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Ψ↑

j{x1} =

Ψ↑
j{x2}

 `aQ365 - 148@kUdC;��
�c8|��_<;@o�:<34=9��?<3 �KiU3
Ψ↓

j{Ψ↑
j{x1}} = x1

3
Ψ↓

j{Ψ↑
j{x2}} = x1

_
��8@=>8

Ψ↑
j{x1} = Ψ↑

j{x2}
o 1480kU145miU;n�N?<3 �KiU3

x1 = x2

_� "8@v@8
Ψ↑

j
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168@k :s/s-cdU8@=3�7kU;m8
Vj

�}/<365 -016;78@ke-cdU8 -j-057v0iU=J345m34=>34k :s8 dC8 dU8@=3�7kU;m8
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oQh -ct434kCdU8 1480==�KiU3
8>148@k 42iUk :s8f;7=j-0v@36=Y?23<4<-f;7v@ie-c5"-08f148@k 42iUk :s8f148@k :</s-0dU80= �mkU;78U_R "8@v@8
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j

�
iU=j-}8@a~34/s- �
�08
?28 �U/<3 4236:<8@/s-C_

	)80/�8@iC:s/28f5 -0dU8CoU-9148@kCdU;����08j��_ �};m=jaU5m;714- �KiU3
Ψ↑

j

?23<4<-9?<8 �C/<3<423B:s8@/<->39�KiU3
Ψ↓

j

?<3<4<-
;mk54236:<8@/s-C_#� dC34=>8@kU?2:</s-����08���-0k1	05m8@v -9-08f1 -c?<8j-0k :s34/2;78@/6_

��5��4= dU;7?2?<8Uo�a~8�dU3B�N?<3 =j8@?�:s/<-0/ �KiU30o�?23 - 1480kUdU;����08 ��_<; � -0?2?<34v0iU/s-0dU- 3
Ψ↑

j

�

?28 �U/<3 4236:<8@/s- � 8@i
Ψ↓

j

� ;mk54236:<8@/s- � oR36kK:
�08 ��_u� � :s-0= � �4= -0?2?<34v0iU/s-0dU-C_ (R;mke-057=>34k :<30o+?<3y-
168@kUdU;��
�08

�#=&8@iC:</s-0?'ae-c5 - A�/s-0?6o�8
h -c:<8�dU-�dU36148@=>a~8@?<;��
�08
?<36/'k1�08c�N/<34dCiUkUde-0k :<3�?2;7v@kU; :e1 - �KiU3
8@?9?2;7ke-c;7?

x ∈ Vj+1

3
y ∈ Wj+1

k1�08 a~8@?2?<iU36=F;7k :s36/<?23��
�c8Uo'34= �~8@/s-�?23<4<-0= ?<i�:U14;736k :s34?
ae-c/s-f/<34168@kU?�:s/<iC;7/4oU->ae-c/2:s;m/HdU3

Ψ↑
j

oe8f?<;mke-05qkU8>k��nA@345
j
�KiU3x80?�v@34/28@iq_
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x0 ∈ V0

o�168@kU?2;7dU36/<3 8 ?<34v0iU;7k :s3 36?��KiU34=j- /23416iU/<?2;mA@8 dU3
-0k�	057;m?<30g

x0 → {x1, y1} → {x2, y2, y1} → · · · → {xk, yk, yk−1, . . . , y1} → · · · � ��_j=��

8@kCdU3
1 -0de-f36:s-0ae-9dU3�-0k1	c57;7?23 �
de-0de-9a~8@/





xj+1 = ψ↑
j {xj} ∈ Vj+1

o
j ≥ 0

yj+1 = ω↑
j{xj} ∈ Wj+1

o
j ≥ 0

� ��_ e �

^�h)	014;m5Ra~34/<163��~34/ �KiU3f8y?<;mke-05)8@/<;mv@;7ke-c5
x0

a~8�dC39?<34/�a~34/�h 34;n: -0=>34k :s3`/<34168@kU?�:s/<i��7dU8
-fae-0/�:s;7/�dU3

xk

3
y1, y2, . . . , yk

aQ8@/I=>34;m89dU8f?<34v0iU;7k :s3
36?��KiU34=j-f/<3416iU/<?2;mA08 dU3
?��mk :s34?230g

xj = Ψ↓
j{(xj+1, yj+1)}

o
j = k − 1, k − 2, . . . , 0

o � ��_r� �

8 ��iC3`=>8@?2:</s-���iC3}-jdC341480=ja~8@?<;��
�08>de-0dU-ja~8@/���_?=j3}��_ e��x;mkKA034/2?��mA0345 _�� 34?��KiU36= -j148@=9�
aU5m36:<8�dC3j/234aU/234?<36k : -����08.dU3f?2;7ke-0;m?�v@8bA@36/<ke-0dC8
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ae-c/s-j8>1 -c?<8 36= �KiU3

k = 3
ow8@i�?<3 4<-Cow34=

3
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iU=j-}8@aQ36/s-����08 �U;mk1	0/<;7-
+̇
34=

