11, are known,

(iii) the camera velocity and acceleration twists V., V. are norm-bounded,

then, the direct CT-PID control laws (3.14) and (3.15) ensure that there exists an
attraction domain for e, for some set of positive gains Kp, Kp and K; and a

limited parametric error norm Il, , and that e, ultimately converges to a residual

set {|le,(t)|| < p | t = oo} of order O(Hﬁd ), i.e., the constant p is bounded by

HﬁdH Moreover, p — 0 as HﬁdH — 0.

The proof is carried out in Section B.4 and is a direct application of Theorem 3.

Remark 15. A clear disadvantage of this approach is the need for the first and
second time derivatives of the joint angles ¢ € R3 in the computation of the compen-
sating disturbance vector 75 in (3.15). Usually, estimators for the time-derivatives

of practical signals suffer from several problems, such as high-frequency noises and
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delays that can compromise the estimation. If these estimated time-derivatives are

used in control schemes, the control performance could be severely affected.

Consider the CT-PID control law (3.14), (3.15) with system (3.2). The closed-
loop characteristic equation for the RPY error, considering perfect canceling of
terms, is

N4+ Kp N+ Kp A+ K, =0. (3.16)

where Kp,, Kp,, Ki,, © = 1,2,3 are the diagonal components of the PID gain ma-
trices. Therefore, considering full knowledge of the system dynamic and geometric
parameters, pole placement is a simple tuning method for this controller; appro-
priate PID gains can be chosen such that (3.16) represents the desired third-order

dynamics.

3.2.2 Indirect Computed-Torque Control

Here, an alternative topology is proposed to control the camera LOS. As before,
an inner controller implements a computed torque method for stabilization, but in
the joint space. That means that the motion of the vehicle must be measured,
ideally canceling the dynamic disturbances in (2.96), linearizing the system into a
decoupled double integrator in the ISP joint angles. The outer controller is a PID in
operational space with reference acceleration feed-forward and a linearization term to
cancel further kinematic disturbances acting on the system. As before, the integral
term attempts to reject the remaining disturbances due to imperfect knowledge of

the system parameters, both geometric and dynamic.

Let the VMS model be described by (2.96), rewritten here as

Mg G+719="1,, (3.17)

q

where 74 is a disturbance given by

79 =C0 -+ Go+ MY VY +Co VY (3.18)

q

The inner stabilization controller is defined as

ul(t) = M2 2(t) + 79, (3.19)
T4 =52qQ+@2+M§v%°+a§v%°7

with ]\//Z?q = M(?q(q,ﬁg,ﬁd), 79 = TQ(&O,CO,%O,ﬁg,ﬁd), where the “hat” operator

stands for estimated parameter vector. In the hypothesis of known system param-

70



eters (ﬁg = II; and I, = I1;), this controller ideally linearizes the system into a

double integrator in joint space.

With RPY error defined the same way as (3.5), the outer tracking controller is

t
AE) = fiay + Kp ey + K / en(T)d7 + Kpé,, (3.20)
0

-~

2(0) = (T) ™ (M) = Lyd = Lol - Luef) (3.21)

where Kp, K;, Kp € R* are gain matrices and jq = Jq(ﬁg), Eq = Lq(ﬁg), I, =
Jw(ﬁg) and Zw = Lw(ﬁg). The remaining dependencies of matrices J,, J,,, L, and Ly,
were omitted for simplicity, but can be obtained from (2.60). Figure 3.4 illustrates

a block diagram for the proposed control scheme.

Ship Disturbances

" / 2% Ve Th, v vy
&
= ", . PID Kinematic Dynamic
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] “ Controller ® ) Compensation #(t) =t Compensation “ u® Dynamics @ 4 Kinematics ¢
i, M . i

( S |

7. RPY Ve _— — — — — —
\ N n, Transformation g )

Figure 3.4: Block diagram for the closed-loop system with joint space CT-PID
controller. Notice how the controller does not depend on § in this configuration.

The following theorem shows that control laws (3.19), (3.20) and (3.21) lead to a
stronger robustness property then control laws (3.14), (3.15) of Section 3.2.1, since

it allows Assumption (ii) to be removed from Theorem 4.

Theorem 5. Let (2.96) and (2.60) describe the system dynamics and kinematics.
The error on the system parameters is defined as M=1I- ﬁ, where 11 and 11 are

real and nominal parameters of the ISP, respectively. If the following assumptions
hold:

(i) T.(ne,) is non-singular for all t > 0,
(1i) there are €1, €3 > 0 such that: |[VY| < e, HVOOH < €,

then, the indirect CT-PID control laws (3.19), (3.20) and (3.21) ensure that there
exists an attraction domain for e, for some set of positive gains Kp, Kp and Ky and

, and that e, ultimately converges to a residual

a limited parametric error norm HH
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set {|le,(t)|| < p |t — oo} of order (9(Hﬁ

), i.e., the constant p is bounded by Hﬁ”

Moreover, p — 0 as HﬁH — 0.

The proof is carried out in Section B.5 and is also an application of Theorem 3.

The main practical advantage of this approach in comparison with the previous
one is the absence of the joint accelerations in the control law. Besides, the stability
analysis is also easier and takes the uncertainty in the geometric parameters in

account as well, which was not considered in Theorem 4.

The tuning procedure for this controller is essentially the same as the one de-
scribed in Section 3.2.1. Substituting control laws (3.19) and (3.21) onto (2.96) and
(2.60) yields the same closed-loop RPY error characteristic equation as (3.16), on
the assumption of perfect nonlinear canceling. Therefore, pole placement can once

again be employed to match the desired third-order dynamics.

3.3 Simulation Results

This section compares the performance of the P-PI and the CT-PID methods for
the LOS control problem. MATLAB Simulink® models were implemented for the
simulation of the dynamic model of a 3-DOF ISP installed on a vessel, developed
in Chapter 2. Figure 3.5 shows our proposed Matlab simulator, used throughout
this work. The Simulink block “ISP System” implements all algorithms for the
system simulation, while block “Controller” can selected among the proposed control
strategies by means of an initialization script. “CG Ship Motion” contains Matlab
lookup tables for the simulation of the vessel motion data provided by Tecgraf. The
“Target Motion” block allows for the selection of the desired motion reference, while
the “Sensors” block implements sensor hardware effects, such as such as resolution,
bias, and noise. The effect of the sampling time on the controllers and sensor data
acquisition was not taken into account. However, since most digital computers work
at high sample rates, this effect should be negligible in a real world application.
Encoders measure the joints positions ¢, with which it is possible to estimate ¢
and ¢. Motor/driver electromechanical dynamics was not taken into account, but a

saturation of +12.2 Nm in each joint motor was considered.

The vessel motion data is represented by the vehicle variables 1y, V) and VOO,
and nine different sets of 1000 s of data are available in the form of Matlab “.mat”
files. These data were obtained from the simulations of FPSO (Floating Production
Storage and Offloading) and PS (Platform Supply) vessels, subjected to Jonswap

spectrum waves [44] acting mainly on the roll and pitch axis of the vessel per sim-
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Figure 3.5: Matlab simulator, used for testing all proposed controllers and configu-
rations.

ulation. They were provided by the Tecgraf Institute of Technical and Scientific
Software Development from PUC-Rio university, in Brazil. Here, we used the FPSO
data with 200 harmonics, 3m height, 10s time period, as shown in Fig. 3.6.

The INS measures either 7, V2, Vi for the indirect stabilization case or 7., V¢,
VCC for the direct case. By means of Algorithm 1 and 2, it is possible to use 7, V.,
V¥ to compute the variables of interest 7., V., V¢ (indirect configuration). However,
computing the motion of E. through measurements in Ej introduces errors in the
propagation due to kinematic parameter uncertainty and sensor noise, resulting in a
measurement offset or bias. In the direct case, these propagation errors are absent,

at the cost of having a higher payload and size of the ISP.

Remark 16. In practice, in the direct configuration, the INS and the camera frames
will not be perfectly aligned, which can affect the measurements. However, for sim-

plicity, we assume here that the two frames are coincident.

Table 3.1 contains the kinematic and dynamic parameters used in the simula-
tions. These parameters were obtained from the mechanical design of a 3-DOF ISP

currently being developed by a collaboration among several groups, including the
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Figure 3.6: Vehicle CG motion data.
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Table 3.1: Kinematic and dynamic model parameters, in SI units.

i=1 i=2 i=3 .
Parameter Units
T Yy z T Yy z T Yy z
p% 0.006 0.023 0.326 | -0.094 0.006 0.059 | 0.336 0.006 -0.023 m
Pl 0.3 0 0 0 0 0436 |-0254 0 0 m
I 2.42 058 193 | 1.12 092 088 | 054 093 086 | kgm?
hi! Rogy 20 Rofi Yo Rops o m
m; 18.9 21 26.5 kg

authors laboratory (LEAD/COPPE/UFRJ). Figure 3.7 illustrates a CAD model
of the ISP in a graphical simulator also developed by the Tecgraf Institute in an

Unity/Gaz

ebo environment.

The alignment error considered in the axis vectors hi' is given by the offset
RPY rotation matrix R,s; with an angle a of assembly misalignment in roll, pitch

and yaw axes for each joint. The inertia tensor represented in E; can be computed

by the Huygens-Steiner theorem in (2.1).

The controllers presented in this chapter were tuned using the pole placement
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Camera Preview

Figure 3.7: Simulator developed by Tecgraf in Unity/Gazebo environment.

method. The desired third-order, closed-loop characteristic equation was chosen to
have a distant pole in —10rad/s, damping ratio &, = 1.1 and natural frequency
wy = 2rad/s for the remaining poles. For the CT-PID methods, ]\//T,, and 75, as long
as ]\/J\qoq, 73, :];, j;, Eq and Zw were computed using MATLAB® mex files built using
the NE algorithm described in Section 2.3.2. The values for the nominal parameters
were set as the real values in Table 3.1 and «in R, sy with a percentage of parametric

error, from 0% to 70%.