Vj

o �KiU3�1 pU-0= -c/<34=>8@?jdU3 ��-cdU;����08 �#� kC80:s3��KiU3
+̇
a~8�dU3.dU36aQ36kUdU36/ydU3

j
o�14-0?<8 34= �KiU3

aU/23416;7?s-c/�� -c=j8@?�34?<16/<3BA@34/
+̇j

� oU3
8@aQ36/s-0dC8@/<36?
ψ↓

j : Vj+1 → Vj

3
ω↓

j : Wj+1 → Vj

:s-0;7?6�KiU3cg

Ψ↓
j{(x, y)} = ψ↓

j{x}+̇ω↓
j{y}

o
x ∈ Vj+1

3
y ∈ Wj+1
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j
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ψ↓
jψ

↑
j{x}+̇ω↑

jω
↓
j{x} = x

oe?23
x ∈ Vj

� ��_ � �

ψ↑
j {ψ↓

j{x}+̇ω↓
j{y}} = x

oe?23
x ∈ Vj+1

3
y ∈ Wj+1

� ��_?@ �

ω↑
j{ψ↓

j{x}+̇ω↓
j{y}} = y

oU?23
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3
y ∈ Wj+1
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xj = ψ↓
j{xj+1}+̇ω↓

j{yj+1}
o
j = k − 1, k − 2, . . . , 0
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x̂j = ψ↓
j{xj+1}
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oCv@34/<-0kUdU8>8f?<;7kU-05qdU3
dU3B: -05mpU3
ej = ω↓
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�08Co
;m?2:s8 �co dU34168@=>aQ8@?2;��!��36?O34k A@805mA@36kUdU8�?<8@=>34k :<3H8@?#1480k542iUk :s8@?

V0, V1,W1

_O	+8@/#?<;m=jaC57;716;7de-cdU30o
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2
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ψ↑{x}(n) = x(2n)
o
n ∈ Z

� ��_ ;b� �

ω↑{x}(n) = x(2n+ 1)
o
n ∈ Z
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ψ↓ 3 ω↓ ?
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



ψ↓{x}(2n) = x(n)

ψ↓{x}(2n+ 1) = 0
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



ω↓{y}(2n) = 0

ω↓{y}(2n+ 1) = y(n)

� ��_<;�e �
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x0(n) = n

o 8@i ?<3 4<-Co
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n ≥ 0
_
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n ≥ 0
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ψ↓{x1}(2n) = x1(n)
3
ψ↓{x1}(2n+ 1) = 0

oU80i�?23<4<-Co

ψ↓{x1} = [0; 0; 2; 0; 4; 0; . . .]
o
n ≥ 0

_
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ω↓{y1}(2n) = 0
3
ψ↓{y1}(2n+ 1) = y1(n)

oe8@i�?<3 4<-Co

ω↓{y1} = [0; 1; 0; 3; 0; 5; 0; . . .]
o
n ≥ 0

_
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de-0dC8}aQ365 -}-cdU;����08`ae-cdU/
�08
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ψ↓{x1}
3
ω↓{y1}

oe148@kC?<34v0iU3B�N?<3x-f/234168@kU?2:</<i����08 a~34/�h 34;n: -Cg

Ψ↓{(x1, y1)} = ψ↓{x1} + ω↓{y1} =

= [0; 0; 2; 0; 4; 0; . . .] + [0; 1; 0; 3; 0; 5; 0; . . .] =

= [0; 1; 2; 3; 4; 5; . . .] =

= x0
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	0/2;789dU3xdU8@;7?�:<;7a~8@?�dC3xae-c?<?<80?�dU3
8@a~34/<-�����34?R?<;7=>aU5m34?4g"8�ae-0?<?28�dU3�aU/<36dU;����08�3�8�dU3�-c:<ie-05m;7t - �
�08Uo - �KiU3�1 pe-0=j-0=>8@?)aU-0?<?28@?OdU3
"%$ &(')$+*-,0_I��8jdU3}-c:<ie-05m;7t - �
�08Uoe8j?<;mke-05"dU3`-0aU/<8 z�;7=j-����08jdU-3/�-bA0345m36:�80/<;7v0;7ke-05 �x=>8�dC;�:e14-0dU8
-�ae-0/2:<;7/
dU3>;7kCh 80/<=j-��
�08 de- �e-0kUdU-
dU3>dU36:s-057pC34?� #kC8.8@iC:</<8 :s;maQ8Uo 8
?<;7kU-05'dU3jdC36: -c57pU36? �
=>8�dC;�:e14-0dU8j-jae-0/�:s;m/�dU3x;7kCh 80/<=j-��
�08f168@k :s;7dU-jke-3�e-0kUde->dU3}-caU/<8 z�;7=j-��
�c8U_I�#?<?<36?�ae-0?2?<8@?
a~8�dC34= ?<36/�;mk A@34/�:s;mdU8@?'30o�aQ80/�;m?<?28Uo�-�aU/28@aU/2;734dU-0dU3IdU3�/<34168@kU?�:s/<i��
�08xaQ36/2h 34;n: - ��v -0/s-ckK:<;7de-�_

��?2?<;m=
o~148@= -j:��414kC;71 - "%$ &('8$+*-,0o �}a~8@?<?��mA@365R=>8�dC;�:e14-0/�80?�8@a~34/<-0dU8@/234?�dU3`-0k1	05m;7?23x3
?��7k :s36?<3}dU3x=j8�dU8 -j1480kU?2:</<iU;m/?/�- A@345m36:<?�148@= �!=>345mpU8@/234?I1 -0/<-016:<34/��7?2:<;714-0? ���KiU39->8@/<;mv@;7kU-05  
-��KiU; oe-}3Bz�aU/234?2?
�08 �!=>345mpU8@/<36?H1 -c/s-01B:s34/��7?�:s;714-0? ��a~8�dC3�?<34/�;mk :s34/2aU/<3B: -0dU-fdC3�dU;mh 36/<34k :<34?�=j- �
kU36;7/<-0?4o�dU34a~34kCdU34kUdC89de-`-0aC57;714-��
�c8U_R	+8@/�3 z�34=>aU578UoKkU8x1 -0?28}dU3�-0aU5m;71 - �
�08�34= 168@=jaC/<34?2?
�08
dU3I;m= -0v034kU?6o@aQ8�dU3�?234/#/<3!�KiU34/2;7dU8��KiU3I8�?<;7kU-05UdU3�dU3B: -05mpU34?#:<34kUpe-�36kU34/2v@; -�/234dUiUt6;7de-�o 34k :>�08
a~8�dC34=>8@?�=j8�dU; :e1 -0/�8
8@a~34/<-0dU8@/�dC3>?��7k :s36?<3>kU8�?<34k :<;7dU8�dU3��KiU3f?<ie- ?s-��mde- :s36kUpe- �e-0;nzC-
36kU34/2v@; -C_

� 34?��KiU36= - "%$ &(')$+*-,2��iU=j-`h 34/</<-0=>34k : -}a~8�dC34/<80?s-}3�v@36k��4/2;71 -�oe-0a~34?s-c/HdU3�?<iU-f?2;7=9�
aU5m;716;7de-0dC3� eiU=j->dC3x?2ie-0? �Kie-c57;7dU-0dU34?6o ��iC3@��dU3x36?<a~3416; -05 ;7k :<34/<36?<?23`ae-0/<-j36?2:s3�:s/<-��e-05mpU8Uo��
-faQ80?<?<;��U;75m;7de-cdU3�dU3
168@kU?2:</<iU;m/�dU34168@=>aQ8@?2;��!��36? /H- A@36573B:s?�k��08c��5m;7kU34-0/<36?4_

��8@=>8fdU;7?2?<34=>8@?6oU34=J?234i :s/s- �e-057pC8Uoe�-/�345mdU34kC?�-0aU/234?234k :s8@i
dUie-0?I=>8�dU-057;mde-0dU36?�dU3

; �



ae-c?<?<80? "%$ &(')$+*-,Qg

• a�TWVYX�$[Z ')$[\5* "%$ &(')$+*-, 8@i."%$ &(')$+*-,yaU-0/s-faU/<36dU;����08Uo �KiU3�ke-j-ck1	057;m?<3�=>8�dC;�:e14-f8>8@a~34/<-0dU8@/

ω↑ 3.ke- ?��7k :s36?<3�=>8�dU;�:e14- 8 8@aQ36/s-0dC8@/ Ψ↓ oIkU8 1 -0?28 -0148@aC5 -0dU8CoH8@i ψ↓ o�kU8T14-0?<8
dC34?s-c148@aU57-0dU8� 

• � abXdc�'OV "%$ &(')$+*-,
8@i "%$ &(')$+*-,
ae-c/s- -c:<ie-05m;7t - �
�08Uo �KiU3}kU-y-0k1	05m;7?<3�=>8�dU; :e1 ->8 8@a~34/<-0dU8@/