Both fixed and mobile target configurations will be simulated. For a fixed target,
pe(t), pe(t) and P () are given by the states of a critically damped second-order filter,
whose initial position state p;(0) is a point far away in the direction of the camera
optical axis. This guarantees a smooth RPY reference for the controllers. For a

mobile target, its position reference p;(t) is given by in the circular pattern

t
R cos(wt)

t) = - ; . 3.22
pe(t) = po + e sin(wt) (3.22)

where € > 0 is a small non-zero parameter. Note that lim; o p:(t) = p(0) = pso
and lim;_,,, p;(t) is the expression of a planar circle with radius R and centered in
po € R3. This particular function produces a smooth RPY reference, as long as
Do is chosen to be equal to a point far away in the direction of the camera optical
axis. The target velocities and accelerations are simply the first and second time

derivatives of (3.22), respectively. Figure 3.8 shows a video simulator developed
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Figure 3.8: Video simulator developed in Matlab, for visualization of the tracking
performance.

in Matlab for visualization of the tracking performance, where the ISP optical is
following the target described by (3.22).

3.3.1 P-PI Results

Here, the results for the P-PI control (3.6),(3.7) of Section 3.1 are shown. As ex-
plained, it was tuned according to the closed-loop characteristic equation (3.8).
Figure 3.9 shows the transitory and steady state results for the regulation problem,
were the target is fixed at p;, = [100 100 0} T. The RPY error showed in Fig. 3.9
is an ideal error, computed with respect to the estimated GPS positioning error,
and therefore carries the GPS uncertainty in it. This means that, in practice, there
will be a steady state offset in the real RPY error due to the GPS uncertainty, since
the camera position is used to compute the orientation reference on Section 2.2.4.

However, since this error cannot be compensated by control, it was omitted here.

The pitch and yaw transient RPY errors in Fig. 3.9 are significantly high, and
the norm of the steady state RPY error (jitter) is limited to less than 0.3 degrees.

The norm of the joint torques is limited to 5 Nm.

Figure 3.10 shows the transitory and steady state results for the tracking
problem, where the target motion reference is given by (3.22), with R = 25m,
w=27m/100, ¢ =1 and T = 100 s. The center of the circle p; is chosen as a point

100 m away from the camera position, on the direction of its optical axis. The joint
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Figure 3.9: Simulation results for the P-PI controller with a fixed target.
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Figure 3.10: Simulation results for the P-PI controller with a mobile target.

torques are still limited under the actuator saturation limits, but the RPY jitter

is larger. Simulating more extreme ship conditions (such as higher amplitudes and

7



frequencies on the sea waves) results in a further increase in the RPY jitter.

3.3.2 Direct Computed-Torque Results

In this section, we present the simulation results for the CT-PID control law (3.14),
(3.15) proposed in Section 3.2.1, considering the direct configuration for the inertial
sensors. In this case, the computed-torque controller depends on the full set of
ISP dynamic and geometric parameters. Therefore, some simulations are made
considering full and uncertain knowledge of these parameters, for both fixed and
mobile targets. The controller PID gains were tuned by the pole placement method
described in Section 3.2.1.
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Figure 3.11: Simulation results for the direct CT-PID controller with a fixed target
and full knowledge on the ISP parameters.

The simulation results for a fixed target at p, = [100 100 O}T is shown in
Fig. 3.11. Considering full knowledge of the system parameters, the RPY error
tends to a very small residue of 0.02 degrees, due to sensor hardware disturbances
and joint velocity /acceleration estimation noise. The behavior of the joint torques
is similar to the P-PI controller. Similar results are obtained for a mobile target,
in Fig. 3.12. Unlike the P-PI controller, there is no performance degradation for

tracking control is this case.

We expect the RPY jitter to increase when some level of uncertainty is present
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Figure 3.12: Simulation results for the direct CT-PID controller with a mobile target
and full knowledge on the ISP parameters.

on the ISP dynamic parameters. Therefore, the next step is adding some level of
uncertainty on the ISP parameters used in the controller. Figure 3.13 shows the
results obtained for 20% of error under the ISP dynamic parameters 11, and full
knowledge of the ISP geometric parameters II,, according to Assumption (i) from
Theorem 4. Notice that, in terms of jitter, the proposed controller still overcomes
the performance of the P-PI controller, while maintaining an acceptable joint torque
response. For the mobile target simulation, the RPY error is very similar to Fig. 3.13,
while the joint torque response is similar to Fig. 3.12. Again, unlike the P-PI

controller, no performance degradation was observed in the case of tracking control.

For higher levels of uncertainty on Ily, jitter performance keeps degrading until
it reaches the P-PI control performance. For even higher levels of uncertainty, P-PI
control finally outcomes the CT-PID.

3.3.3 Indirect Computed-Torque Results

In this section, we present the simulation results for the CT-PID control proposed in
Section 3.2.2, considering the indirect configuration for the inertial sensors. Here, the
control law is given by (3.19) and (3.21). The immediate advantage of this approach

is the lack of dependency on joint acceleration estimations; therefore, the jitter level
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Figure 3.13: Simulation results for the direct CT-PID controller with a fixed target
under 20% of error on I, (II, is known).

is expected to decrease. The next advantage is the possibility of investigating the
effects of uncertainty on the geometric parameters as well. Once again, the controller

PID gains were tuned according to the method described in Section 3.2.2.

Figure 3.14 shows the results for regulation control and full knowledge of the
ISP parameters. The transient response is slightly worse, with higher RPY error
overshoot and high frequency oscillations on the joint torques. However, the RPY
jitter level and the steady state joint torques seem to be similar to the direct case

in Fig. 3.11. The results for the mobile case are very similar to Fig. 3.12.

Next, we once again add a level of uncertainty on the ISP parameters used in the
controller. Notice that in this case, parametric errors on the dynamic parameters
11, affect only the inner controller (3.19), while parametric errors on the geometric
parameters II; affect the outer controller (3.21) only. As before, starting with a
parametric error of 20% on the dynamic parameters I1; yields Fig. 3.15. The steady
state result is very similar to Fig. 3.13, and as before, the transient response is
more oscillatory. The response for 20% of error on the geometric parameters 11, is
shown in Fig. 3.16. As observed, the RPY jitter response is slightly smaller than
in Fig. 3.15. However, since an error on II, introduces propagation errors for the
computation of the camera orientation in the indirect configuration, a small offset

is expected to be present in the RPY error. This offset is more evident under higher
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Figure 3.14: Simulation results for the indirect CT-PID controller with a fixed target
and full knowledge on the ISP parameters.
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Figure 3.15: Simulation results for the indirect CT-PID controller with a fixed target
under 20% of error on I, (II, is known).
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Figure 3.16: Simulation results for the indirect CT-PID controller with a fixed target
under 20% of error on I, (I, is known).

values of geometric uncertainty, as illustrated in Fig. 3.17, which shows the results

for 50% of error on II,.

For higher uncertainties on both Il and II,, the RPY jitter keeps increasing, as
expected by Theorem 5. The offset on the RPY error however, only increases as the

parametric error on II, increases, which is an expected result.

3.3.4 Robustness Analysis

As exposed, the performance of the CT-PID controllers is conditioned to a satis-
factory level of knowledge of the ISP dynamic and geometric parameters Il; and
IT,. Although identification techniques could be employed to obtain such level of
parameter certainty, these techniques can be affected by numerous sources of er-
rors, such as sensor noise, bias and quantization. Therefore, it is useful to perform a
practical robustness analysis of the proposed CT-PID controllers with respect to un-
certainties on the ISP parameters. This analysis is useful not only to set appropriate
uncertainty bounds on the identification techniques that must be employed to reach
a certain performance, but also to obtain insight about the differences among the
direct and indirect configurations, and about how the CT-PID control performance

can be properly compared with the P-PI controller.

82



Transient RPY error 0.2 Steady state RPY error

2
h -"ﬁ"?\\
0 iy P M 1 i
@ | Al ! . [
3 _2i [i A {7 AIlJ ! ".
S N 0 r,l.-\a‘x;\\ HVJ
O i v We \AAY L)) !
S -j‘.e- €o. J \ J ;
—-=-==eo, | | 0.1
-6 .
-0.2
Transient joint torques Steady state joint torques
T
10 I&.‘!\"Wé; i 10
i NfRab AR ARG, )
e e I ] e
g 0 Ll hl!! N |
ok R Y ettt O i
Z [l :'l wl 9
5 R
‘}.' e Tg,
-10 :l Ty -10
0 5 10 20 40 60 80 100
Time (s) Time (s)

Figure 3.17: Simulation results for the indirect CT-PID controller with a fixed target
under 50% of error on I, (I, is known).

Therefore, this section presents a practical robustness analysis on the RPY error
with respect to the ISP parameters. It attempts to confirm the main conclusions
about the jitter/offset duality so far, and how they are related to II; and II,.

Three sets of simulations were performed for each inertial sensor configuration

(direct or indirect):

1. 8x simulations with error on Il; varying from 0 to 70% and fully known II;
2. 8x simulations with error on II,; varying from 0 to 70% and fully known Ilg;

3. 8x simulations with error on both II; and II, varying from 0 to 70%.

The RPY error considered on these simulations was the real RPY error, computed
using the real camera position, without GPS uncertainty. This way, the effects of
the offset bias can be properly observed. The results for the RPY error jitter and
offset (bias) obtained for each one of the total of 48 simulations are summarized and

discussed in the next graphs.

The real jitter and bias on the RPY errors for the first set of simulations are
illustrated in Fig. 3.18. Notice how the jitter level is bounded by the norm of
ﬁd, in perfect accordance to Theorems 4 and 5. Ideally, the jitter levels at 0% of

parametric error should be zero, but in practice they are affected by sensor hardware
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Figure 3.18: Jitter and offset on the RPY error for variations on I, (II, is fixed).

disturbances, as observed. For all simulations, the proposed CT-PID controller on
both direct and indirect configurations outcomes the P-PI performance in terms of
RPY jitter. Actually, the performance is better than the P-PI for up to 80% of
dynamic parametric error. It is worth noticing that, in terms of jitter, there is no
significant difference between the direct and the indirect configurations when the

geometric parameters are fully known.

With respect to RPY offset, there are some interesting conclusions. By Fig. 3.18,
it seems that the dynamic parameters do not have any influence on the RPY off-
set. This is an expected conclusion considering the real RPY errors, since the LOS
reference computation suffers from GPS uncertainty. In the indirect case, the LOS
reference computation is also dependent on the geometric parameters of the ISP,

which are supposed to be fully known.