ψ↑ 3.kU- ?��mkK:<34?23�=j8�dU; :e1 - 8T8@a~34/<-0dU8@/ Ψ↓ o�kU8T1 -c?<8 -0168@aU57-0dU8Uo�8@i ω↓ o�kU8T14-0?<8
dC34?s-c148@aU57-0dU8U_

D+/s-c:s-0=j80?H34?2?s-0?�dUie-0?�=>8�de-c57;7dU-0dU34?�?<36ae-0/s-cde-0=>34k :s3
ke-0?IaU/�7 zC;m= -c?�?<3��!��36?4_

� ��� ���������
	�� � ��
 � ��
 �	$#����� 
 ��������������������	 ���������
	��! 

��8@kU?2;7dU36/<3�iU= k��nA@345KdU3�iU=j-�dC341480=ja~8@?<;��
�086/�- A@345m36:Rv@8bA@34/2ke-0de-�aQ36578@? 8@a~34/<-0dU8@/234?
dU3�-0k�	057;m?<3

ψ↑ : V0 → V1

3
ω↑ : V0 → W1

3�8f8@a~34/s-cdU8@/<3�dC3�?��7k :s36?<3
Ψ↓ : V1 ×W1 → V0

� ?<iUaU/2;7=>;7=>8@?�8�?<i����7kUdU;m143
j = 0

aQ8@/x148@k A034kU;��4kU16; - � oO: -0;m?@�KiU3 -0?}168@kUdU;�����34?f��_ ; 3y��_ �
?��08j?<-c:s;m?2h 36;m: -c?4_���8@kU?<;mdU34/23�: -0= � �4= iU=J8@a~34/s-cdU8@/�dU3�aU/<36dU;����08��Kie-05��KiU36/

π : V1 → W1

_
��36kUdU8 -0?<?2;7=�oCiU= aU-0?<?28jdU3#" HKJ L HON-PG1�(���(41���%,��!#����� �
dU3!:UkU;7dU8f168@=j8Cg

y′1 = y1 − π{x1}
�0>C_<; �

8@kCdU3
x1 = ψ↑{x0}

o
y1 = ω↑{x0}

o
x0 ∈ V0

3
y′1

��8xkC8 A08`?2;7ke-05edC3�dU3B: -05mpU34?�-0a 7@?�8xae-c?<?<8
dU3�"%$ &(')$+*-, ae-0/s-9aU/234dU;��
�08C_

�#?2:s->dU3 :ekU;��
�08f573BAc-3�93B: -0ae-fdU3�-0k1	c57;7?23�;75miU?2:</s-0dU-}ke- :ev@iU/<- >C_<;@_

^�h)	014;m5+a~34/2143!�Q36/ ��iC398 ?<;mke-05
x0

a~8�dU3`?234/�a~34/2h 36;m:s-0=j36k :s3`/234168@kU?2:</<i��mdU8 - ae-c/2:s;m/
dU3

x1

3
y′1
oUiU=j-}A@36t �KiU3cg

Ψ↓{(x1, y
′
1 + π{x1})} = Ψ↓{(x1, y1)} = x0

�0>C_u� �

;�>



();7v@iU/<-�>C_<;@g'%�= aU-0?<?28jdU3 Q $ &(')$+*-,yaU-0/s-f	#/<36dU;����08Ug�-0k1	05m;7?23�3
?��7k :<34?<3c_

��?2:<8j5m36Ac- �f36: -cae-9dU3
?��7k :<34?<3�;75miU?2:</s-0dU-}ke- :ev@iU/<- >�_ ;@_

��8@=W-f;7k :s/28�dCi��
�08>dU8jae-0?<?28 dU33"%$ &('8$+*-,yae-0/<->aC/<34dC;��
�c8Uow8@?�kC8 A08@?�80aQ36/s-0dU80/<34?�dU3
-0k�	057;m?<3

ψ↑
p

3
ω↑

p

3
?��7k :<34?<3
Ψ↓

p

?
�08>de-0dU80?�a~8@/6g

ψ↑
p{x} = ψ↑{x} o x ∈ V0

�0>C_?> �

ω↑
p{x} = ω↑{x} − πψ↑{x} o x ∈ V0

�0>C_j=��

Ψ↓
p{(x, y)} = Ψ↓{(x, y + π{x})} o x ∈ V1

3
y ∈ W1

�0>C_ e �

	R-c/s-j=>8@?�:s/s-c/0�KiU3}8j34?���iC34=j- h 8@/<=j-0dU8j-0a 7@?�->;7k :s/28�dUi��
�08jdU8 8@a~34/<-0dU8@/�dU32"%$ & g
')$+*-,}148@k :s;mkKie-�?<36kUdU8�iU= -�dC341480=ja~8@?<;��
�08 /�- A@365736:4oKdU36A034=>8@?#A@34/2;�:e14-0/ �KiU3�8@?#8@a~34/<-0dU8@/234?