Next, the results obtained for the second set of simulations are shown in Fig. 3.19.
Clearly, geometric parameter errors affect both RPY jitter and offset, for both con-
trol configurations. However, their impact in the RPY jitter for the indirect case
is much higher than in the direct case. This is expected due to imperfect canceling
of the nonlinear kinematic terms by (3.21). Even so, the CT-PID controllers have

better jitter performance than the P-PI for up to 30% of error in II,.

Notice how, although the computed-torque expression of the direct CT-PID con-

troller (3.15) is dependent on both dynamic and geometric parameters, the sensi-
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Figure 3.19: Jitter and offset on the RPY error for variations on I, (Il is fixed).

bility of the RPY jitter to geometric parameter errors is much smaller in the direct

approach. Actually, it is even better than the P-PI for all simulations.

This time, the offset error on the indirect CT-PID also increases for larger values
of geometric uncertainty. This is mostly due to propagation of errors in the LOS
reference computation, since the integral term on the PID controller is able to remove

the offset due to imperfect canceling of the nonlinear terms.

Lastly, the results obtained for the third set of simulations are shown in Fig. 3.20.
Here, the performance of the controllers is studied considering errors in all param-
eters. Once again, the RPY jitter for the CT-PID controllers is smaller than the
P-PI for up to 30% of parametric error. The RPY jitter for the CT-PID controllers
in the third set of simulations was actually slightly smaller than for the other sim-
ulations, an unexpected result that does not seem trivial to explain. In the case of
RPY offset, the errors due to the kinematic parameters dominate, and the results

are virtually indistinguishable from Fig. 3.19.
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Figure 3.20: Jitter and offset on the RPY error for variations on both II; and II,.
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Chapter 4
Super-Twisting Control

In this chapter, we introduce two controllers based on the Super Twisting Algorithm.
They attempt to improve even further the jitter/bias performance obtained by the
Computed Torque scheme presented in the previous chapter, focusing on achieving
the desirable characteristics of Sliding Mode Control: finite-time convergence for the

sliding surfaces and ideal rejection of matched disturbances.

Furthermore, we also formulate the orientation error in wunit quaternions, at-
tempting to solve the problem of representation singularities that arises in all con-

trollers based in minimal representations for orientation, such as the RPY angles.

First, a brief survey on Sliding Mode Control is presented on Section 4.1, focus-
ing on its main characteristics, applications and limitations. Then, the proposed
controllers are presented and their stability properties are studied in Section 4.2,
considering two distinct cases: (i) full state feedback and (ii) output feedback with
a Higher Order Sliding Mode (HOSM) observer. Finally, simulation results are

llustrated and discussed in Section 4.3.

4.1 Sliding Mode Control

The main idea of sliding mode control (SMC) is to chose an appropriate constraint
for the system states that encapsulates a desired behavior on its dynamics, and design
a control law that ensures that this constraint is satisfied by using the phenomena
known as sliding mode, or dynamical collapse [9]. Consider a general non-linear

state-space system dynamics

&= f(z,u,d), (4.1)
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where x € R" is the state vector, u € R™ is a control input and d € R? represents an
external bounded disturbance vector. Also, assume that f(-) is differentiable with
respect to the states x and absolutely continuous with respect to time. Then, define

a surface in the state-space given by
S={x|o(z)=0}. (4.2)

Definition 1 (Ideal sliding mode). An ideal, first-order sliding mode (FOSM) is
taking place on (4.1) if the states x(t) evolve in time such that o(x(t)) =0 V t > t,,
for a finite t, € RT such that o(z(t,)) = 0.

During sliding mode, the system state order is reduced, and the system trajec-
tories are all confined to the set S. If the the control input is given in the form of a

discontinuous control law u(z), the closed-loop system dynamics is given by
&= fx,d), (4.3)

where f¢(.) is discontinuous with respect to x. In the classical theory of differential
equations, Lipschitz assumptions under function f(.) are employed to guarantee
uniqueness of the solutions [8]. Therefore, the solutions of a differential equation
with a discontinuous right-hand side are from now on understand in the sense of
Filippov, meaning that they are constructed as an average of the solutions obtained

from approaching the point of discontinuity from different directions.

Figure 4.1: A schematic of the Filippov solution, from [9].

Suppose g is a point of discontinuity on S and define f¢, f{ as the limits of

f¢(x) as the point xq is approached from opposite sides of the tangent to S at z.
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The solution proposed by Filippov is
t=(1—-a)f(z)+afi(z), O<a<l, (4.4)

where the scalar « is chosen so that f¢ = (1 — «)f(x) + af{(x) is tangential to S,

as illustrated in Fig. 4.1. Therefore, defining the convex set
Fle)={ (1-a)f(x) +afi(z)Vael0,1] }, (4.5)

equation (4.4) could be though of as a differential inclusion instead of a differential
equation itself, represented by
€ F(x). (4.6)

Suppose that the trajectories of system (4.1) are following an ideal sliding mode.
Therefore, since o(x) = 0, the time derivative of the sliding variable ¢ must be
ideally zero to maintain the trajectories of the system at o(z) = 0. Then, there
exists a theoretical control u.,(t) such that

do . Oo

= — f(2, Ueq,d) =0, (4.7)

J:%x ox

which is known by the equivalent control, by Utkin [45]. For example, consider that

system (4.1) can be written in the affine form
t=flx)+g(x)u+d. (4.8)

In this case, (4.7) can be rewritten as

oo Jo oo
%f(a:)%—%g(x)ueqjt%d—m (4.9)

which in turn, makes us able to compute an expression for the equivalent control:

ey = (g—;gm)lg—; () - (g—;g<x>)1§—;d. (4.10)

Notice that (4.10) depends on the disturbance, which is, in general, unknown. There-
fore, the equivalent control must be understood as the theoretical control action that
will maintain the system in the sliding condition, rather than representing an actual

physically implementable control law.
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Substituting (4.10) into the affine system (4.8), we get the closed-loop system

. (I—gcr) (%gm)_l g—a) Fla) + (I— (%gm)_l 2—") d. (@)

Now, suppose that the disturbance d(t) is acting on the same channel as the control
input, meaning that
d(t) = g(x) e(t) (4.12)

and €(¢) is an unknown signal. Then, d(t) is known as a matched disturbance. Using
(4.12), it is evident that the closed loop system (4.11) becomes

i (I—gm (5r9) %Z) fa), (4.13)

which is completely independent on the disturbance. This invariance property has
motivated research in sliding mode control [9]. From (4.11), the choice of the sliding
surface o(x) clearly affects the resulting dynamics of the closed loop system. In

terms of control system design, this selection is one of the key design choices.

Sliding modes are naturally classified by the smoothness degree of the constraint
function calculated along the system trajectories. Let the constraint be of the con-
ventional form o(z,t) = 0, where o(+) is some smooth function of the state and time,
and suppose a discontinuous dynamic system is following Filippov trajectories under
this constraint (i.e., a first order sliding mode is occurring). The sliding mode o = 0
may be classified by the first total derivative ¢(") which contains a discontinuity in a

small vicinity of the sliding mode trajectories. Number r is called the sliding order.

Definition 2 (r-sliding mode). Consider a discontinuous, Filippov differential in-
clusion (4.6) with a smooth output function o(x) and let it be understood in the

Filippov sense. Then, if

r—1

1. the total time derivatives o,0,...,0" " are continuous functions of x,

2. the set
c=6=...=0"1=0, (4.14)

is a nonempty integral set (i.e., consists of Filippov trajectories),

3. the Filippov set of admissible velocities at the r-sliding points (4.14) contains

more than one vector,

then, the motion on the r-sliding set (4.14) is said to exist in an r-sliding mode [9].
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For r = 1, then Definitions 2 and 1 are equivalent. For r > 1, the correponding

r-sliding mode is also known as a higher order sliding mode (HOSM).

4.2 Super-Twisting Controller with Quaternion
Feedback

In this section, a second-order sliding mode (SOSM) controller based on the super-
twisting algorithm (STA) will be developed for the stabilization and tracking of the
ISP. According to Definition 2, in this context second-order means that the sliding
variable itself and its first derivative are continuous, and the controllers are able to
achieve second-order sliding motion (SOSM), meaning that both the sliding variable
itself and its first derivative are ideally zero during sliding. Two cases are considered:

super-twisting control (STC) with full state feedback and with output feedback only.

Defining the joint angle and velocity states z; = ¢ € R? and z; = ¢ € R?, the

dynamic model (3.17) can be rewritten as:

jjl = T2,
By = MO 7, + xy(wy, w9, 11, 1) (4.15)
where x5 = —(MJ )T 7 is a state-dependent disturbance.

Remark 17. Note that, under assumption of torque control u(t) = 7,, state-space
model (4.15) is a double-integrator with a nonlinear high-frequency gain and a

matched disturbance T3.

Now, it is possible to rewrite (2.54):
W5 = Jiey (0. 1g) G + J5e, (4,4, 10) 4 + &

in a state space form using the quaternion propagation formula in (A.18), yielding:

. 1
Y1 = §h+(y1)y2,
yg = JSCQ(]H, Hg) ig -+ yg(fﬂl,lﬂg, Hg,t) . (416)

T
where the state y; = 7. = [ Y11 yirz] is the vector representation of the camera

orientation r, € H*, with y;; = 1. and y;2 = €. being the scalar and vector compo-
nents, respectively. State y, = w¢ € R? is the camera body angular velocity, while
Yz = j§C2 (21, T2) ToF+w§(x1, T2, 1) € R3 is another state-dependent disturbance, given

by (2.54).
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Remark 18. Note that (4.16) is a double integrator with a nonlinear high-frequency

gain and a matched disturbance y3 with respect to a control input .

Ship disturbances

—» >
Tracking Stabilization Stabilizer Stabilizer .
gl SMC w(®) v® sMme ult ut) dynamics 2 *  kinematics © )
e P i v —»

Figure 4.2: Block diagram for the open-loop system with a cascade controller.