ψ↑
p

o
ω↑

p

3
Ψ↓

p

?<-c:s;m?2h -0t634=\-0?x148@kUdC;�����34?`��_<; 3 ��_u��_ 	R-0/<-
x ∈ V0

o):<34=>8@? � 8@?�?<iUa~34/��7kUdU;{�
1634?934k :</<3 aU-0/��6kK:<34?234?>-014;m= - dU8@?x?<;mke-0;7?�dU3 ;mv@ie-05mde-0dU3f?��08 -0?x3��Kie-��!��36?9iU?s-0dU-0?`ae-c/s-.8
dU36?<36kKA08@5mA�;m=j36kK:<8 de-9dU36=j80?2:s/<-��
�c8��Bg

;9=



Ψ↓
p{(ψ↑

p{x}, ω↑
p{x})} = � ��� ��� Ψ↓{(ψ↑

p{x}, ω↑
p{x} + πψ↑

p{x})} =

= � ��� ���	��� 
�� Ψ↓{(ψ↑{x}, ω↑{x} − πψ↑{x} + πψ↑{x}} =

= Ψ↓{(ψ↑{x}, ω↑{x})} =

= � ����
�� x

�0>C_r� �

��?2:<8 =>8@?2:</s- �KiU3`8@?�8@a~34/<-0dU8@/234?
ψ↑

p

o
ω↑

p

3
Ψ↓

p

?s- :s;7?�h -0t436= -j148@kUdC;��
�c8y��_<;@_���5��6=
dU;m?<?28Uoe148@=

x ∈ V1

3
y ∈ W1

:s36=j8@?6g

ψ↑
p{Ψ↓

p{(x, y)}} = � ��� ��� ψ↑{Ψ↓
p{(x, y)}} =

= � ��� ��� ψ↑{Ψ↓{(x, y + πx)}} =

= � ��� ��� x

�0>C_ i �

(R;mke-057=>34k :<30oK:s34=>8@?6g

ω↑
p{Ψ↓

p{(x, y)}} = � ��� 
�� ω↑Ψ↓
p{(x, y)} − πψ↑Ψ↓

p{(x, y)} =

= � ��� ��� ω↑Ψ↓
p{(x, y + π{x})} − πψ↑Ψ↓

p{(x, y)} =

= � ��� ��� y + π{x} − πψ↑Ψ↓
p{(x, y)} =

= � ��� ��� y + π{x} − π{x} =

= y

�0>C_ � �

��? ;mv@ie-05mde-0dU36?�>C_ iI3 >C_ ��=j8@?�:s/<-0= �KiU3'8@? kU8bA@80?)8@a~34/<-0dU8@/234? dU3�-0k1	c57;7?23O?s- :s;7?�h -0t436=
-f148@kCdU;����08j��_ ��oU8���iC3x168@kU145miU;"-9dU36=j8@kC?2:s/<-��
�c8U_

� � � ���������
	�� � ��
 �  ��� � � ��������� 
 ����� ��� � � ��������� 	��  

��kU-0578@v@-0=j36k :s3f-08 �KiU3�:et436=j8@?�ke- ?<3!�
�08.-0k :s34/2;78@/6o"aQ8�dU36=j8@?
=>8�dC;�:e14-0/�8�?<;7kU-05
dU3�-0aC/<8 z�;7=j-��
�08

x1 ∈ V1

v@34/<-0kUdU8 8 ?<;mke-05�-c:sie-c57;7t4-0dU8 � � abXdc�'OVYX1� x′1 ∈ V1

iC:<;757;mt -0kCdU8

;�e



;mkCh 8@/<=j-����08 168@k :s;7dU- 34=
y1 ∈ W1

_�	)8�dU36=j8@?�/<3 -c57;7t4-0/I: -05+: -0/236h - 14/2; -0kCdU8 iU=X8@a~34/s-cdU8@/

λ : W1 → V1

3
dU3 :ekU;7kCdU8 -98@a~34/<-��
�c8>dC33"%$ &(')$+*-, ae-0/<->- :sie-05m;7t4-��
�08`148@=>8f?<34v0iU30g

x′1 = x1 − λ{y1}
�0>C_?@ �

8@kCdU3
x1 = ψ↑{x0}

o
y1 = ω↑{x0}

o
x0 ∈ V0

3
x′1

�
8jkU8bA08 ?<;mke-05qdC3`-0aC/<8 z�;7=j-��
�08f-ca 7@?I8
ae-c?<?<8jdU3�"%$ &('8$+*-, aU-0/s->-c:siU-057;mt -����08U_