This structure strongly suggests the use of a cascade controller for both stabi-
lization and tracking. An inner controller acts on the torque input u(t) in (4.15) to
control the angular acceleration @5, providing dynamic stabilization for the system,
while an outer tracking controller acts on the joint angular acceleration reference for
2o, controlling the camera orientation y,. Figure 4.2 illustrates the proposed control

scheme in a block diagram form.

Notice that the equivalent control associated to the stabilization system is
Ueq(t) = M(?q(xl) w(t) + 77 (4.17)

In other words, this is the control signal that perfectly rejects the disturbances
in (4.15), and performs the ideal tracking of & into a general joint acceleration
reference w(t). This is the stabilization control law proposed in (3.19), but with
perfect knowledge of the ISP parameters II, and II;. However, in this case, there
are no sensors or exact dynamic model to measure the state and time-dependent

disturbance 7.

From the developments of Section 2.2.4, given an orientation reference r,(t) € H*
and an angular velocity reference for the camera, they can be represented in vector

form by

Faalt) = 1, (6) = [ ) ] - [ alt) ] . (119

€cq <t> y12d (t)

The desired angular velocity for the camera is given as w (t) = y»,(t), and was

also obtained by the methods of Section 2.2.4. Then, the quaternion and angular
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velocity errors can be defined as [20]:

ec =re,(t)-rr e H", (4.19)
ew = W (1) —wt € R?. (4.20)

Cd

Note that when r. = r.,(t), the orientation error (4.19) is the unit quaternion lg.

Remark 19. This particular form for the quaternion error e. € H* is widely used
i robotics literature, since the error is given on the same space than the orientation
variable. In other words, it preserves the group of unit quaternions on the error dy-
namics. Moreover, it provides better computational precision, and is a more natural

way of representing the orientation of a rigid body than minimal representations in
R3 /20].

Next, we present a theorem about quaternion error stability that will be useful

in the following developments.

Theorem 6 (Stability of Quaternion Error Dynamics). Using the orientation and
angular velocity errors as defined in (4.19), (4.20), e, = lg € H* is a globally

asymptotically stable equilibrium point of the error dynamic equation

ew + K.lm(e,) =0, K.>0. (4.21)

A complete demonstration for Theorem 6 can be found in [46]. A sketch of the

proof can also be found in Section B.6.

Inspired by the works of [33, 47] and by the form of the system dynamic equa-
tions, two control schemes based on the Super-Twisting Algorithm are presented in
the next two subsections. The first one supposes the availability of the full state vec-
tor for the dynamic subsystem (4.15) (joint angles and velocities z;, ro € R3), while
the second employs a Higher Order Sliding Mode (HOSM) observer to estimate the

unmeasured joint velocity state ¢ € R3.

4.2.1 Super-Twisting Controller with Full State Feedback

In this section, the super-twisting algorithm is proposed to both stabilize the ISP

and to track a mobile target, under the assumption of full state feedback.

First, define a stabilizing sliding variable as

I /Otw(T) dr . (4.22)
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where w(t) € R? is a bounded joint acceleration reference. The objective is to

guarantee SOSM under s, for an arbitrary (bounded) signal w(t), such that
Sy =8y = a9 —w(t) =0.
In other words, the joint accelerations must follow a given bounded reference w(t).
This way, the plant dynamics (4.15) is reduced to an ideal double integrator.
Next, let the tracking sliding variable be defined as the quaternion error dynamics
in (4.21):

sy =¢ey+ K.Im(e.), K.>0. (4.23)

The next objective is to guarantee that s, = e, + K.Im(e.) = 0 in finite time using
continuous control. This will guarantee LOS tracking performance, given that the

correct LOS references are given.
The following theorem provides an stability analysis for the proposed sliding

mode controller.

Theorem 7 (Cascade Super-Twisting Controller with Full State Feedback). Let
(4.15) and (4.16) be the dynamic and kinematic models of an ISP system under

parametric uncertainties. Assume the following:

(i) the body Jacobian J§, (x1) € R¥*3 is full-rank.

(11) the ISP joint velocities x5 € R® are mensurable and uniformly norm-bounded

and joint accelerations io € R are uniformly norm-bounded.

(11i) the zero, first and second-order time-derivatives of the vehicle velocity twist

VY € R are uniformly norm-bounded.

1. The tracking sliding surface is defined in (4.23). The corresponding tracking

control law is

~

wlt) = Tyl (304 Kew + sl 74 0 t ')
(4.24)

(Y1, Y2, y1a) = Y11 Y12, — 0.5 Yl Y2 Y12, — Y11, Y12 — Yro, Y12
- 0.5 Y11, (yll I3 — @\12) y2 — 0.5 @\12(1 (yll I3 — ?712) Y2, (4-25)

~

where As, Ay > 0 are gain matrices, JS,(x1) = JE. (21, I1,).

94



2. The stabilizing sliding surface is defined in (4.22), and the corresponding inner

control law is
. ¢
u(t) = ng(xl) (w(t) - A\ Lsﬂlﬂ — Ag/ LsﬂOdT) , (4.26)
0
where A1, Ay > 0 are gain matrices and J/\/[\gq(:vl) = M, (1, ﬁg, IL,).

Then, control laws (4.26) and (4.24) ensure finite-time local convergence of the
sliding variables s;, s, as defined in (4.22) and (4.23). Furthermore, the errors e,

e, are asymptotically stable under the dynamics of s, = 0.

The proof is presented on Section B.7, and it is based on finding appropriate
bounds for the system disturbances. Figure 4.3 illustrates a block diagram for the

proposed control scheme.

Ship disturbances

—» v o T’
Tracking ’ " Stabilization ’ ; Stabilizer ) Stabilizer . o
gl STC w(®) w® g1c u(®) ut) dynamics ] 4 kinematics ~ “° ] =
—P{ 1, q W >
Y J N S
/
J

Figure 4.3: Block diagram for the closed-loop system with STC controller and full
state feedback. The stabilization controller implements STC, using the joint angles ¢
and velocities ¢. The outer controller also implements STC, generating a continuous
output and using the camera orientation r. and angular velocity w¢. Notice that,
unlike the previous proposed controllers, no feedback linearization is employed.

4.2.2 Super-Twisting Control with HOSM Observer

If the joint velocity state zo € R? is not available, an observer could be used to
estimate the joint velocity state Zo(t) using measurements of x;(t). Because of its
desired characteristics such as finite-time exact convergence, sliding mode observers
could be used for this purpose, such as the Super-Twisting Observer (STO) [48].
However, as demonstrated in [47], it is not possible to achieve SOSM using continu-

ous control when STC is implemented using Super-Twisting observers. A proposed
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solution is to combine STC with a third-order HOSM observer to achieve continuous

control on the joint torques u(t) using output feedback.

Define the estimation errors

€xy = T1 — T1,
€ry = T2 — T2,

€rq = T3 — i‘g s (427)

where 1, T2 and 3 are the system state estimates. A HOSM observer can be

defined as the third-order system:

%\1 = K1 Lexl—‘2/3 + /LU\Q s
Ty = Ko e V2 + 35+ (M2) L,
§3 = K3 Lem—lo : (428)

where K, Ky and K3 are positive-definite matrices. From [49], the system (4.28) is
finite-time stable over e,,, e,, and e,,, under some conditions on the gains. Then,
after a finite time, e,, = x9 — &2 = 0, which means that we can ideally estimate
the joint velocities o from measurements of the joint angles x; only. Then, one can

define a modified stabilizing sliding variable as

t
Sy =Toy — / w(r)dr, (4.29)
0

provided that SOSM can be achieved in s, leading to a similar result than in
Theorem 7, but now using output feedback only. The tracking sliding variable is
defined the same way as (4.23).

Remark 20. Two HOSMOs could be designed: one for the joint velocities x2(t), and
other for the camera angular velocity yo(t). However, usually the camera orientation
y1(t) is obtained from an Inertial Measurement Unit (IMU), a device that combines
measurements from gyroscopes (which measure angular velocity) and magnetometers
(which measure magnetic fields), providing an (usually) accurate estimate for y,(t).

Therefore, trustworthy direct measurements of ys(t) are usually already available.

The following theorem provides an stability analysis for the proposed ST con-
troller and HOSM observer.

Theorem 8 (Cascade Super-Twisting Control with Output Feedback). Let (4.15)
and (4.16) be the dynamic and kinematic models of an ISP system under parametric

uncertainties. Assume the following:
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(i) the body Jacobian J§,, € R*? is full-rank.

(11) the ISP joint velocities xo € R® and joint accelerations &y € R are uniformly

norm-bounded.

(111) the zero, first and second-order time-derivatives of the vehicle velocity twist

VY € RS are uniformly norm-bounded.

The HOSM observer for the inner system (4.15) is given by (4.28) with esti-
mation errors defined in (4.27). The tracking sliding variable and control law are
defined as (4.23) and (4.24), and the modified stabilizing sliding variable is given by

(4.29). The corresponding stabilizing control law is

ult) = Titon) (wlt) = K lea 12 = (12 = s [ [52104r) . (420

Then, control laws (4.30) and (4.24) with observer (4.28) ensure finite-time ezact
convergence of the sliding variables 5., s, as defined in (4.29) and (4.23), and of the
estimation errors (4.27). Furthermore, the errors e., e, are asymptotically stable

under the dynamics of s, = 0.

The proof is presented on Section B.8, and it is also based on finding appropriate

bounds for the disturbances. Figure 4.4 illustrates the proposed control scheme.

Ship Disturbances

—»{u, CTP
Tracking ’ ; Stabilization y Stabilizer . ) Stabilizer . o

Pv2 Controller w(®) w(®) Controller u®) ut) Dynamics ¢ ¢ Kinematics [ e
2 q e »

/
# HOSM Observer
J
J

Figure 4.4: Block diagram for the closed-loop system with STC controller and output
feedback using HOSMO.

Notice that, as before, the inner stabilization controller attempts to linearize the
ISP dynamic system into an ideal double integrator, but using only measurements

of the joint angles. The outer tracking controller is designed in the same way as
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before. It is worth noticing that control law (4.30) only differs from (4.26) because

of the term K5 |e,,]*/? and the use of 5, instead of s,.

4.3 Simulation Results

This section presents the results of the proposed control methods. MATLAB
Simulink® models similar to the ones of Section 3.3 were implemented for the sim-
ulation of the dynamic model of the 3-DOF ISP installed on an arbitrary vehicle
and for the implementation of the cascade Super Twisting Control (STC) strate-
gies proposed in Section 4.2 (Fig. 4.5). Important modifications were made in the
“ISP System” block on Fig. 3.5, so that the angular vehicle motion disturbances
and internal orientation representation for the camera are expressed according to

the quaternion formalism, instead of RPY angles.

The coefficients for the joint friction model (2.105) used in the simulations are

shown in Table 4.1. A saturation of £12.2 Nm in each joint motor was considered,

Table 4.1: Chosen coefficients for the joint friction model.

Parameter | ¢t =1 | t=2 | 1=3 Units
Forg, 0.0180 | 0.0150 | 0.0840 Nm
F,, 0.0135 | 0.0113 | 0.0630 Nm
F, 0.0009 | 0.0008 | 0.0042 | N ms/rad
Whrk, 0.0100 | 0.0100 | 0.0100 rad/s

and a 12 bit quantization was considered in the controller output. The joint encoders
and the INS were modeled considering hardware effects such as resolution, bias, noise
and quantization, and the base motion data (represented by variables rq, V) and

V) were obtained from the same simulation data used in Section 3.3.

Remark 21. The presented control methods can be applied to any kind of vehi-
cle or moving base where the ISP is installed, since the quaternion formalism does
not suffer from representation singularities and the base dynamics (velocities and

accelerations) only affect the overall magnitude of the gains.

The mass matrices in (4.26) and (4.30) and the Jacobian matrix in (4.24) were
computed using numerical algorithms, implemented with MATLAB® mex files. The
values for the nominal parameters used for the computation of ]\/J\gq were once again
set as the real values in Table 3.1 with a percentage of error. The parametric

uncertainty on the ISP axes varies from 0° to 1° of misalignment between the real and
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the nominal values. The gain matrices for both state and output feedback controllers
were set as K, = 2lsrads™, Ay = A3 = 514 rads s%, Ay = Ay = 5lyrads=2 and
the HOSMO gain matrices were chosen as K; = 1013 rads s!, Ky = 1013 rad s~2
and K5 = 10l37rad s72. These values are sufficient to overcome the norm of the

disturbances and small enough to reduce the control chattering.

The target point inertial reference p, is given by (3.22), as before. The ori-
entation and angular velocity/acceleration references y1,, ya,, 92, for the ISP are
computed from the expression for the target position (3.22) and using the method

on Section 2.2.4 for computing the desired LOS reference in quaternion space.

4.3.1 Full State Feedback STC

Initially, the results of the simulations for the STC with full state feedback are
presented. The reference is given by trajectory (3.22) with a radius of 150 m, period
of T"=100s and ¢ = 1. Due to the low translational velocity of the ship, this

reference is equivalent to a fast target that is slowly circling the ship.

Figure 4.6 shows the transient and steady-state response of the state feedback
STC in terms of RPY errors for the case of perfect knowledge of the ISP parameters.
Both stabilization and tracking controllers achieve SOSM in finite time and in less
than 1 s, with sliding precision on s, and s, approximately equal to 5x 10~ mrad/s,
which is in accordance to the noise level of the simulated sensors. The quaternion
error converges to the unit quaternion lg in less than 5s. The resulting RPY jitter
is limited to a small region of 0.03° , due to measurement noise. The control signal is
continuous and limited to the actuator saturation limits. However, it carries a high
frequency component of approximately 60 H z due to the characteristic discontinuity
in the time derivative of the Super-Twisting controller. The high frequency torque
component reaches a maximum of 1 Nm of amplitude at the pitch joint, which is
definitively implementable by high quality drivers. The internal control signal w

from the tracking STC controller remains bounded by |w| < 0.15rad s™!.

Note that the full state feedback STC was able to reject all unknown nonlinear
disturbances due to the ISP dynamics, kinematics and joint friction, with a precision
ultimately bounded by the precision of the sensors and a fast and well behaved
transient response. Note also that all these terms enter the dynamic equation as
disturbances that are matched to the control variable. It is worth saying that, in
the same way as in Section 3.3.2 and Section 3.3.3, the RPY error shown in Fig. 4.6
is the real RPY error constructed from the inertial sensors and GPS measurements.
Therefore, in practice, there will exist the same kind of offset that was observed in

the results of Section 3.3.4. Since this offset is due to the method for computing the
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Figure 4.6: Response for state feedback STC controller with perfect knowledge of
the ISP parameters.

LOS orientation reference, it cannot be eliminated by control.

Since an estimated mass matrix is used by the STC controller and due to the

perfect parameter knowledge, the ISP dynamic system was successfully decoupled
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into a double integrator by the stabilization controller. Besides, the RPY jtter is
similar to the one obtained with the CT-PID methods, under full knowledge of the
ISP parameters. Next, we are going to evaluate if the the proposed STC is also

robust against parametric uncertainty, as stated by Theorem 7.

Several simulations where made under the same conditions, but with higher
parametric uncertainty. Figure 4.7 shows the results obtained for the case of 50%
of parametric error and 0.5° of error on all three ISP axis. Notice how the RPY
error amplitude is unaffected by a large amount of parametric uncertainty. The joint
torques and the inner control signal w are also very similar to the previous case,
with a small decrease in the amplitude of the joint torque jitter. It can be explained
by a decrease in the eigenvalues of the mass matrix ]\//qu in (4.26), due to the 50%
of error in the dynamic parameters. The sliding precision and reaching time were
affected, since the parametric uncertainty introduces larger terms into the overall
disturbance that the STC must reject (see Section B.7).

Above 60% of parametric error, the closed-loop system starts to reach its stability
margin, as it is possible to observe divergence of the sliding variables from their
sliding modes. However, by increasing the STC gains, it is possible to improve
the controller stability margin, at the price of increasing the amplitude of the high
frequency component in the control signals. Therefore, the value chosen for the
STC gains Ay, Ay, A3 and A, guarantees a satisfactory disturbance rejection and
LOS tracking, even for up 60% of parametric uncertainty and up to 1° of axis
misalignment, which is much higher than the common uncertainty value associated
to most ISP designs. Note that the observed RPY jitter for the STC is similar
to the CT-PID result with full knowledge of the system parameters, which is an
experimental validation of the matching between the STC equivalent control and

the feedback linearization control.

Next, we consider the effect of a first-order linear actuator dynamics with a set-
tling time of 25ms, which is a realistic value for the response time of a electronic
driver. Considering the settling time as 4 times the time constant, the equivalent
actuator transfer function has a distant pole at 160rad/s. Figure 4.8 shows the
response for the case of 50% of parametric error and the presence of the driver
dynamics. The performance is strongly affected in the presence of unmodeled dy-
namics, with sliding precision approximately 10 times worse than in Fig. 4.7 for both
s, and s,. The torque chattering is much higher as well, with chattering period of

approximately 0.16 s and 4 Nm of amplitude in the yaw joint motor.

Clearly, under the presence of the actuator dynamics, ideal sliding is lost, and
the sliding variables converge to a small bound. These bounds are smaller for faster

unmodeled dynamics, reaching zero for infinitely fast dynamics. It means that, in
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Figure 4.7: Response for state feedback STC controller with 50% of parametric error
and 0.5° of axis error.

practice, the sliding precision is limited by the response time of the driver.
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Figure 4.8: Response for state feedback STC controller with 50% of parametric
error, 0.5° of axis error and first-order driver dynamics.
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4.3.2 Output Feedback STC + HOSMO

Combining the stabilizer STC with the HOSM observer into an output feedback STC
has the advantage of using joint angle measurements only, which can be many times
more accurate than conventional joint velocity measurements. Here, the results for
the output feedback STC scheme are presented. Its performance is going to be

compared to the previously presented state feedback STC.

Figure 4.9 shows the transient and steady state response of the of the output feed-
back STC, again supposing perfect knowledge of the ISP parameters. The transient
and performance of the RPY error remains practically the same than in Fig. 4.6.
The amplitude of the control chattering suffered an increase due to the presence of
the term multiplying K5 in (4.30). The sliding precision of the stabilization sliding
variable §, is much better now, since the estimated joint velocity state is used in
(4.29), instead of the actual joint velocity state z5. The reaching time for §, is the
same as in Fig. 4.6. On the other hand, the sliding precision and reaching time of

the tracking sliding variable s, were slightly affected.

The HOSMO estimation errors for the output feedback STC scheme are shown
in Fig. 4.10. A sliding mode is observed in e,,, e,, and e,,. All three estimation
errors reach their sliding modes in approximately 0.6 s, and their norms converge to

small regions of 2 x 10~*rad, 3 x 1073 rad and 0.2 rad, respectively.

Next, we proceed using the same strategy as before, and testing the robustness of
the output feedback STC against parametric uncertainty. Again, simulations where
made under the same conditions, but with a rising parametric uncertainty. For
up to 50% of parametric uncertainty, the closed-loop system was able to reject the
matched disturbances just as before. However, the inclusion the the HOSM observer

seems to have affected the stability margin of the closed-loop system.

Figure 4.11 illustrates the results for 50% of parametric uncertainty. The RPY
error jitter is completely unaffected, as expected, and the amplitude of the joint
torques is in fact smaller, which initially can be though of as an unexpected result.
However, this effect is related to the eigenvalues of the mass matrix ]\/@q(a:l), with can
be interpreted as a variable gain that is dependent on the ISP nominal parameters.
The 50% variation on the ISP nominal parameters with respect to the real ones can
be positive or negative. In our simulations, we are generally considering a negative
variation; however, for a positive 50% variation, the jitter amplitude on the joint
torques is actually higher than in Fig. 4.10. Therefore, the increase or decrease of
the control jitter is dependent on the direction of variation of the disturbance. This
is also true for the state feedback STC.

Figure 4.12 illustrates the convergence of the estimation errors. For 50% of
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Figure 4.9: Response for the output feedback STC controller with perfect knowledge
of the ISP parameters.

parameter uncertainty, the reaching time increases to approximately 3 s for e,,, e,,

and e,,. The sliding precision does dot change for e,, and e,,, but it is slightly

worse for e,,. This can be explained by Remark 26 in Section B.8. In the presence
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Figure 4.10: HOSMO estimation errors for the output feedback STC controller with
perfect knowledge of the ISP parameters.

of parametric uncertainty, e,, does not converge to zero, but to the residue
B = (Mg, =M, ) w.