� ae-0?2?<8}dC3�-c:<ie-05m;7t - �
�08
de-0dC8}aQ80/U>�_ @���;75miU?2:</s-0dC8xke-�36:s-0ae-xdC3�-0k1	c57;7?23Ide-�:ev0iU/s-
>C_u��_

(R;mv@iU/<-�>C_ ��g'%�= ae-c?<?<8>dU3 Q $ &('8$+*-, ae-c/s-9�H:sie-c57;7t4-��
�c8Ug#-0k1	c57;7?23�3
?��mkK:<34?230_

^ 36A�;7dC34k :s3 �KiU3 -./<36148@kU?�:s/2i��
�08 a~34/�h 34;n: - �jaQ80?<?��nA@365  �e-0?�: -��KiU3y-
=j8�dU;�:U1 -����08
14-0iU?s-cde->a~3457-9;7k :s/28�dUi��
�08fdU8fae-0?2?<8>dU3�"%$ &('8$+*-, ?23<4<-fdU34?�h 34;m:s-Cg

x1 = x′1 + λ{y1}
x0 = Ψ↓{(x1, y1)} = Ψ↓{(x′1 + λ{y1}, y1)}

�#>C_<;b� �

��?2:<8j5m36Ac- �f36: -cae-9dU3
?��7k :<34?<3�;75miU?2:</s-0dU-}ke- :ev@iU/<- >�_ ;@_

��?IkU8bA@8@?I8@a~34/<-0dU8@/234?IdU3�-0k1	05m;7?23�3
?��7k :<34?<3�?
�c8>dU-0dU8@?Ia~8@/4g

;b�



ψ↑
u{x} = ψ↑{x} − λω↑{x} o x ∈ V0

�#>C_<;�; �

ω↑
u{x} = ω↑{x} o x ∈ V0

�#>C_<; � �

Ψ↓
u{(x, y)} = Ψ↓{(x+ λ{y}, y)} o x ∈ V1

3
y ∈ W1

�#>C_<;�> �

��- =>34?2= -fh 8@/<=j- �KiU3`kU8 1 -c?<8 dU8�"%$ &('8$+*-, ae-0/s-jaU/<36dU;����08Uo~aQ8�dU3B�N?<3}=>8@?�:s/s-c/0�KiU3
8@?
8@a~34/<-0dU8@/234?

ψ↑
u

o
ω↑

u

3
Ψ↓

u

?<-c:s;m?2h -0t634= -c?�168@kUdU;�����34?x��_<;j3j��_u��o dU3 :ekU;7kCdU8Uo 34k :>�c8Uo iU=
36?��KiU34=j-jdC3�dC341480=ja~8@?<;��
�08 /�- A@365736:4_

� ��� ���������
	�� � ��
 � ��
 �	$ ����� 
!�  ��� � � ��������� 
 ������������������� 	��

��� ��� � � ���������
	��! 

%�= ae-c?<?<8`148@=>aU573B:s8�dU3@"%$ &(')$+*-, ��h 8@/2= -0dC8xa~345m8`8@a~34/<-0dU8@/�dU3�aC/<34dC;��
�c8
π
?234v@iC;7dU8

a~345m8>dC3x- :sie-05m;7t4-��
�08
λ
 e36?2: -f1480=ja~8@?<;��
�08 �
de-cde-9aQ8@/6g

y′1 = y1 − π{x1}
x′1 = x1 − λ{y′1}

�#>C_<;9=��

39�
;75miU?2:</s-0de-}kU- :Uv@iU/s- >C_?>

� /<36148@kC?2:s/2i��
�c8 a~34/2h 36;m:s-}dU3
x0

-9ae-0/�:s;7/�dU3
x′1
3
y′1

�
148@kC?<34v0iU;7de-f1480=j89?234v@iU3cg

x1 = x′1 + λ{y′1}
y1 = y′1 + π{x1} = y′1 + π{x′1 + λ{y′1}}
x0 = Ψ↓{(x1, y1)} = Ψ↓{x′1 + λ{y′1}, y′1 + π{x′1 + λ{y′1}}}