Above 50% of parameter uncertainty, we begin to notice signs of divergence on
the sliding variables and on the estimation errors. Therefore, we conclude that
the robustness of the output feedback STC with respect to parameter uncertainty
is slightly inferior to the state feedback STC, for the same control gains and the
same dynamic disturbance. Comparing (B.38) with (B.48), we notice that d, has
an additional term when compared to d,. Therefore, the ||d,|| > |||, which means
that A3 and A4 (the gains of the tracking STC) must be higher for the output

feedback STC, in order to reject the same amount of parametric disturbance.

Lastly, we consider the effect of the same first-order linear actuator dynamics
with 25ms of rising time considered in Section 4.3.1. The results are shown in
Figs. 4.13 and 4.14. Once again, performance is affected in the presence of unmod-
eled dynamics, but the resulting RPY jitter is in fact better than the state feedback
STC under the same conditions. The amplitude of the control jitter is also smaller,

and as before, the sliding precision is better, regardless of the presence of the ac-
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Figure 4.11: Response for the output feedback STC controller with 50% of para-
metric error and 0.5° of axis error.

tuator dynamics. Since the control signal is partially canceled out in the HOSM

observer due to term ]\/4\2(] w in the second equation of (4.28), the presence of the ac-

tuator dynamics affects the dynamics of the stabilization controller much more than
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Figure 4.12: HOSMO estimation errors for the output feedback STC controller with
50% of parametric error and 0.5° of axis error.

the observer dynamics. The reaching times for s, and s, were also affected, rising
up to 4 s, and the stability margin of the closed-loop system is impacted. However,
the sliding precision on s, and s, is slightly better then in the state feedback STC

result, shown in Fig. 4.8.

In Fig. 4.14, note that finite-time convergence of the estimation errors is achieved
in approximately 4 s, the same as for the sliding variables of the controller. The
sliding error precision and transient are worse then in Fig. 4.12, but still acceptable.
Clearly, in terms of RPY error jitter and joint torque amplitudes, the presence of the
unmodeled dynamics had a greater impact on the performance of the state feedback

STC than on the output feedback STC.

Finally, Fig. 4.15 illustrates a comparison between the joint torque disturbances
that compose the ideal equivalent control (4.17) and the actual control signal, after
both signals were filtered using a a lowpass finite impulse response (FIR) filter
with normalized passband frequency of 27 rad/s, stopband frequency of 37 rad/s,
passband ripple of 0.5 dB, and stopband attenuation of 65 dB. As stated, for all
shown cases, the equivalent control is able to match all unknown disturbances acting

on on the ISP dynamics.
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Figure 4.13: Response for the output feedback STC controller with 50% of para-
metric error, 0.5° of axis error and first-order driver dynamics.
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Figure 4.15: Comparison between equivalent control and joint torque disturbances.
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Chapter 5
Conclusion and Future Works

In this work, the problem of LOS stabilization and tracking using inertial stabiliza-
tion platforms was tackled. We have used the VMS framework to obtain a realistic
mechanical model of an ISP mounted on a vehicle, considering design imperfections

such as mechanical unbalance and non-orthogonal gimbal axes.

First, two CT-PID controllers in both direct and indirect configurations were
proposed and their performance was compared to the P-PI controller, which is usu-
ally employed for LOS stabilization applications. Ideally, the proposed controllers
guarantee exponential stability on the closed-loop system. In practice, however, the
error amplitude is bounded by a small residual set which is linear in the parametric

error. Their effectiveness was demonstrated by means of realistic simulations.

The results suggest better precision than the P-PI controller even in the presence
of significant parameter uncertainty, up to 35% in the ISP parameters, considering
the applied reference trajectories. In terms of pointing accuracy, the performance
of the direct CT-PID scheme is equivalent to the P-PI controller, due to the direct
measurement of the camera motion using the directly positioned INS. However, since
the indirect CT-PID scheme relies on the perfect knowledge of the ISP geometric
parameters to compute the camera position, its pointing accuracy is strongly depen-
dent on the kinematic model of the ISP. In the direct case, the pointing accuracy is
limited to the accuracy of the GPS positioning system. This introduces a practical
minimal offset in the RPY errors that cannot be mitigated by control, since it is

due to errors in the computation of the LOS reference.

These controllers have the disadvantage of using a complex mathematical model
instead of a simple linear filter, which is the case of the P-PI controller. However,
they do provide commercial stabilization performance, specially when the ISP pa-
rameters are well known. This could be the case if identification techniques are

employed during the design phase of the ISP.
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To improve performance even further, two sliding mode controllers were pro-
posed to overcome the limitations of the CT-PID methods. First, the LOS track-
ing problem was formulated by means of the unit quaternion formalism, to avoid
representation singularities. Second, the proposed controllers provide finite time
stabilization and ideal disturbance rejection even in the presence of parametric un-
certainty. According to the sliding mode control literature, it means that the super
twisting controllers are able to generate an equivalent control signal that perfectly

matches the dynamic and kinematic disturbances of the system.

Some important remarks can be summarized.

1. Both output and state feedback ST controllers are able to reject all matched
disturbances on the dynamic and kinematic ISP equations, guaranteeing sta-
bilization of the ISP and tracking of the LOS reference with the same perfor-
mance of the CT-PID controller with full knowledge of the system parameters.

2. The output feedback STC guarantees the same performance on the RPY error
rejection than the state feedback STC, but it tends to produce a slightly higher
control jitter due to the term Ks |e,, ]*® on the control law (4.30).

3. Although the sliding precision on the estimation errors e,, and e,, is not
affected by the presence of parametric uncertainty, the accuracy on e,, is

affected, according to Remark 26 in Section B.8.

4. The presence of unmodeled actuator dynamics greatly influences the closed-
loop response for both controllers, affecting the RPY error and control jitter,
reaching time of the sliding and estimation variables and also the stability

margin of the whole system.

The results obtained in Section 4.3 and the above conclusions suggest the pro-
posed STC controllers as a feasible solution for implementation on a real system,
achieving a minimum level of precision of 0.05° or approximately 0.8 mrad under the
presence of relatively slow actuator dynamics. Considering that high-performance
actuators have a much faster response time than 25ms used in the simulations,
these controllers could achieve a precision on the level of 100urad if precise sensors

are used, which places them at the high-precision LOS stabilization category.

5.1 Future Works

Some important future works and developments for this research are:
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. to formulate the camera orientation in terms of unit quaternions in the

computed-torque schemes, allowing them to be applied to vehicles with larger

motion amplitude than a vessel.

. to implement the proposed controllers in an experimental platform and per-

form practical tests, validating the effectiveness of the proposed methods by

means of experimental data.

to investigate how adaptation on the gains can be used to tackle the problem

of unknown disturbance bounds, following the trend of [50], [51].

. to investigate how the undesirable effects of the motor unmodeled dynamics

can be mitigated by using voltage control instead of torque control.

. to investigate how higher-order sliding mode controllers could be used to tackle

the LOS stabilization and tracking problem.

5.2 Publications

This work has produced four accepted papers in international conferences:

1.

“Dynamic Model and Line of Sight Control of a 3-DOF Inertial Stabilization
Platform” [52]. Authors: Matheus F. Reis, Guilherme P. S. Carvalho, Alex F.
Neves, Alessandro J. Peixoto. Presented at 2018 American Control Conferece,
at Milwaukee, USA.

“Identificacao e Controle por Torque Computado de uma Plataforma Inercial
para Estabilizacao e Rastreamento da Linha de Visada”. Authors: Matheus
F. Reis, Joao C. Monteiro, Guilherme P. S. Carvalho, Alex F. Neves, Alessan-
dro J. Peixoto. Presented at the XXII Congresso Brasileiro de Automaética
(CBA2018).

“Super-Twisting Control with Quaternion Feedback for Line-of-Sight Stabi-
lization and Tracking”. Authors: Matheus F. Reis, Ramon R. Costa, An-
tonio C. Leite. Presented at the XXII Congresso Brasileiro de Automatica
(CBA2018).

“Super-Twisting Control with Quaternion Feedback for a 3-DOF Inertial Sta-
bilization Platform”. Authors: Matheus F. Reis, Joao C. Monteiro, Ramon
R. Costa, Antonio C. Leite. Accepted for publication at the 57th IEEE Con-
ference on Decision and Control (CDC2018).
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Appendix A

Quaternion Algebra

Let R € SO(3) be a rotation matriz describing the rotation from an arbitrary frame
to another. Then, R is a diffeomorphism with respect to the projective space RP? =
{HUH2 < | v € R*}. Therefore, each point v € RP? is a 4-parameter representation
for SO(3) called the angle-azis, where the unitary vector on the direction of v
represents the rotation axis and |[v|| represents the corresponding rotation angle

around that axis.

Remark 22. Note that RP® covers SO(3) twice, since any point on it actually

represents the same rotation than the opposite point of the sphere.

This representation can be expressed by v = {6,n}, where § € R is the angle
of rotation around the unit axis vector n € R3 ||n|| = 1. Another non-minimal

representation is the unit quaternion. The set of quaternions H is:

H := {n +ie; + jea + kez | n,€1,€2,€63 € R}
it =4 =k =ijk=—1. (A1)

A quaternion () € H can also be represented as the pair

Q= {n €}, (A.2)

where 7 = Re(Q) € R represents the real part of the quaternion and € = Im(Q) =

[ €1 €5 €37 € R3 represents the vector part. The quaternion conjugate is given by

Q" = {n.—e}. (A.3)

One can also represent the quaternion in fully vector form by the notation Q =

[7] €1 €2 63]T6R4.