�#>C_<;�e �

�#?2:s-.148@=>a~8@?<;��
�08
5736Ac-
-08@?`80aQ36/s-0dU80/<34?`=j8�dU;�:U1 -0dU80?xdU3 -0k1	05m;7?23j3j?��7k :<34?<3co
ψ↑

pu

o

ω↑
pu

3
Ψ↓

pu

oe1480=j8fke-0?I3!��iU-�����34??�KiU3
?<34v0iU34=�g

;�i



(R;mv@iU/s-�>�_ >Cg'%�= ae-0?2?<8>dU3 Q $ &('8$+*-, ae-0/<-f	'/234dU;��
�08f3
�H:siU-057;mt -����08Ug#-0k�	057;m?<3�3
?��mk :s34?230_

ψ↑
pu{x} = ψ↑{x} − λ{ω↑{x} − πψ↑{x}} o x ∈ V0

�#>C_<;b� �

ω↑
pu{x} = ω↑{x} − πψ↑{x} o x ∈ V0

�#>C_<;�i �

Ψ↓
pu{(x, y)} = Ψ↓{(x+ λ{y}, y + π{x+ λ{y}}} o x ∈ V1

3
y ∈ W1

�#>C_<;�� �

	R-c/s-f=j8@?�:s/<-0/ ��iC3x36?2:s3x34?���iC34=j-jdU3 :ekU3`iC= -9dU36148@=>aQ80?<;����08�/H- A@36573B: o �e-0?2:s-fA03B�
/2;�:e14-0/6�KiU3x80?�8@aQ36/s-0dC8@/<36?

ψ↑
pu

o
ω↑

pu

3
Ψ↓

pu

?s- :s;7?�h -0t436=J-0?I1480kUdU;��!��36?���_ ;
3x��_u��_

D)-0= � �4= �Ia~8@?<?��mA@365e148@kC?2:s/2iU;7/'iU= 34?��KiU36= -
h 8@/<=j-0dU8�a~8@/#iU= aU-0?<?28xdU3�-c:<ie-05m;7t - �
���08Uo 148@= 8@aQ36/s-0dC8@/

λ : V1 → W1

o ?234v@iC;7dU8Ia~8@/qiU= aU-0?<?28�dC3�aC/<34dC;��
�c8Uob148@=
π : W1 → V1

o
?234kUdU8jdU34kC8@=j;mke-0dU8 "%$ &(')$+*-, ae-0/<->- :sie-05m;7t4-��
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H(z) = 1 + z−1

G(z) = −1
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π1 = 0
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π1(z) = 0
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



x1,0 = ψ↑��� {x0}
o
x0 ∈ V0

y1,0 = ω↑��� {x0}
o
x0 ∈ V0

y1,i = y1,i−1 − πi{x1,i−1}
o
i ∈ {1, 2, . . . , I}

x1,i = x1,i−1 − λi{y1,i}
o
i ∈ {1, 2, . . . , I}

�#=U_<; �

��e







x′1 = ψ↑

pu{x0} = 1

K
· x1,I

o
K ∈ R

3
x′1 ∈ V1

y′1 = ω↑
pu{x0} = K · y1,I

o
K ∈ R

3
y′1 ∈ W1
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x0 → {x1, y1} → {x2, y2, y1} → · · · → {xk, yk, yk−1, . . . , y1} → · · · �#=U_?> �

8@kUdC3





x′j+1 = ψ↑
pu{x′j} ∈ Vj+1

o
j ≥ 0

y′j+1 = ω↑
pu{x′j} ∈ Wj+1

o
j ≥ 0
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πi =
16?

i · π
o
i ∈ {1, 2, . . . , I} 3
14? i ∈ R

λi =
16:

i · λ
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i ∈ {1, 2, . . . , I} 3
16: i ∈ R
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x1,0 = ψ↑��� {x0}
o
x0 ∈ V0

y1,0 = ω↑��� {x0}
o
x0 ∈ V0

y1,1 = y1,0 − π1{x1,0}
x1,1 = x1,0 − λ1{y1,1} = x1,0 − λ1{y1,0 − π1{x1,0}}
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
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y1,0(n) = ω↑��� {x0}(n) = x0(2n + 1) = 1
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x1,0(n) = ψ↑��� {x0}(n) = x0(2n) = 1
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≤ 3
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x ≤ y
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x(p) ≤ y(p)
o ∀p ∈ E
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ε
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��3�h 8@/2= -9-0k�	0578@v@-Co�:<34=>8@?6�KiU3`-9dU;m5 -c:s-��
�c8`: -0=@� �6= �
iU= 8@a~34/<-0dU8@/�16/<36?<1436k :s30_

>de



��8@;m?�= -caQ34-0=j36k :s8@?�=>8@/�h 8@5�7@v0;71480?�36= (eiUk
(Zd, T )

� 8@i ?<3 4<-Co"dU3>(eiUk
(Zd, T )