Quaternions also form an algebraic group with respect to multiplication. Given
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two quaternions Q) = {n1, €1} and Qo = {m, €2}, their multiplication follows the
rules established by (A.1):

Qi1oQ2 = {771772 - €I€2a Ni€x + 1261 + €1 X 52} : (A-4)

Quaternion multiplication can also be performed as the linear transformation in R*

Qr1oQ2 = H+(Q1) Q2 ) (A-5)
=H_(Q2) Q1 (A.6)

where H,, H_ are Hamilton operators defined by

-
_ —€
H.(Q) = |Q ha(@)] ha(Q) = | (A7)
nls e
The square of the quaternion norm is defined as the scalar
IQI* = Qo Q" = {1 +Te. 0}, (A-8)

and its inverse is the quaternion Q! such that Q o Q' = lg = {1, 0}, the unitary
quaternion. The set of unit quaternions H* = {Q € R : [|Q]| = 1} can be used as

a parametrization for orientation in the following way. For an element p = {0, n} €

RP, define
Q= {cos (g) , Sin (g) n} e H", (A.9)

which clearly has unit norm.

Remark 23. The inverse of an unit quaternion is given by Q' = Q*, which ac-
cording to (A.9), corresponds to the opposite rotation due to negative direction of

the rotation axis n.

Let rg,r1,...,7, € H* be the n absolute rotations between frames Eg, Eq, ..., E,
and the world frame E,,, and ri,, € H* (i = 1,2,...,n — 1) represent the rotations
from frame E; to E;;;. Since the unit quaternions form a group with respect to
multiplication, then

T, =rioryo..or € H". (A.10)

Now, define the set of pure quaternions H,, = {v € H : Re(v) = 0}. Note that

any vector from R3 can be represented as the vector part of a corresponding element

v € H,. Let v" and v’ € H|, be representations for a vector ¢ in frames E; and E;,
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respectively, and 7"§ represents the rotation from E; to E;, with unitary axis n; e R?

and rotation angle 6;;. Then, the following relation holds:
vl = (ri)ov’ o (rh)" = Ad,: [v'] , (A.11)

where Ad,:[] is the adjoint operator. Note that, in vector algebra, Ad,: represents
J J
the corresponding rotation matrix R;; € SO(3) associated to the unit quaternion

ri € H*. In terms of the axis and angle of r, this matrix is given by

where N! = n’(n’)T and s;; and ¢;; are the sine and cosine functions of 6;;. The
rotation matrix corresponding to an absolute rotation r; € H* (with respect to the
world frame) is written with only one subscript, as R; € SO(3). In terms of the

components of r; = {n;, €, €, €, }, this matrix is given by [20]:

2+ €)= 1 2(ei, €6, —mi€i,) 2(e, €, + mi€i,)
Ri = | 2(ei €, + mici.) 2(nF + G?y) =1 2(e, 6. —mie,) | - (A.13)
2(ei, 6, —mi€s,) 2(e €, +mics,) 27 +€) —1

The opposite mapping can be found as [20]:

1
77i:§\/7’11+7”22+7’33+17

1 sgn(rgz - 7‘23) \/7”11 — T — 133+ 1
&= sgn(riz —rs1) Va2 —rsz—ru+1 |, (A.14)

sgn(ra1 — r12) /133 — 111 — 22 + 1

where R; = [r4;],k,7=1,2,3.

Now, let ; and &J; be the physical linear and angular velocities of E;. They are
represented by v; € R, w; € R® when written in the world frame and by v! € R?,
w! € R3 when written in its own body frame. Let r; = {n;,¢;} € H* be the absolute

rotation of E;. The time-derivative of r; can be related to w! by

1

f‘izéwion, (A.15)
1 )
=57i° w;, (A.16)

which is known as the quaternion propagation formula [38], and can also be expressed
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in vector form by

T = [ 772 ] - %h—(ﬁ‘)wi, (A.17)
1
2

h, (r;)w!. (A.18)
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Appendix B

Proofs of Theorems

B.1 Proof of Lemma 1

Proof. Using (2.87) and (2.83), the Lagragian as a function of x, i € R is given by

L(x,3) = %:&T ST() M(z) S(x) & — U(x) . (B.1)

By (2.82) and (2.85), the Lagrange equations can be expressed by

Computing the terms of (B.2) from (B.1), yields

d aﬁ T Ta T N T e
55 ) = (STM S+ STMS + STM 8) i+ STM S i, (B.4)

aﬁ_laTvM laT(Mv) o

or 2 Ox v+2 or oz

(B.5)

Substituting (B.3), (B.4) and (B.5) into (B.2) and left-multiplying the resulting
equation by S~T(z) € RV results in (2.88).

]
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B.2 Proof of Theorem 1

Proof. Comparing (2.89) to (2.88), the terms M (z) o and G(§) = S~ (z) ‘%a’—ff) are

easily identified. However, the Coriolis term is given by

C(x,v) = M(x)v— %S‘T(x) WU"_
ST (2) (ST(x) - %%) M(z)v. (B.6)

The expression for C(z,v) in (2.90) can be found by performing an element-wise

expansion on each term of (B.6), using (2.83):
aMz z
x) :Z 5$1] _Z ! Sk (U (B.7)
OT (M (x)
-T
(570 52) =Sty (Z )
8M]k. c%k
= Zslz ( 9 + Mjy, a—xl>
B Z L OMy,
lz 8!)3[ Uk
Z (Z Shl > M, vy, (B.8)
lym,s xl
(5757 aw) =3 (st P2t} wyu (B.9)
. li 8l‘m mk sj ) :

s
k l,m,s

(o) - (g%

l,m,s

) Msj Vg (BlO)

where S; ! are the elements of the inverse mapping S~!(x). Next, summing up (B.7),
(B.8), (B.9) and (B.10) according to (B.6) and grouping the matrices before vy, the
expressions on (2.91) and (2.92) emerge. This demonstrates (2.90).

O
B.3 Proof of Theorem 3
Proof. The errors of Fig. 3.2 are defined as
€1 =U — Y2, €2=1Uz+Y1. (B.11)
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Then, using (B.11) and Assumptions (i), (ii)

leall < flull + Afles® + Blleal| + C (B.12)
< llwill + A(luzl| + v [les|| + 8)* + B(lluzl| + 7 [les| + B8) + C
<A fler” + (vB + 2yAB + 2vA ||us]) |leal| + D -

The inequality (B.12) can be rewritten as

v2A ||(31||2 +£vB + 2vAB + 2y A ||ug|| — 1) ||es]| + D1 > 0. (B.13)

by

It describes a quadratic inequality in ||e; ||, illustrated in Fig. B.1. Numbers ¢; and

10

[——Allet|? + bi(lual]) [lel| + Da([[ur]], [Juzll)|

-2 L
[leall

Figure B.1: Quadratic function of the error norm.

01 are the roots of the quadratic function in the left-hand side of (B.13). Note that
the two dashed horizontal lines represent the subsets of R S; = {|le1]] < €1} and
S = {]le1]| = d1} in which (B.13) is satisfied. Therefore, under conditions 3.9 and
3.10, |le1]| € S1USy. Note that S; U Sy = Ry if €, = §; or if the quadratic function

has no real roots. Then, if

1. by <0,

2. 4’7214 D, < b%,

the roots €; and d; are both real and positive. These are the first two Assumptions
(i) and (ii) of the theorem. Then, by (B.13), if |e1(0)|| € S; at time ¢t = 0, then
le1]| € S1 Vt > 0. Graphically, it means that ||e;|| stays in the left dashed subset of
R in Fig. B.1.
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Using similar arguments, it can be shown that, under Assumptions (i) and (ii),

the inequality

¥A lleall” + (vB = 1) [leall + Dz > 0 (B.14)
~—

b

is valid. Again, if

1. by <0,

2. 4’7AD2 < b%,

the roots €5 and 0y of the quadratic function on the left-hand side of (B.14) are both
real and positive, where €5 < d5 by definition. The first condition by = vB — 1 < 0
is a weaker version of previous condition b; < 0, and if this one is satisfied, the
former will also be. However, the second condition is the third Assumption (iii)
of the theorem. Then, as before, by (B.14), if ||e2(0)|| < € at time ¢ = 0, then
llea|| < ey VE > 0.

Since u; and us are bounded, then the boundedness of e; and ey imply in the
boundedness of the outputs y; and y,. Finally, from the triangle inequality, ||y|| <
llya]l + [Jy2||, which completes the proof.

]

B.4 Proof of Theorem 4

Proof. First, note that Assumptions (i) and (ii) are needed so that the terms M\n
and 75 can be computed in (3.15). Then, from (3.14), (3.15) and the plant dynamics

(3.2), the RPY orientation dynamics can be written as

t
7702 = G(ncwt) (ﬁd2 + Kp én + Kp €n + Ky / 677(7_) dT) _dn(ncwﬁcwt) . (B15)
0

J/

~
PID controller 4 feedforward term

where G (1, t) = (M, +AMS,J')™! ]/\/[\7, is a state and time dependent gain matrix
that is close to the identity matrix if the parametric error is small, and d,, is a state

and time dependent disturbance.

Remark 24. Note that (B.15) is a double integrator with a PID controller and a
feedforward RPY acceleration term multiplied by a high-frequency gain G(ne,,t) = |3

with an input disturbance due to the parametric error.
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Therefore, (B.15) can be written as a feedback interconnection of two BIBO

stable subsystems H; and Hy, as shown in Fig. 3.2.

Considering the approximation G(n.,,t) =~ l3, H; is the stable, unperturbed

system
Ney & L7{S(s) Dy(s)}

where £7! stands for the inverse Laplace transform operator, D, (s) is the Laplace
transform of the disturbance d, and S(s) is the sensitivity transfer function of the
system. It gives the relation in the frequency domain between the input disturbance

d, and the output 7.,. For (B.15), it is given by

S
53+KDZ~32+KPZ~3+KIZ~ ’

Sl<8) =

where Kp, Kp, and K, (i = 1,2,3) are the elements on the diagonals of the gain
matrices Kp, Kp and K7, respectively. Each transfer function S;(s) represents the

sensitivity of each RPY channel with respect to input disturbances. By [8],

17e: | < v lldyll + B, = sup 1SGWIl (B.16)

1ex | < 22 lldyll + B2, 72 = sup ls Sl - (B.17)

Remark 25. The stability of system (B.15) with d,, = 0 and G(n.,,t) # ls can be

demonstrated using the circle criteria [8].

Nea

Therefore, defining the camera orientation state as n = [ i ] , it can be seen

Cc2

from (B.16) and (B.17) that

1l < {l72es ||+ 17

< (4 2) lldyll + (B + Ba) - (B.18)
Aﬂy,_/ T

The subsystem H, is the state-dependent disturbance d,(n,t). Since it is com-
posed of Coriolis, centrifugal and gravity terms, it depends quadratically on 7.,.
Therefore, using Assumptions (i) and (iii) and the linearity of the disturbance d,
with respect to the dynamic parameters, it is possible to find positive constants A, C
such that

Iyl < (AllnlP + C) || || (B.19)

where constant C' is strongly dependent on the maximum vehicle velocities and
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accelerations.

Then, (B.15) is a feedback connection between the two BIBO stable systems H;
and Hs, as illustrated by Fig. 3.2 with u; = uy = 0, under conditions (B.18) and
(B.19).

Finally, using Theorem 3 with ||u|| = ||uz|] = 0 and term B = 0, the sufficient

conditions for the existence of an attractive domain for (B.15) are equivalent to

Hﬁg < ’;1—5, (B.20)
Hﬁg <V agﬁg;;jg_fw. (B.21)

Clearly, the maximum admissible error for the dynamic parameters is strongly de-

pendent on the bounds for the vehicle velocities, accelerations and RPY reference.

Then, under conditions (B.20), (B.21), due to (B.18) and (B.19), the norm of
the RPY error e, will be bounded by a set of the order O(HﬁdH)

O

B.5 Proof of Theorem 5

Proof. First, note that Assumption (i) is needed so that j;_l can be computed
in (3.21). Substituting the control laws (3.20), (3.21) and (3.19) into the RPY

dynamics gives:

Tey = G(ncza t) (flay + PID) — dn(ncw Tes s t) ) (B-22)

where G(7,,,t) = J, M(?q_l ]\/4\8(1 jq_l is a state and time dependent gain matrix that
is close to the identity matrix if the parametric error is small, and d,, is a state and
time dependent disturbance. Therefore, by the same arguments from Theorem 4,
(B.22) can once again be written as a feedback interconnection of two BIBO stable
subsystems H; and Hs, as shown in Fig. 3.2, where H; is the stable, unperturbed

system
N = L7HS(s5) Dy(s)}
and H, is the disturbance, which depends quadratically on 7., .

As before, due to Assumption (ii) and the linearity of the disturbance d, with
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respect to the geometric and dynamic parameters, we have

Inll < v lldyll + 8, (B.23)
Idoll < (A lnl* + ) ||| (B.24)
Again, using Theorem 3 with |lui| = |luz| = 0 and term B = 0, the sufficient

conditions for the existence of an attractive domain for (B.22) are equivalent to

7 (B.25)
HﬁH L VEFHAC- AP (B.26)

2vAC

Then, under conditions (B.25), (B.26), due to (B.23) and (B.24), the norm of the
RPY error e, will be bounded by a set of the order O(HﬁH)

0
B.6 Proof of Theorem 6
Proof. First, define the following Lyapunov function candidate:
Vee) = (Mg —ne)? + (eg — €.) " (eg — €.) >0, (B.27)

where the quaternion error was defined in (4.19). The time derivative of (B.27) is

V. =2Mng—ne) (Na — 1) +2 (g — €c) (éa — €c) -

Using the quaternion propagation formula (A.18) and performing additional simpli-

fications, yields:
V= (e €4 — Na€c + €4 X €.) ey = Im(e.) e, .
Finally, applying the first-order dynamics of (4.21):
V = —Im(e.)" K.Im(e,) <0. (B.28)

Since (B.28) is only negative semi-definite, LaSalle’s invariance principle can be used

to conclude about the asymptotic stability of e, = lg. The invariant set D is defined
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as the null space of V, which by (B.28) is given by
D ={e. € H" | Im(e.) = 0}.

It contains two points, e, = £lg. However, only e, = | is a stable solution for (4.21).
Therefore, we conclude that the quaternion error e. € H* must tend asymptotically
to lg, which by (4.19) means that r. — r., asymptotically. Furthermore, since
the Lyapunov function is radially unbounded, we conclude that e, = lg is actually

globally asymptotically stable.
[

B.7 Proof of Theorem 7

Proof. Using (4.15) and Assumption 18, the dynamics of the sliding variable s, is
given by

= M2 u(t) + s —w(t). (B.29)

Substituting (4.26) into (B.29), it becomes

5 = (Is — MO " AM,,) (w(t) — Ailsa]Y? - A /0 t 15,1° dr) + a5 —w(t) (B.30)

t — 1
= —Aq|s,]Y? - AQ/ |5,1°d7 + 25 — ng* AMg MY, u+ x5 (B.31)
0

0 _ 0 /\0 . . . .
where AM,, = M, — M, . Then, it is possible to rewrite (B.31) as

éz = _Al Lsx—‘ 1/2 + wy 5
Wy, = —Ny |5, +d,, (B.32)
d

d, =
di

MOV AM, MO ) wk MO TVAM MOt

aq a9 **qq u+ Mg gq Mgg Ut T3,

where the disturbance d, is clearly dependent on the base motion, the states, control
signal and on the errors on the parametric errors. Note also that the dependance
on control is conditioned to the existence of uncertainty in the computation of the

mass matrices, due to the non-vanishing term AM, gq.

Note that (B.33) is in the form of the super-twisting algorithm (STA), which
is finite-time stable for bounded matched disturbances. It is evident that, if the

nominal parameters are known, system (B.31) is only perturbed by d, =~ 3. Due to
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Assumptions (ii), (iii) and the form of control law (4.26), the following inequalities
hold:

d _ — 1
HE (M, AMy MG, ) | < L, (B.33)
(RN J\/ﬁ’luH <L (B.34)
qq qq qq 2 '
]| < Le - (B.35)

Then, ||d.|| < Lz, + Lz, + L4,, and according to [48], it is possible to chose A4
and A, so that (B.33) achieves SOSM in finite-time. It means that after a time
Ty >0, s, = $, = 0 and due to (B.29), &y = w(t) Vt > T}.

Next, using (4.16), (4.19) and (4.20), the dynamics of the tracking sliding variable
(4.23) is given by

Sy = Yoy — oo, (T1) T2 — Y3 + K (y1, Y2, 7¢,) » (B.36)

with 71, = h_(y1) ye,. Since &3 = $, + w(t), substituting (4.24) into (B.36) and
using Assumption (i) yields

S = _A LS -|1/2+wya
= —A4 |_Sy—| ya (B37)
d c ¢ d *
dy =g + 7 (Joey 2) + 7 (W5 )L, (B.38)
with W = W, (x1,w(t),0), according to (2.57). Again, due to Assumptions (ii),

(iii) and the form of control law (4.24), we have

H (Jey $2)|| < Ly (B.39)
|5 07T < 2, (8.40)
93]l < Ly - (B.41)

Note that (B.39) is true because 3, is bounded, but constant L,, clearly depends on
the initial conditions of (4.15). Also, in (B.40), the time derivative of W} depends
on z, e, w(t) and w(t), which are also bounded. Then, ||d,|| < Ly, + Ly, + Ly,
again guaranteeing finite-time stabilization of (B.38) after a time 75 > 0. It means
that for all ¢ > T5, the tracking system is sliding and therefore, it follows the
nonlinear dynamics of the sliding variable (4.23), which is asymptotically stable [20].
Therefore, the quaternion errors (4.19) and (4.20) tend to lg and zero (respectively)

asymptotically after a time maz(T,T3).
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B.8 Proof of Theorem 8

Proof. Using (4.15) and (4.28), the dynamics of the estimation errors is

— _Kl Lexl—l + €1y 5
e$2::._z(2LemJ1 Ptep + (MO = MY u,
boy = — K3 |, |+ a3 (B.42)

— 1
By defining e,, = e,, + <M[?q_1 — MY, ) u, it is possible to rewrite (B.42) as

_Kl |_eac1—|2/3 + exz )
— K, leg, |V? + ey
= —Kg Le —‘ + de, <B43)

d 0o-1 =1
(g - Mg )

——1
d, =i+ (M2 — MY, )u+dt

Due to Assumption (ii) and (4.30), two constants L., , L., > 0 exist, such that
0 —1 —=—1\ .
| (v, = 2, ) | < Lo (B.44)

d (ot _ gt L B.45
a<qq—qq>u<e2. (B.45)

Also, by Assumption (iii), ||#3|| < L., also holds, in (B.35). Then, ||d.|| < Le, + Le, +
L., and therefore the disturbance d, is uniformly norm-bounded. According to [53],
it is possible to chose Kj, Ky and K3 so that the states on (B.44) are finite-time
stable.

1
Remark 26. Since M(?q M o 7 0 due to parametric uncertainty, the estimation
error e, is expected to be norm-bounded only. Therefore, 3 = T3 + B(ﬁ), where

~ ] ———1
B(IT) = (ng T MY, ) u s a restdue dependent on the parametric uncertainty.

The dynamics of the modified sliding variable is given by

— 1
= Ky |eq, |V + 75+ MO u(t) —w(t). (B.46)
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Using the continuous control law (4.30), yields

:.S\m - _Al L/S\x—l 1/2 + U/}w s
Wy = —Ny [8,]° + Kslen 1°. (B.47)

Since the disturbance K3|e,, ]° is obviously norm-bounded, the STA (B.47) is finite-

time stable. Therefore, after a finite time T} > 0, iy = w(t).

To prove the stability of the tracking controller, a similar procedure is performed.
Since @y = 8, + €4, + w(t), substituting (4.24) into (B.36) and using Assumption (i),
yields

8y = —Az [sy] Y2y Wy ,
wy = —Ny Lsy]o - ‘zzw

S d N d
dy:y3+%<‘]0628x>_E<J002612)+

d

& O0) 11, . (B.48)

Again, due to Assumptions (i) and (ii), (B.44) and (B.47), two positive constants
L,,, L,, exist, such that

d (.-

Hd—t (J6 ) || < Lur. (B.49)
d, . . .

H% (Jey€a2) || < Ly, - (B.50)

Then,
of system (B.48) after a time T, > 0. Therefore, the quaternion errors (4.19) and

‘JyH < L, + L, + L, + L, again guaranteeing finite-time stabilization

(4.20) tend to lg and zero (respectively) asymptotically after a time max(1T}, Ty).
[
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