36=
(eiUk

(Zd, T )
� �KiU3>?
�08
- �U-0?<3fae-0/<-
- 1480kU?2:</<i����08
dC3 -05mv@iUkU?�80aQ36/s-0dU80/<34?��KiU3>iU?s-0/234=>8@?

kU36?2:<3�:</s-��e-c57pU8Uo�?
�08j-9dU;757-c: - �
�08}aC5 -0ke-93�-934/28@?
�08>aU57-0ke-Co�de-0dU8@?Ia~8@/4g

δA{x}(n) =
∨

k∈A
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∧
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z
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υ{x} = −x ow?<3 T = R
�0e�_ � �

υ{x} = N − 1 − x
oe?23 T = {0, 1, . . . , N − 1} �0e�_?@ �
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σ : L → M ow8 =j-0aQ34-0=>34k :s8>dU3`kC34v -����08
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σ∗ = υMσυL
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��3
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δ∗A = εA
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σ∗ = ϕ
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σ
�KiU3
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σ ≥ ;md;�
σ
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β = εδ
�
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(εA, δA)
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� 8�h 341 pU-0=j36k :s8 aQ36578 345m34=>34k :s8

36?2:s/2iC:siC/s-0k :s3
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oeae-c/s-
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(E, {0, 1, . . . , N − 1}).
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x � y
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∨
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x � y ⇔ −x � −y

=d@
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� 3
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x � y
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36= �KiU3
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ε′ : L → M �

1 pe-c= -0dC8>dC3x36/<8@?��08f?<3
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�08 e�_u�`=Ug

ε′{fi∈Ixi} = fi∈Iε
′{xi}

�[e�_u�`=��

ae-0/<- ��iU-05��KiU36/Ih -c= �m57; -
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��3
(ε′, δ′)
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�08j8

8@a~34/<-0dU8@/
δ′ : M[ε′] → L de-cdU8ja~3457-}3��Kie-����08 e�_ �c���
iU=j-9dU;757-c: - �
�08U_

δ′{y} = f{x ∈ L |y � ε′{x}} o y ∈ M �[e�_ �0� �

��8c:s3 �KiU3 8 dC8@= �mkU;78
de- dU;757-c: - �
�08
δ′
� 57;7=>;m:s-0dU8
-08@?9?2;7ke-0;m? �KiU3 ?
�08 =>34kU8@/234?
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_
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(ε′, δ′)
168@kU?2:<;m:<iU;�iU= Z $�� " o'-�dU;757-c: - �
�08

δ′
?234=>aU/<3ya~8�dU3 ?<36/f-0aU5m;71 -cde-
kU8 /234?2iU5m:s-0dU8 de-

-0aC57;714-��
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 � 
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�� %�= 80aQ36/s-0dU80/
ε′ : L → M � dU;m:<8T14/234?��

1634k :s3 � 148@= /23457-��
�08 ��8@/<dU36ke-����08 � ��?<3>ae-0/s- �Kie-0;7?��KiU34/ x1, x2 ∈ L : -c5��KiU3
x1 � x2

o
:<34=9��?<3

ε′{x1} � ε′{x2}
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��8@;m?`=j-0a~3 -0=>34k :s80?x=>8@/2h 805�7@v@;m148@?�36=G(eiUk
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�KiU3 iU?s-0=>8@?}kC34?2:<3 :s/<-��e-05mpU8
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δ′A{x}(n) = gk∈Ax(n− k)
o
x ∈ (wiCk

(Zd, T )
�0e�_u��i �

ε′A{y}(n) = fk∈Ay(n+ k)
o
y ∈ (eiUk
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�0e�_u� � �
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�08 ; �}3
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B +�%,&41 w6�t| ��8@kU?<;mdU34/23
iU= ?<;mke-05
x ∈ (eiUk {Z,Z} dU3!:UkU;7dU8fa~8@/

x(n) = n− 2
oUaU-0/s-

n ∈ Z
:s-05 �KiU3

0 ≤ n ≤ 4

�#k :>�08Uo
x = [−2;−1; 0; 1; 2]

_

��3 4<-
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δ′A{x}(0) = gk∈Ax(0 − k) = g{x(−1); x(0)} = −2

δ′A{x}(1) = gk∈Ax(1 − k) = g{x(0); x(1)} = −2

δ′A{x}(2) = gk∈Ax(2 − k) = g{x(1); x(2)} = −1

δ′A{x}(3) = gk∈Ax(3 − k) = g{x(2); x(3)} = 1

δ′A{x}(4) = gk∈Ax(4 − k) = g{x(3); x(4)} = 2
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A
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